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PREFACE 

The present book forms Volume I of a two-volmne series 
on high school algebra and embodies an especial effort 
to connect the elements of algebra in a clear and forcible 
manner with the affairs of every-day life. To this end a 
large variety of applied problems have been introduced and 
an unusual number of illustrative diagrams used in connection 
with both the reading matter and the exercises. At the 
same time, the text follows a distinctly logical line of develop- 
ment, thus affording that drill in accurate thought and ex- 
pression which should characterize all the mathematical 
work of the high school. In brief, the presentation is in- 
tended to bring algebra into most intimate connection with 
nature while preserving its fundamental disciplinary values. 
This, we believe, is the demand, and properly so, of teachers 
and educators to-day. 

Among the special features may be noted the abundance 
of exercises and the care with which they have been selected 
and graded. Problems of more than average difficulty have 
usually been accompanied with a hint in order that the 
pupil's time and energy may be reasonably conserved. At 
the end of the volume will be found an extensive list of sup- 
plementary exercises suitable for class use, in addition to 
those given in the body of the text. It may be noted also 
that, as in the authors' Plane and Solid Oeometry, the book 
is so arranged that certain topics may be omitted, at the 
discretion of the teacher, without interfering with the 
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continuity of the whole. Such topics have been accom- 
panied by the star (*). 

Considering the various chapters in some detail, Chapter 
I acquaints the pupil with certain elementary notions that 
are central in algebra, more especially that of the Uteral 
nimiber and the simple equation. The development at this 
point is easy and natural, being based upon familiar simple 
principles from arithmetic, and the whole is abimdantly 
supplied with problems of a kind that will instinctively ap- 
peal to the average beginner, and thus invite his early interest 
in the subject. Chapter II, where negative number first 
appears, contains an imusually large variety of illustrations 
tending to bring out. the full significance of such numbers. 
Chapter IV, entitled MultipliccUion and Special Cases of 
Fadoringy departs slightly from the usual procedure in that 
it develops the elements of factoring along with those of 
multiplication instead of delaying the entire subject of fac- 
toring for a later chapter. In this way the two subjects 
(which are but the' reverse of each other) are seen from the 
beginning in their mutual relations. However, it is only the 
simpler types of factoring that are taken up at this early 
stage, the more diflBicult ones being reserved for the following 
chapter. The riesult of this arrangement, as shown by ex- 
perience, is that factoring, having thus had an early and 
natural beginning in connection with multipUcation, becomes 
less isolated and consequently is the more readily grasped by 
the beginner. 

Passing to the later chapters, it may be observed that in 
the treatment of surds, radicals, and roots (Chapters XIV 
and XV) the pupil is taught the use of tables — a topic 
heretofore quite neglected in elementary algebra, yet one of 
increasing importance owing to the niunber of pupils that 
pass from our high schools directly into technical pursuits. 

A word should perhaps be said here regarding the treat- 
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ment of graphical methods that the book presents. The 
authors believe that while such methods may be (and indeed 
often are) introduced into algebra at a very early stage, yet 
the most reliable experience indicates that the pupil has as 
much as he can reasonably be expected to do at the very 
outset if he masters merely the meaning and technique of the 
literal number and simple equation. This much he can do 
immediately from his knowledge of arithmetic, while graphi- 
cal interpretation introduced at this stage is apt to seem 
artificial. Graphics are therefore postponed until Chapter 
XII, at which time the pupil has a substantial ground- 
work in algebraic facts and reasoning. 

Voliune II begins with a systematic review of the funda^ 
mental processes of algebra. This is followed by a more 
extended treatment of certain of the topics in Volume I 
and this in turn by chapters upon a number of the more ad- 
vanced topics required for entrance into our best colleges 
and technical schools. 

In conclusion the authors would here acknowledge their 
indebtedness to various other texts, especially the recent 
treatises of Godfrey and Siddons appearing in England, and 
to various current discussions and articles such as have ap- 
peared from time to time in School Science and Mathe- 
matics and in the American Mathematical Monthly. 
The authors are also indebted to Professor L. C. Karpinski 
for the sketch of the history of algebra appearing at the 
opening of the book, and they would here express their grati- 
tude to certain friends who have kindly examined the manu- 
script and proof sheets and offered timely suggestions and 
criticisms — in particular to Professor E. R. Hedrick. 

Walter B. Ford. 
Charles Ammerman. 



FOREWORD TO THE PUPIL 

Algebra is not a difficult subject, but you must remember 
to read carefully what the book says. Every sentence is 
important, and if you fail to understand one sentence you 
will be quite likely to have difficulty from that point on 
through the later pages. There are times perhaps when, 
after repeated efforts, you cannot understand at a certain 
point — at such times you should freely express yoiu* diffi- 
culty to the teacher, who will explain the meaning and help 
you. 

Remember also that it is best to examine carefully the 
solution of the problems worked out in the book before you 
attempt to do other problems Uke them. For example, 
before attempting the problems on page 138 you should 
have examined carefully those of a similar kind that are 
completely worked out on page 137. 
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HISTORICAL INTRODUCTION 
By Louis C. Karpinski 

Algebra had its beginnings in a very remote period 
of history, probably not less than 3500 years ago. We 
know, in fact, that at about that time a certain Egyptian 
named Ahmes (pronounced A'-mes) wrote a mathematical 
text-book in which he proposed several problems contain- 
ing equations.* For example, one of the problems reads as 
follows: "An imknown and its seventh make 19. What is 
it ? " In solving this, Ahmes did not use a letter to represent 
the unknown, as we would naturally do now, but the steps 
he followed were nevertheless essentially algebraic. Other 
Egyptian texts containing similar problems are preserved 
to-day in the museums of Paris and BerUn. 

During the era of Greek civiUzation and culture, which 
followed that of ancient Egypt, algebra made but little 
progress because the Greeks were interested chiefly in 
geometry. However, EiLclid (U'-kUd), who lived about 
300 B.C., and Archimedes (Ark-i-me'des), who Uved at 
Syracuse on the island of Sicily about 250 b.c, both of 
whom were great mathematicians of this period, could 
solve first-degree equations and even quadratics, but they 
used geometric methods instead of the simpler algebraic 
methods which we now have. 

* Ahmes' work is still preserved and is to-day in the British Museum. 
Like all manuscripts of such antiquity, it is written upon papyrus, or paper 
made by pasting together long thin strips cut from the papyrus plant. 

ix 
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Following the Greeks, the Romans had little or no in- 
fluence upon the development of mathematics. In fact, 
we find Uttle progress in algebra except in India until about 
800 A.D., at which time the leading scientists of the world 
were among the Arabs. In particular, the Arab mathe- 
maticians familiarized themselves with the writings of the 
Greeks and Hindus on algebra, and made advances over what 
they had thus received. As a result, the first systematic 
treatise on algebra appeared, being written by an Arab 
named Mohammed ibn Musa al Khowarizmi. Here it is 
shown how algebra may be applied to the solution of certain 
geometric problems and to certain engineering questions. 
It may be remarked that the same author also wrote a famous 
treatise on arithmetic, which was long used. This work 
brought into Europe for the first time the numeral system 
(called the Hindu-Arabic system) which we use to-day and 
which employs the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 instead 
of earUer symbols, such as the J, V, X, C, and M used by the 
Romans. 

By the year 1200 a.d. many of the Arabic works deal- 
ing with science had been translated into Latin and it was 
chiefly through such translations that algebra became 
known to the Europeans of the Middle Ages. 

Modern algebra may be said to have begun with the French 
statesman VUte (Ve-6te', 1540-1603), who was the first to 
use letters to represent known and unknown quantities. 
He used vowels to represent imknowns and consonants to 
represent knowns. Our common use of x, i/, and z to rep- 
resent unknowns arose with the great French mathema- 
tician and philosopher bescartes (Da-cart', 1596-1650) and 
was adopted soon afterward by the great English mathe- 
matician and astronomer Sir Isaac Newton (1642-1727) and 
by the great German philosopher and mathematician Leibnitz 
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(lib'-nitz, 1646-1716) . Photographs of these three men with 
brief notes about them occur in this book. 

As to the symbols +, — , =, etc., these came into use only 
after the invention of printing, being introduced as con- 
venient abbreviations. For example, the signs + and — 
first occur in a German text published in 1489, while the 
sign = was first used by the English physician Robert Recorde 
(1510-1558), who pubUshed the first English work on alge- 
bra, calling it the "Whetstone of Witte" (whetstone of wit). 

Detailed accounts of the origin and development of algebra 
may be found in histories of mathematics, e.g. Ball, 
A Short History of Mathematics; Cajori, History of Ele- 
mentary Mathematics; etc. 



TABLE OF CONTENTS 

Pagb 

Historical Introduction . ix 

Chaptbb 

I. Literal Numbers 1 

II. Positive and Negative Numbers .... 27 

III. Addition and Subtraction 49 

IV. Parentheses 63 

V. Simple Equations 71 

VI. Multiplication and Special Cases op Factoring 78 

VII. Division and Factoring 119 

VIII. Highest Common Factor and Lowest Common 

Multiple 131 

IX. Fractions 140 

X. Fractional Equations 164 

XI. Ratio and Proportion 180 

XII. Graphical Representation 198 

XIII. Simultaneous Equations Solved by Elimination 215 

XrV. Square Root 237 

XV. Radicals . . . 246 

XVI. Quadratic Equations 260 

Appendix 

Part I. Supplementary Exercises .... 289 
Part II. Table of Powers and Roots . . .314 

Index 333 



r" 



;■ f 




NEWTON 

(Sir Isaac Newton, 1642-1727) 

Discoverer of the law of gravitation and famous in algebra for his discov- 
ery of the binomial theorem. Inventor of the branch of higher mathematics 
called the Calculus, wherein rates of motion and other changing, or variable, 
quantities are extensively studied. 
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CHAPTER I 

LITERAL NUMBERS 

1. The Use of Letters. In arithmetic we often find it 
convenient to let a letter stand for a number. Thus, if 
we let / stand for the interest on $ 125 for 2 years at 5 %, we 

maywnte / = $125X2X.05 = $12.50. Ans. 

In Algebra the use of letters in this way is very common. 
Let us take another example. We know that the area of 
a rectangle may always be found by multiplying its length 
by its breadth. To express this rule by the use of letters 
we have only to let A stand for area, I for length, and 6 for 
breadth, and then the rule becomes simply 

A=lXb. 

Observe that this gives the right value for A in every 
case. Thus, if we suppose 1 = 2 ft. and 6 = 3 ft., it gives 
instantly A = 2X3, or 6 sq. ft., 

which we know by arithmetic is the right answer. 

The advantage in using letters is twofold. It enables us 
to write general rules and it is of great assistance in solving 
problems, as we shall soon see. 
B 1 
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2. literal Numbers. Numbers that are represented by 
letters are called literal numbers. 



ORAL SXERCISBS 

1. State by use of letters the following rule ; The volume 
of a box is equal to the product of its length, its width, and 
its height. 

[Hint. Let V stand for volume, I for length, w for width, and 
h for height.] 

2. Show that your result for Ex. 1 gives the correct 
answer when the length is 4 ft., the width 3 ft., and the 
height 2 ft. 

3. Symbols. The symbols +, — , X, and -s- are used 
with Uteral numbers as with other niunbers, and their 
meanings are as in arithmetic. 

Just as 8+5 means the sum of 8 and 5, so a+b (read 
a plTis b) means the sum of a and 6. Likewise, just as 
8—5 means the result of subtracting 5 from 8, so a— 6 
(read a miniLS b) means the result of subtracting b from a. 
Again, just as 8X5 means the product of 8 and 5, so 
aXb (read a times b) means the product of a and 6. Finally, 
a-7-b (read a divided by b) means in all cases the quotient 
of a divided by 6. 

Besides the rules just stated, there are others in algebra 
which must now be carefully noted : 

Instead of 2Xa it is customary to write simply 2 a. In the 
same way, 3Xa is written 3 a, and 4Xa: is written 4x, etc. 
In fact, if a and b stand for any numbers, then aX6 is written 
in the simple form ab. 

But notice that for 2x3 we cannot write 23, since this means 
twenty-three. What we have said applies only to literal numbers. 
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Sometimes aX6 is written in another form, namely a* 6. 
Observe that the dot is here placed just above the line. 

If a stands for 2, then it follows from what we have just said that 
5 a and 5 • a mean the same thing, namely 5x2, or 10. In the 
same way, if x stands for 2 and y stands for 6, then xy and x • y 
both mean 2x6, or 12. 

Again, we know from arithmetic that when any two 
numbers are multiplied together it makes no difference which 
is taken as the multipUer and which as the multiplicand. 
Thus, 2X3 = 3X2, and 7X9 = 9X7, etc. Since a is a num- 
ber, it follows that 2Xa = aX2, and each of these expressions 
is written 2 a. 

The quotient a -5-6 is frequently written in the form ^, or 
a/6. ^ 

ORAL EXERCISES 

1. If a tennis ball costs 35 cents, what do 5 such balls 
cost? 

2. If a tennis ball costs c cents, what do 5 such balls 
cost? Ans, 5c cents. 

3. If a tennis ball cost r cents last year and the price has 
advanced 10 cents, what is the present cost? 

Ans. r+10 cents. 

4. Since 3 feet make one yard, how many feet are there 
in 5 yards ? in 65 yards ? in n yards ? 

6. Since there are 16 ounces in one pound, how many 
ounces in 7 pounds ? inn pounds? in r pounds? 

6. How many minutes in 4 hours? in 30 hours? in b 
hours? 

7. Give the expression that represents the number one 
greater than d. Ans. d+1. 

8. Give the expression that represents the number 10 
less than c. 
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9. State all the ways in which the following can be written 
without the use of the sign X . 

(a) 7Xx (c) 2/X9 (e) mX9 (g) PXQ 

(6) xX7 (d) 9Xy '(/) mXn (A) lOXF 

10. State the value of each of the following when a=2 : 
(a) 1+a (6) 3-a (c) 6a (d) ^ (e) 3a-2 

11. If it takes x minutes to walk to school and 10 minutes 
to return, what is the total time occupied? 

12. A boy plans to go hunting. If it takes him x minutes 
to go to the station and 5 times as long on the train, how 
long will it take him to go where he expects to himt? 

13. A man has d dollars invested in a farm and three times 
that amount in bonds. How much has he invested in all? 

14. If, in Ex. 13, d = $50,000, how much has he invested in 
bonds? 

16. Three bundles of shingles are required for every 100 
square feet in a roof. How many bundles of shingles are 
required for a roof containing 900 square feet ? How many 
bimdles are required for a roof of n square feet? 

16. The cost of a baseball bat is 6 times that of a ball. 
If the bat costs 6 cents, what is the price of the ball? 

17. If a man rides a certain distance in 10 hours, what 
part of the distance does he ride in 1 hour? in 7 hours? in 
h hours? 

18. If A can do a piece of work in 3 hours, what part of it 
can he do in 1 hour? in 2 hours? in r hours? in r+5 hours? 

19. If A's age is 3 r and B's age is 4 times A's, what repre- 
sents B's age? 
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20. The top of my desk contains 6 b square inches. If 
yours is one-fourth as large, what represents the number of 
square inches in yours ? 

21. In two quarters there are 2X25 cents. How many 
cents in d quarters? in r quarters? 

22. If a train runs m miles in 1 hour, how many miles 
will it run in 3 hours? in y hours? in 3 y hours? 

23. What is the next whole number after 12? If x is a 
whole number, what represents the next whole number after x ? 

24. If 2/ is an even number, what is the next even number 
after j/? 

26. If z is an odd number, what is the next odd nmnber 
after z? 

26. If z is an odd number, what is the next even number 
after 2? 

27. Find the value of each of the following when a = 1 and 
6 = 2: 

(a) a+b (c) b-a (e) 2 6-a 

(6) 2 a+b (d) ab (/) 3 oft 

For further exercises on this topic, see the review list, p. 20, 
and Appendix, p. 289. 

4. Factor. In arithmetic when two or more numbers 
are multiplied together each is called b, factor of the product. 
Thus, in the product 5X3X2 the factors are 5, 3, and 2. 
The same is true in algebra. Thus, the factors of 3 a are 
3 and a ; the factors of 2 xy are 2, x, and y, 

6. Coefficient. In algebra whenever a number is sep- 
arated into two factors either is called the coefficient of the 
other. Thus, in the expression 3 a, 3 is the coefficient of a, 
or it may be said also that a is here the coefficient of 3. 
Likewise, in 15 ab the coefficient of oft is 15. 
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ORAL EXERCISES 

Name the factors in each of the following expressions. 

1. 5x. 2. 76. 3. llbx. 4. 19 xyz. 6. 29 mn. 6. Slpqrs. 

State the coeflSicient of x in each of the following expres- 
sions. 

7. 5x. 8. 13 X. 9. 19 ax. 10. 7 abx, 11. 19 pqxr. 

12. Explain the difference between 2.3 and 2 • 3 ; between 
2.13 and 2. 13. 

13. State the simplest form for each of the following 
expressions. 

(a) 3X16. (e) 10X3 a. (i) 10X5 2. (w)iofl2a. 

(6) 2X3X5. (/) 3aXlO. 0) lOXfc. (n) ^of 24x. 

(c) 8Xa. (g) 6X4 r. (fc) iXfcXlO. (o) fof6r«. 

(d) 8X4 a. ih) 4rX6. (I) 6XiXfc. (p) |oflOa6c. 

14. State the simplest form for each of the following 
expressions. 

(a) 12 ar • 5 (d) 24 6 • 7 c (g) 6- 5 rs • 3 0*) 2 • xyz 
lb) lQabc-2 (e) 9rs-6 (h) Jfec-6 (fc)6wn-3p 

Ic) 5axy q (f) Ua-y {%) J o -6 -20 (Z) 5 • 10 yz 

16. Sometimes the product of two factors is given together 
with one of the factors, and it is required to find the other 
factor. This leads, as in arithmetic, to division. Thus, if 
the given product is 27 and the given factor is 9, the other 
factor is 27-^9, or 3. 

In each of the following expressions, state what the given 
product is, what the given factor is, and what the other 
factor would be. 

(a) 81 ^9. (c) 21 x -^3. (e) 6 m ^3. (g) 10 oft -^ 5. 
(6) 16-^4. (d) 18c-^18. (/) 75^-^25. (h) 125 xyz -i-25. 
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6. The Equation. We are now ready to see how the literal 
number may be used in solving problems. Here the advan- 
tage of using letters, mentioned in § 1, will become clearer. 

Example 1. If twice a certain niunber is increased by 5, 
the result is 29. What is the niunber? 

Solution. Let x stand for the number sought. Then, 
from what the problem says, we must have 

2x+5 = 29. 

This statement is called an equation, since it is an equality 
between two numbers. It may be compared to a balance 
(see Fig. 1), on one side of which is 2x+5 and on the other 
side is 29. 
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Fig. 1. 



Fig. 2. 



Fig. 3. 



Now, the balance will, of course, remain undisturbed if we 
subtract 5 from each side. The result (see Fig. 2) when 
stated in the form of a new equation is 

2a: = 24. 

Let us now divide both sides by 2. This gives (see Fig. 3) 
the new equation x = 12 

Therefore, the number sought is 12. Ans, 

Condensed Solution. The work which we have just 
done in finding x may be greatly condensed. All we really 
need to do is to write down three steps as follows : 

From the problem, we know, as before, that 2 x+5 = 29. 

Subtracting 5 from both sides, we find 2 x = 24. 

Dividing both sides of last equation by 2, gives a; = 12. Ans. 
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We shall now solve another example, but we shall condense 
the steps in this way from the beginning. 

Example 2. A person wishes to find the weight of a tennis 
ball. He puts three such balls in the left scale pan of the 
balance and six ounces in the right 
pan. He finds this too much, but by 
adding 1 ounce to the left pan he se- 
cures a good balance. How much 
Fig. 4. does One ball weigh? 

SoLirriGN. Let x stand for the number 
of ounces in one ball. Then, from what 
the problem says, we must have 

3x+l=6. 

Subtracting 1 from both sides, we find 

3x = 5 
Dividing both sides by 3, we have 

X = If, the number of ounces each ball weighs. Ans, 

Check. Whenever an answer does what the problem demands 
of it, it is said to check. In this problem, the answer 1} checks be- 
cause 3X1}+ 1=6, just as the first equation (or 3 x+ 1=6) demands. 




Fig. 5. 



WRITTEN EXERCISES 

Solve the following exercises, letting x stand for the un- 
known number. Condense the work as in § 6 and check 
each answer, t 

1. If three times a certain nmnber is increased by 2 the 
result is 20. What is the number? Ans. 6. 

t It is true that these exercises, like those in § 6, may be worked by arith- 
metic, but you should work them by algebra in order to be prepared for the 
more difficult problems that are coming later, which cannot be worked easily 
by arithmetic. 
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2. A boy paid $1.25 for a base ball bat and three balls. 
The price of the bat was 50 cents. What was the price of a 
ball? 

[Hint. Work in cents.] 

3. A dozen eggs are placed in a basket that weighs 6 oz. 
and the whole is then found to weigh 30 oz. What is the 
weight of one egg? 

4. A wagon loaded with 500 paving bricks weighs 1250 
lb., and the empty wagon weighs 500 lb. Find the weight 
of a single brick. 

5. A jar containing 40 cakes of chocolate weighs 44 lb. 
The jar alone weighs 6 lb. Find the weight of one of the 
cakes of chocolate. 

6. A wall twelve feet high has 64 layers of mortar and 64 
courses of brick. If each brick is 2 in. thick, find the thick- 
ness of each layer of mortar. 

7. A box containing a ream (20 quires) of paper weighs 
3 lb. The box alone weighs 8 oz. Find the weight of one 
quire of paper. 

Find the weight of a single sheet of this paper, if 1 quire 
= 24 sheets. 

8. A stick ten feet long is cut into two pieces, one of 
which is 2 feet longer than the other. Find the length of 
each piece. 

9. Two hunters together shot thirty quail, but one of 
them shot four more than the other. How many quail did 
each shoot? 

10. Three basket ball teams played fifteen games. One 
team won three games and the other two teams divided the 
remaining victories equally between them. How many 
games did each of the other teams win? 
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7. Adding to Both Sides of an Eqtsation. If we wish to 
solve such an equation as 

3x-l = 14, 
it is necessary to add 1 to both sides. This can be done 
since the balance is not thereby disturbed. Adding 1 to 
both sides, we find 

3x=15. 

Dividing both sides by 3, we have 

x=3. Ans. 

ORAL EXERCISES 

In order to solve certain of the following equations, it is 
necessary to subtract the same number from both sides ; in 
other equations it is necessary to add the same nmnber to 
both sides. State which should be done in each case. 



1. 


x-3 = 10. 


7. 


2 8+19=81. 


13. 


x-6| = 25. 


2. 


1+4=7. 


8. 


2 1-7 = 13. 


14. 


.3a;+.4 = .9 


3. 


a;-8=16. 


9. 


2fc+101=201. 


16. 


.lx+.65=.75 


4. 


x+10=17. 


10. 


5c+3f=6t. 


16. 


4 p- 13 = 27. 


6. 


r+32=50. 


11. 


12 fe- 12= 12. 


17. 


7x-21=42. 


6. 


g-6=3. 


12. 


x+7i=12f. 


18. 


iTO-2=8. 



WRITTEN EXERCISES 



Solve each of the following equations; that is, find the 
value of the unknown letter. Check each answer. 



1. 


2a:-l=5. 


6. 


1.2x+2.3=4.7 


11. 


8r+.23 = .87 


2. 


2x+l = 5. 


7. 


5x-1.5 = .75 


12. 


0-8^ = 10^. 


3. 


4x-3 = 17. 


8. 


5x+.03 = .08 


13. 


3(/+.6=f. 


4. 


5x+3 = 18. 


9. 


lls-i=f. 


14. 


lH+7 = 22. 


6. 


2x-H = i. 


10. 


<-lf = 2f. 


16. 


3.7x-7.4=0 
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16. If I subtract 18 from a certain number, the result is 4. 
Write an equation expressing this fact and solve it to find 
the number. 

17. If 16 is subtracted from three times a certain number 
the result is 110. Find the number. 

18. Our team played ball with the seventh grade. Our 
score was 3 less than twice theirs. Our score was 11. What 
was theirs? 

19. In paying for 3J yards of cloth a lady gave the clerk 
a $2 bill and received 57 cents back in change. How much 
was the material a yard? 

20. A man said, " For $2500 you can have a half interest 
in my business, and I will give you my automobile, which I 
value at $500, in the bargain." At what figure did he value 
his business? 

For further exercises on this topic, see the review list, p, 20, 
and Appendix, p. 290. 

8. Mtiltiplying both Sides of an Equation. We have 
already seen how we may divide both sides of an equation 
by the same number. Thus, if 

2x=10, 

we simply divide both sides by 2 to get x, obtaining 

x = 5. Ans. 

Likewise, we may at any time muUiply both sides of an 
equation by the same number, since the balance is not 
thereby disturbed. For example, to solve the equation, 

we multiply both sides by 3, thus obtaining 

x = 15. Ans. 



12 FIRST COURSE IN ALGEBRA [I, §8 

ORAL BXERCISBS 

Find the value of the letter in each of the following equa- 
tions. 



1. 


I-.0. 


6. 


s-»- 


9. 


i-'- 


2. 


i-»- 


6. 


B-«'- 


10. 


U,2. 


3. 


l=- 


7. 


i- 


11. 


|=... 


4. 


^-'»- 


8. 


L-'- 


12. 


!-^- 



WRITTEN EXERCISBS 

Find the value of the letter in each of the following equa- 



1. 


1-10. 


4. 


l,-^^ 


7. 


P=Z. 

8.1 9 


2. 


*-»■ 


6. 


^9-*™- 


8. 


3^-' 


3. 


^-«^- 


6. 


z 2 
3.25 3 


9. 


..'.-»« 



2x 
10. Find the value of x in the equation -^=4. 

Solution. Multiplying both sides by 3, 

2a; = 12. 
Dividing both sides by 2, 

a;=6. Ans, 

Find the value of x in each of the following equations. 

11. §^=9. 13. 1^ = 4. 16. ^ = 8. 

4 1.1 5 

12. ^ = 3. 14. ^ = 12. 16. ^ = 21. 

7 .08 7 
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17. A certain number divided by 13 gives 50. Write an 
equation expressing this fact and solve it to find the 
number. 

18. What number divided by .4 gives 4? (Work by 
algebra.) 

19. If twice a certain number is divided by 3, the result is 
12. What is the number? (Compare with Ex. 10.) 

20. By what number must 7| be multiplied to give 425? 

21. The diameter of an ear of corn is about one fourth of 
its length. What is the length if the diameter is 1} inches? ' 

9. Axioms. Our study of the equation has now brought 
out four different principles, which are called axioms. As 
we shall need these often, they should be conmiitted to 
memory. 

Axiom I. Equal amounts added to equal amounts give 
equal amounts. 

Axiom II. Equal amounts subtracted from equal amounts 

give equal amounts. 
Axiom III. Equal amounts multiplied by equal amounts 

give equal amounts. 

Axiom IV. Equal amounts divided by equal amounts 
give equal amounts, 

10. Common factor. In arithmetic a number which is a 
factor of two or more numbers is called a common factor of 
those numbers. Thus, 5 is a common factor of 10, 15, and 20. 

The same is true in algebra. Thus, x is a conmion factor 
of 3x, 8x, and 11 x, 

11. Like Numbers. Literal numbers that have a common 
factor are called like mimbers. Thus, 3x, 8x, and 11 x 
are like numbers, as also 2 a, 7 a, and 9 a. 
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Like numbers are very easily added together. Thus, we 
evidently have 2x+3x = 5x; that is, all we need to do is to 
add the coefficients to obtain a new coefficient, then multiply 
the result by the conunon factor. 

Similarly, we have 5x— 3x=2x. Thus, we see that in 
order to subtract like numbers all we need to do is to subtract 
the coefficients to obtain a new coefficient, and then multiply 
the result by the common factor. 

ORAL EXERCISES 

State the simplest form for each of the following expres- 
sions. 

1. 2a+4a. 7. IQx-Sx+Sx-x, 

2. 4a-3a. 8. 25x+4x-3x-2x. 

3. 3x+3x+4x. 9. 6w-2w-3m-m. 

4. I0y+2y+y. 10. }x-|x. 

6. 10y+2y-y, 11. 5.2x+4.3x. 

6. \0y-2y-y. 12. 5.2t/+4.3t/. 

12. Further Study of the Equation. Sometimes we have 
to solve such an equation as 

5x=16-3x. 
This is different from any we have considered before because 
the X appears on both sides. If we remember the axioms of 
§ 9, however, we can easily solve it. The steps are as follows : 

5x=16-3x. 
Adding 3 x to both sides, 

8x=16. (Axiom I) 

Dividing both sides by 8, 

x = 2. Ans, (Axiom IV) 

Again, suppose we wish to solve the equation 
6+6x = 3x+12. 
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Here we proceed as follows. Subtracting 3 x from both 
sides 

6+3x = 12. (Axiom II) 

Subtracting 6 from both sides, • 

3x = 6. (Axiom II) 

Dividing both sides by 3, 

x = 2. Ans. (Axiom IV) 

Thus, the axioms in § 9 enable us to solve all such equa- 
tions. We may sum up our results in the following rule : 

Rule for Solving Equations. Use axioms I and II to 
get rid of all the terms, or parts, on one side of the equation that 
contain the letter, and to get rid of all terms, or parts, on the 
other side of the equation that do not contain the Utter, Then 
use axioms III and IV to find the value of the letter. 

ORAL EXERCISES 

In each of the following equations, tell what to do to get 
rid of the term on the right side that contains the letter. 

1. 3 = 5-x. 7. 3i/-l=i/+2. 

2. 4 = 20-2x. 8. 8«-i = 3-«. 

3. 5x = 3x+10. 9. fs+4 = is + 8. 

4. 6r-2 = 2r+10. 10. 2ia-5 = io-2. 
6. 10+5 c = 30- 15 c. 11. .5x = .2x+.3 

6. 5w+2 = 6+w. 12. .5x=ix-.08 

In each of the following equations, tell what must be done 
to the equation to get rid of the term on the left side that 
contains no letter : 

13. 4a:+3 = 15. 16. 10+6^=3 2+40. 19. 5w-i=2w+f. 

14. 3r-8=16. 17. 4x-l = 2x+6. 20. f r~8=f r+3. 
16. 5+4o=21. 18. §r+i=ir+f 21. 6m-2f=w+2. 
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WRITTEN EXERCISES 

Solve each of the following equations and check your 
answer in each case. 

1. 5z-2=x+10. ' 7. 20+7x-5a;=48-4x. 

2. 10r+4 = 6r+16. 8. 6x-15-9=4x-2x. 

3. 4+5 a= 11 -2 a. 9. 2x+3x+5-x=8+x. 

4. 13i/-99 = 7i/+69. 10. ix+2x-3=x+L 
6. 6«-4 = 2«+20. 11. tx+l=ix+2. 

6. 12x-2x = 20+5x. 12. .3x+5=4x+1.3 

13. Find the number which added to three times itself 
gives 36. 

Solution. Let a; -the number sought. 

Then, 

3a;-hx=36, 
hence, 

4a;=36, 
and therefore, 

a;=9. Ans. 

14. If 8 is subtracted from 5 times a certain number, the 
result is equal to the number increased by 2. What is the 
number? (See Ex. 13.) 

16. The water and steam in a boiler occupied 120 cu. ft., 
and the water occupied twice as much space as the steam. 
How many cubic feet did each occupy? 

[Hint. After finding x, the space occupied by the steam, it is 
necessary to multiply it by 2 to find the space occupied by the 
water.] 

16. In a fire, B lost twice as much as A, while C lost three 
times as much as A. If their combined loss was $6000, what 
was the loss of each? 

17. A, B, and C begin business with a capital of $7500. 
A furnishes twice as much as B, while C furnishes $1500. 
How much does A furnish, and how much does B furnish? 




FiQ. 6. 
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18. A boy bought a bat, a ball, and a glove for $2.25. If 
the bat cost twice as much as the ball, and the glove three 
times as much as the bat, what was the cost of each? 

19. The sum of the angles 
of any triangle is 180°. In 
the triangle ABC the angle 
at A is three times as large 
as the angle at B, while the 
angle at C is twice that at A. What is the number of 
degrees in each? 

20. A certain rectangle is four times as long as it is wide. 
The distance around it is 200 rods. Find its dimensions 
(length and breadth). 

[Hint. The opposite sides of a rectangle are equal.] 

13. Squares and Cubes. The product of two equal 
numbers is called the square of that number. Thus, 
X'X = x^j and is read "x square," just as in arithmetic 
3X3 = 32 is read " three square." 

The product of three equal numbers is called the cube of 
that number. For example, X'X'X=x^, and is read "a: 
cube." 

14. Square Root and Cube Root. If there are two equal 
factors of a number, either is called the square root of the 
number. Thus, 25 has two equal factors, 5^d 5; hence 
the square root of 25 is 5. This is written V25 = 5. In the 
same way, Vx^ = x. 

Similarly, if there are three equal factors of a number, 
either of them is called the cube root of that number. Thus, 
64 has three equal factors 4, 4, and 4 ; hence the cube root 
of_64 is 4. This is written •>J^=4. In the same way, 
\^x^=x. 
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ORAL EXERCISES 

Read each of the following expressions. 

1. x^+x\ 4. a^+a^+Va, 7. aVx+bVy. 

2. x—Vx, 6. Vm+v^+c2 g gx^+hx+i, 

3. 1/3+ v^. 6. 4v^+2V2. 9. p^y-q\^r+l. 

16. Order of Operations. Operations are performed in the 
following order : 

Firstj all multiplications and divisions in their order from 
left to right. 

Second, all additions and subtractions in their order from 
left to right. 

Thus, 6+8-3, means six plus the product of eight and I 
three; that is, 6+8-3 = 6+24 = 30. 

Example 1. Find the value of 3-2+4-3-f +22. 

Solution. 3-2+4-3-5+2«=6+12-3+4=19. Ans, ! 

Example 2. If x = 2, t/ = 3, 2 = 4, find the value of ,, 

5xT/+6 22-^. 

^ I 

Solution. Giving x, y, and z their values, we have 

5-2-3 + 6-4« - ^= 5-2-3 + 6-16-4 ^ 

= 30 + 96-4 = 122. Ana, 

I! 

oral exercises 
State the value of each of the following expressions. 

1. 6+8-2-7. 6. 62-2-6-3+^. ^ 

2. 10-3-2+i^. 7. 22.32-3-22. 

3. ^-*+10. 3 io+2+f-^. 
) 4. 20-3-4+6+3+6. 

B 6:^-^-.« '• 3.42-4.2+1. J 

* ^3 6"^ 10. 23+34.2-3.5.2 ^' 

in 
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II. V25+4+^-^. 12. ^-1+?^. 

3 8 2 • ^ 27 



WRITTEN BXERCISBS 

If a = l, 6 = 2, c=3, and d=4, find the value of each of the 
following expressions. 

1. 6 6-2c. 2. 4c+3a. 3. d-2 6. 4. c+2d. 

6. d+fe-2c. 6. 3c-3a. 7. abcd-Sbc. 8. ?^^ttl^2a. 

2a 

[Hint. Li solving Ex. 8, remember that the numerator, 
2 h-\-d, must be found first, then divided by 2 a.] 

-J 2 6+c-d,, -rt 3 6-4a+10c 
9. —^—+6. 10. 2d 

^j 4c+5 6-a j2 b+2 c+4 fcc 

d+c * ' 6+2d+3 6«* 

13. 1 + i+i- 14. 5^+fe?+^. 

a c c a 

16. 6 d*-4 c+5 6*+l. 16. o*+6*+c*+<P. 

17. 4a6*+6 6c»-2o(P. 18. 8ab+Vd-cP. 

^*- 2a+3 6+c* **• —^^^2 

21. m+v^. 22. :?«^. 

6+Vd- 3 

23. ^-^ +4o. 

24. Write in words the meaning of the expressions in 
exercises 1 to 8. For example, Ex. 1 means " five times b 
minus two times c." 
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EZBRCISSS — REVIEW OF CHAPTER I 
I. ORA.L Exercises 

1. If A; represents a certain number, what represents 12 times 
that number? 

2. If a yard of cloth costs m dollars, what wiU x yards cost? 

3. If a boy rides 6 miles an hour, how far will he ride in c hours? 

4. If a train goes y miles per hour, how fast does it travel per 
minute? 

6. In how many hours can a man walk z miles if he goes at the 
rate of y' miles per hour ? 

6. A man has a dollars and h quarters ; how many cents has he ? 

7. How many dimes are there in x doUars and y half-dollars ? 

8. I have x doUars and y dimes. If I spend 60 cents, how much 
(in cents) have I left? 

9. If y represents a certain number, what represents 6 less 
than three times yl 

10. By how much does 25 exceed x ? 

11. If n oranges cost y cents, what is the price per dozen? 

12. What is the cost of 2 dozen oranges at n cents per dozen 
and 3 dozen lemons at m cents per dozen? 

13. If a yard be divided into x equal parts, how many inches 
will there be in each part ? 

14. If I stands for the length in feet of a running track, what 
is the length (in feet) of a track 50 feet longer? What is the length 
of a track 100 yards shorter? 

16. If I am X years old now, how old was I y years ago? How 
old wiU I be c years hence? 

16. A man sold an automobile for $500 and lost x dollars. 
What did the automobile cost? 

17. It costs 3 cents for each ounce or fraction thereof to send a 
letter through the mail. How much does it cost to send a letter 
that weighs a fraction more than n ounces? 
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II. Written Exercises 

18. A rule stated in letters is called a formula. For example, 
the area of a triangle equals one half the product of the base by the 
altitude. Stated as a formula, this be- 
comes 

A = ibh, 

where A stands for area, h for base, and h 
for aUitiuie (or height). 

By use of this formula find the area of 
the triangle whose base is 6 inches and 
whose altitude is 3 inches. 




FiQ. 7. 




Fig. 8. 

of a right triangle is equal to the 
sum of the squares drawn on the 
other two sides." Express this rule 
in a formula, using h for hypotenuse, 
X for one side, and y for the other 
side. 

21. Find the area of the square 
on the hypotenuse of a right triangle 
if the sides are 6 feet and 10 feet in 
length; if the sides are 15 inches 
and 22 inches in length. 

[Hint. Use the formula you ob- 
tained in Ex. 20.] 



[Hint. Substitute (or place) the 
given values of b and h into the formula 
and see what value results for A,] 

19. The gable of a certain house is 
a triangle whose base measures 35 feet 
and whose altitude is 18 feet. Find, 
by the formula of Ex. 18, how many 
square feet of lumber it contains. 

20. It is shown in Geometry that 
"the square drawn on the hypotenuse 




Fig. 9. 
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22. The circumference of a circle is ex- 
pressed by the formula 

C=2irr, 

where C stands for circumference, r for radius, 
and X (read pi) stands for the number 3.1416 
(usually taken as 3f). 

By means of this formula find the cir- 
cumference of the circle whose radius is 8 
inches. Do the same when the radius is | . 

of an inch, when it is 2} feet, and finally when the diameter is 

4 feet. 

23. If my bicycle wheel has a diameter of 24 inches, how far 
does the bicycle go in one turn of the wheel? 

[Hint. The distance moved«the length of the circumference.] 

24. The formula for the radius of a circle is 



where r stands for the radiuSf C for the circumference, and t has the 
value mentioned in Ex. 22. Write out (in words) the rule thus ex- 



26. The formula for the area of a circle is A = nr', where r stands 
for the radius, A for the area, and t for the same number as in 
Ex. 22. 

Write (in words) the rule thus expressed and find the area of 
the circle whose ristdius is 3 inches. Find the 
area also of the circle whose diameter is 28 
inches. 

26. A farmer builds a cylindrical silo which 
has for its base a circle 24 feet in diameter. 
How many square feet in the base? In working 
this, first use the value 3^ for t, then use the more 
accurate value 3.1416. By how much do your 
two results differ ? Fiq. 11 . — Silo. 
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27. The volume of a cylinder is the product of its height and the 
area of its base. Find the volume of the entire silo of Ex. '26, if its 
height is 50 ft. 

Find the amount of material in the silo when it is full to a 
height of 15 ft. ; 20 ft. ; x ft. 

28. The volume of a sphere is expressed by the formula 

7=1 xr», 

where r stands for the radius {AO in Fig. 12), V for the voliune, and 
X for the same number as in Ex. 22. By means of this formula, 
find the volume of a sphere whose 
radius is 3 inches. 

Rnd the volume of a sphere whose 
radius is 4 feet. 

Find the volume of a sphere whose 
diameter is 9 feet. 

29. By the "gear" of a bicycle is 
meant the diameter of one of the wheels 
multiplied by the number of teeth in 
the front sprocket wheel divided by 
the number of teeth in the rear 
sprocket wheel. Express this rule in a formula, using the letter g 
for gear, D for diameter of wheel, T for number of teeth in front 

sprocket wheel, and t for num- 
ber of teeth in rear sprocket 
wheel. 

30. Use the formula you 
found in Ex. 29 to find the gear 
of the bicycle whose wheel meas- 
ures 28 inches in diameter and 
whose front and rear sprocket 
wheels have 18. and 7 teeth, re- 
Fio. 13. spectively. Try some other com- 

binations to show the effect on the gear of changes in the number 
of teeth on the sprocket wheels. 




FiQ. 12. 
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31. In Fig. 14, one wheel is turning another by means of a belt. 




Fig. 14. 

If we set 

D=the diameter of the large wheel, 
N=ihe number of turns it is making per minute, 
d=the diameter of the smaller wheel, 
n=the number of turns it is making per minute, 

then during the motion we always have 

DN=dn, 

By means of this formula answer the foUowing question : If the 
larger wheel is 1 foot in diameter and is making 10 turns (revolu- 
tions) per minute, how many turns per minute is the smaller wheel 
making if its diameter is 3 inches? 

32. In the figure an engine is turning the central part (arma- 
ture) of a dynamo. The armature wheel (which the belt runs 




Fig. 15. 

over) is 1 foot in diameter, while the engine wheel (driving wheel) 
is 6 feet in diameter. 

How many revolutions must the driving wheel have per minute 
in order that the armature may revolve 1200 times per minute? 
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III. The Equation 

Solve each of the following exercises by algebra; that is, let x 
represent the unknown number, form an equation, and solve it. 
Check each answer. 

33. A farmer sold a horse and cow for $210. He sold the horse 

for four times as much as the cow. How much did he get for each? 

$42, $168. Ana. 
[Hint. Let x=the selling price of the cow.] 

34. A plumber and two helpers get $7.50 per day. How much 
does each earn per day if the plumber earns four times as much as 
each helper? 

36. In a business enterprise the combined capital of A, B, and C 
was $8400.00. If A's capital was twice B's, and B's was twice C's, 
what was the capital of each ? 

36. Three newsboys sold a total of 60 papers. If the first sold 
twice as many as the second, and the third sold three times as many 
as the second, how many did each sell? 

37. A and B began business with a capital of $7500. If A 
furnished half as much as B, how much did each furnish ? 

[Hint. Let a;«the number of dollars A furnished.] 

38. Separate 72 into two parts one of which shall be one third 
the other. [ 

39. A base ball nine won 12 games, which was three fourths of 
aU the games it played. How many games did it play? 

40. If one fifth of a certain number is added to the number the 
result is 12. What is the number? 

41. The difference between two thirds of a certain number and 
two fifths of the same number is 16. What is the number? 

. 42. A man pays a debt of $91 with ten-dollar bills and one- 
dollar bills, paying three times as many one-dollar bills as ten- 
dollar bills. How many bills of each kind does he pay out? 

43. A cablegram from New York to London costs 25 cents per 
word ; one to Rome costs 31 cents per word ; while one to Tokio 
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costs $1.33 per word. If a business man wishes to send the same 
message to each of the three cities and keep his total expense 
within $10, how many words may be in the message? Just how 
much will he spend ? 

44. A man has $100 in one bank and $25 in another. If he 
has $125 more to deposit, how should he divide it between the two 
banks so that the first account may become equal to the second? 

[Hint. Let x=the amount to be deposited in the first bank. 
Then, 125— x will equal the amount to be dei)osited in the second 
bank.] 

For further review exercises on this chapter, see Appendix, 
pp. 289-291. 



CHAPTER II 



POSITIVE AND NEGATIVE NUMBERS 



16. Introduction. In Figure 16 are two boys having a 
" tug of war " at the ends of a rope. One boy is pulling 
with a force of 50 lb., while the other 
boy is pulling with a force of 45 lb. 
This can be described very briefly by 
saying that one boy is pulUng with a 
force of +50 lb. (read plus 50 lb.) while 
the other boy is pulling with a force of 
—45 lb. (read minus 45 lb.). The two 
sighs + and — as thus used simply in- 
dicate that the two pulls are opposite in 
direction. 

In just the same way the + and — 
signs may be used in reading a ther- 
mometer. Thus, + 10° indicates 10° 
above zero, while —10° represents 10° 
below zero. 
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Fio. 17. 



Other familiar illustrations are the following: +26° of 
latitude means 26° north latitude, while —26° latitude 

27 
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means 26° soiUh latitude. Again, a business man may use 
+$15 to represent an asset (amount due) of $15, and he may- 
use — $15 to represent a liability (amount owed) of $15. 
Thus, to say that you have —$10 means that you owe that 
amoimt. 

Many other illustrations of this idea might be given, but 
these are enough to make clear how we often meet with 
quantities which seem to have precisely opposite senses. 
Numbers dealing with such quantities are called opposite 
niunbers. The one given the + sign is called positive, 
while the one given the — sign is called negative. 

ORAL EXERCISES 

1. Using Fig. 17, give with proper sign the number which 
represents the boiling point. Do the same for the freezing 
point of water, for the freezing point of mercury, and for 
the temperature called blood heai, 

2. What sign should be used to indicate the latitude of 
New York City? Of St. Louis? Of Buenos Ayres? Of 
Calcutta? 

3. If we use the + sign to denote a man's income, what 
will the — sign denote? 

4. Express by means of suitable signs the following: 
$18 gain; $20 loss; a $40 debt; a liability of $100; an 
asset of $150 ; $8 profit. 

5. Augustus Caesar was born in the year 63 B.C. and died 
in the year 14 a.d. What do these dates become if we use 
the + sign for years that are a.d.? 

6. What is meant by saying that the Pyramids of Egypt 
were built about the year —2500? 

7. State what each of the following means when the num- 
ber in it has its sign changed to — . 



II, i 17] POSITIVE AND NEGATIVE NUMBERS 29 

(a) John has $2. 

Solution. If we change the 2 to — 2, the statement becomes 
** John has - $2," which means "John owes $2." 

(fe) My home is 25 miles northwest. 

(c) They won the game by 8 points. 

(d) The clock is 1 hour fast. 

(e) I overslept 2 hours. 

(/) An iron rod expanded 3 inches. 

(g) The rabbit ran away from the himter at the rate of 
15 miles an hour. 

(A) John owes $2. 

(i) They lost the game by 8 points. 

(j) The population of the town increased by 230. 

(fc) The rock extends 3 feet underground. 

(l) The wind carried us 8 miles toward shore, 

(m) He took 4 oranges out of the basket, 

(n) She added 100 words to her essay, 

(o) He turned on 10 Kghts. 

(p) After the bell rang, 5 people entered the room. 

(q) Please open the door about a foot more, 

(r) School begins at 8 o'clock. 

For further exercises see the review list, p. 47, and AppendiXy 
p. 291. 

17. Addition of Positive and Negative Numbers. If 
you have $10 and receive $6 more, you have $16. This 
may be expressed by writing 

(+10) + (+6) = +16. 

Again, if you have $10 but owe $8, what you really have 
is $2. This may be expressed by writing 

(+10) + (-8) = +2. 
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Again, if you have $10 but owe $11, what you really have 
is a debt of $1. This may be expressed by writing 
(+10)+(-ll) = -l. 

Finally, if you owe $10 and for some reason are obliged 
to owe $6 more, what you really have is a debt of $16. This 
may be expressed by writing 

(-10)+(-6) = -16. 

These four illustrations when examined carefully show 
that the rule for adding any two numbers (positive or nega- 
tive) is as follows : 

Rule for Adding Two Numbers. To find the sum of 
two numbers whose signs are oppositej take their difference, 
regarding each as positive, and prefix the sign of the larger 
number to the result. 

To find the sum of two numbers whose signs are the same, 
take their sum, regarding each as positive, and prefix the com- 
mon {same) sign to the result. 

Note. Just as it is the stronger boy who wins in the tug of war 
(see Fig. 16, § 16), so, in adding two numbers whose signs are oppo- 
site, the stronger, or larger, number is the one that leaves its 
sign upon the answer. For example, (+16)+ (—8) =+8, but 
(-16)+(+8)— 8. 

ORAL EXERCISES 

State the sum in each of the following exercises, and ex- 
plain how your answer comes from the Rule above. 

1. A gain of $8 and a gain of $4. 

2. A gain of $10 and a loss of $3. 

3. A loss of $5 and a gain of $15. 

4. A loss of $10 and a loss of $15. 

5. A debt of $60 and an asset of $80. 

6. A rise in temperature of 10° and a fall of 20°. 
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Perform the additions in each of the following exercises : 



7. +10 
+6 


8. 


-10 
-6 


9. +10 
-6 


10. 


-10 

+6 


11. +125 
-75 


12. 


-70 

+8 


13. +63 

+12 


14. 


-75.2 
-2.2 


16. -25 

+70 


16. 


+30 
-62 


17. +125 
-136 


18. 


-73 
+ 126 



19. Two boys start from the same place and walk in op- 
posite directions, the one going east at the rate of 3 miles 
an hour and the other going west at the rate of 2 miles an 
hour. Taking the east direction as positive, state (by a 
number) the position of each at the end of two hours. 

20. A boat was rowed upstream 2 miles and then allowed 
to float 5 miles downstream. Taking upstream as positive, 
what number represents the position of the boat at the end 
of the trip? 

18. Addition of Several Numbers. When we add several 
numbers instead of merely two, we first add the + numbers 
by themselves, then the — numbers by themselves, then we 
add (by the rule in § 17) the two simis thus obtained. 

For example, in finding (+8) + (-7) + (-6) + (+4) the 
steps are as follows : 

+8 -7 

+4 -6 (+12) + (-13) = -l. Ans. 
+ 12 -13 

19. Note. Instead of +5 it is customary to write simply 5, and 
in the same way +3 is written simply 3, and so on. In other words, 
whenever a number occurs without any sign, the + sign is to be un- 
derstood. The - sign is never omitted. 
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ORAL EXERCISES 

State the sum in each of the following exercises. 

1. (+3)+(-4) + (+5). 6. 2+(-l)+3+l+(-2). 

2. 2+(-l)+4. 7. (-2) + (-3) + (-l)+2. 
[Hint. See § 19.] 8. (-2)+3+(-4)+7. 

3. (-4)+6+(-l). 9. (-l)+2+(-3) + l. 

4. (-3) + (-4)+3+2. 10. 16+(-15)+4. 

5. 6+7+3+(-6). 11. (-21)+3+7+(-l). 

WRITTEN EXERCISES 

Find the sum in the following exercises. 

1. 15, -12, -32, 8, and ^4. 5. 24, 6, 5, -10, and -7. 

2. -17, 22, -6, -4, and 2. 6. -4, -7, -3, -1, and 6. 

3. 18, 20, -2, -18, and -6. 7. -7, -8, 2, 3, and -4. 

4. -4, 7, 8, -8, and -7. 8. 4, -7, -1, -6, and 10. 

9. At the beginning of the year a class in algebra had 
30 members; during the year 4 entered and 6 withdrew. 
How many were in the class at the end of the year? Show 
how to obtain your answer by using a negative number to 
represent those who withdrew. 

10. By use of negative numbers, solve the following ex- 
ample : 

If a carrier pigeon can fly 60 miles an hour, at what rate 
will it go when flying directly against a wind blowing at 
the rate of 40 miles an hour? 

[Hint. Give each rate its proper sign and add.] 

•" 11. Solve Ex. 10 when it is supposed that the pigeon can 
fly only 30 miles an hour. What does the negative sign of 
your answer indicate? 
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12. • A steamer which can go 10 miles an hour in still water 
is running against a current flowing 8 miles an hour. How 
fast and in what direction is the steamer moving. Work 
by negative numbers. 

13. Solve Ex. 12 when the steamer is not only going at 
10 miles an hour against a current of 8 miles an horn*, but 
a wind is blowing against it at the rate of 1 mile an hour. 

14. An elevator starts from a certain floor, goes up 50 feet, 
then down 30 feet, up 35 feet, up 45 feet, and there stops. 
What number represents its final position with reference 
to the starting place? 

15. Alexander the Great founded the city of Alexandria 
in Egypt in the year —322, and started there a great uni- 
versity. This university lasted for 292 years, when it fell 
into the hands of the Romans, who continued it for 671 
years more. In what year did it close? 

16. Add 3 a, 2 a, and -4 a. [Hint. See § 11.] 

17. Add xy, —3 xy, and 4 xy, 

18. Find the value of each of the following when x — \ 
andy=2. (See § 15.) 

(a) -a;+5. m z:2y+5^ 

(fe) -x+y. ^ 

(c) x+C-y). ig) y/2^+{-x)+x\ 

(d) -x^+y+y. (h) -xW^y-y+yK 

(e) -4a:«+2y-fl;. (i) -</2y^+y/2y+l. 

19. Tell (by inspection) what value x must have in each 
of the following equations. 

(a) a:+(-l) = l. (c) x+2=-3. (e) -3+x=-l. 

(6) x+l = -l. (d) 2+x = l. (/) x+l = 3. 



34 FIRST COURSE IN ALGEBRA [II, §20 

20. The Size of Numbers. In arithmetic we think of 
3 as greater than 2, of 5 ds greater than 3, of 4 as less than 
7, etc. Also, we regard (called zero) as the least of 
all numbers. However, when we come to use negative 
numbers as well as positive, as we have been doing in this 
chapter, we must regard — 1 as even less than 0, for if a man 
has a debt of $1 (that is, if he has — $1) he really has that 
much less than no money at all. Likewise, — 2 we must regard 
as less than 0, and indeed it must be less than — 1. In the 
same way, — 5 is less than — 3, while — 10 is less than — 8, etc. 

The whole situation in this matter is vividly brought 
out to the eye in the figure below: Here the + num- 
bers are arranged in their order (as on a yardstick) running 

— 1 1 j I fl I 1 1 1 1 1 1 1 1 1 1 U I J 1 1 1 1 M 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ! I ! 1 1 1 1 [ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 [ 1 1 1 1 1 1 1 1 > 
_ 5 -4 -4 -5 -1 1 2 3 4 5 

Fig. 18. 

to the right of the point marked 0, while the — numbers 
are similarly arranged to the left of that point. Observe 
that if you start anywhere on the line and go to the right, 
the numbers you meet are constantly increasing (in the sense 
explained above), while if you go to the left, they are con- 
stantly decreasing. Thus the figure shows all numbers 
(positive and negative) arranged in their increasing order 
as one reads from left to right. 

In the figure above only the integers, 1, 2, 3, etc. and their 
negatives, —1, —2, —3, etc. are printed in, but a complete 
figure would give markings also for fractions such as |, 2J^, 
— f, —b^. Thus, i goes at the point situated halfway 
between and 1 ; again, 2^ goes at the point one third the 
way from 2 to 3 ; — f goes at the point three fourths the way 
from to —1, and — 5|^ goes at the point which is seven 
eighths the way from —5 to —6. In this way, every fraction 
has a definite position on the line. 



7. 


-1,1- 


8. 


-h -i- 


9. 


2h, n. 


10. 


-2h -If 


11. 


-ho. 


12. 


-.8, -6.3 
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ORAL EXERCISES 

In each of the following exercises, state which of the two 
numbers is the larger. To do this, locate the numbers at 
their proper places on the line shown in the figure on page 34 ; 
or better, on a similar line which you can now draw for 
yourself. 

1. 6,9. 

2. 6, -9. 

3. -6,9. 

4. -6, -9. 

21. Subtraction of Positive and Negative Numbers. 
Suppose you owe $2, but your father, without your knowing 
it, pays the debt. The result is that you are $2 better off 
than before. In other words, the result of taking away, 
or subtracting, a $2 debt is to increase what you have by $2. 
If, for example, you had $10 in cash before the debt was 
paid, all you really had was $8, but now the whole $10 is 
yours. Stated in terms of negative numbers, this means 
that subtracting —2 from 8 is the same as adding 2 to 8; 
that is, 

8-(-2) = 8+2 = 10. 

Now, let us suppose another case. Suppose you are $2 
in debt when you accidentally break a window valued at 
$5. Even though you have no money to pay for it at the 
moment, you really have had $5 taken away, or subtracted 
from you. It is just the same as adding a new $5 debt to 
the old $2 one, and the result is a $7 debt. In terms of 
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negative numbers, this says that subtracting 5 from —2 is 
the same as adding —5 to — 2 ; that is, 

-2-5=-2+(-5) = -7. 

Next, suppose you have $10, but wish to buy a picture 
costing $15. This is Uke taking away, or subtracting, $15 
from yourself when you have only $10, and the result is 
that you go $5 into debt. It is the same as adding a $15 
debt to the $10 that is in your pocket; that is, 
10-15 = 10+(-15) = -5. 

Finally, suppose you owe $10, but your father pays $8 
of this amount. You then owe but $2. This is really sub- 
tracting an $8 debt from a $10 debt, and its effect is the 
same as though your father had made you a present of $8, 
simply adding it to whatever you had in the first place. 
Stated in terms of negative numbers, this says that 
-10-(-78) = -10+8=-2. 

A careful study of the four cases above shows us two im- 
portant things : 

(1) When both positive and negative numbers are being 
used, we may always subtract one number from another, 
no matter whether the number subtracted is smaller than 
the one from which it is taken (as in arithmetic) or not. For 
example, in the third case we subtracted 15 from 10, ob- 
taining the result —5. 

(2) The rule for subtracting any number (positive or 
negative) from another is as follows : 

Rule for Subtracting One Number from Another. 
Change the sign of the subtrahend (or number subtracted) and 
proceed as in addition. (See § 17.) 

For example, to subtract —6 from 3 we simply change the — 6 
to 6 and add the result to 3 ; that is, we have 

3-(-6) = 3 + 6=9. Ana. 
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ORAL EXERCISES 

1. State the result of each of the following subtractions : 
(a) 10- (-6). (c) 3-6. (e) 5a-6a. 

(6) -10-(-6). (d) -4-(-6). if) -4a:-(-5x). 

2. In each of the following exercises subtract the smaller 
number from the larger one. 

(a) 2,3. (e) 2,-3. (i) -if 

(6) -1,2. (/) 1,-1. U) -i, -1. 

(c) 6,-7. (g) i,i. (fc) -1, -f. 

(d) -5, -6. (A) i, -i. (0 -i -2. 

3. In each of the following exercises subtract the larger 
number from the smaller one. 

(a) 6, 8. (e) -2, -3. (i) -J, f 

(6) -1,2. (/) 2,-3. 0*) -i -1. 

(c) 4, 1. ((/) i, t (fc) -3, -f. 

(d) 4,-1. (A) i, -i. (0 -f,4. 

4. On a certain day the thermometer stood at 75°. The 
next day it stood at 45°. What was the drop in temperature ? 

5. On a certain day the thermometer stood at 10°. The 
next day it stood at —6°. What was the drop in tempera- 
ture? 

[Hint. As in Ex. 4, subtract the lower temperature from the 
higher.] 

6. How long was it from the year +60 to the year +100? 

7. Augustus Caesar lived from the year —"63 to the year 
+14. How old was he when he died? 

[Hint. As in Ex. 6, subtract the earlier date from the later one.] 

8. One ship had a latitude of +25°, while another one had 
a latitude of —18°. What was their difference of latitude? 
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WRITTEN EXERCISES 

1. Find the result of each of the following subtractions : 

(a) 192-261. (d) 80- (-45). (g) .6-. 7 

(fe) -150-270. (e) J-i. (A) 2.5-4.9 

(c) 80-45. if) 0-J. (i) 2.5-4.09 

2. When ready to ascend, a balloon, including its basket, 
weighed —1500 lb. If the basket alone weighed 100 lb., 
how much did the balloon alone weigh? 

3. The weather map for February 1, 1916, gave the 
following as the maximum (highest) and minimum (lowest) 
temperatures for that day : 





Chicago 


DULUTH 


Helena 


MOH- 
TBBAI, 


Nkw 
Oruans 


Nnw 
York 


Maximum 
Minimum 


30° 

24° 


3° 

-7° 


- 6° 
-13° 


18° 
-12° 


75° 
63° 


41° 
21° 



From this table it appears that the range of temperature 
at Chicago was 30° — 24°, or 6°. What was the range at each 
of the other cities mentioned in the table? 

4. From the table in Ex. 3, calculate how far below the 
freezing point (which is 32°) the temperature fell in Mon- 
treal. 

5. Referring again to the table in Ex. 3, how much colder 
did it become in Duluth than in Chicago? in Montreal 
than in New York? in Helena than in New Orleans? 

6. If x = 1 and y = 2, find the value of each of the follow- 
ing expressions : 

(a) 2x-iy. (d) V2y-a:. (g) -^ly-xK 

(fe) x^-y\ (e) V2^(-x). 

(c) s^-f. (/) -V2 2/-(-x). 



(h) </6y -4x, 
(i) ^6 2/- (- 15). 
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7. Tell (by inspection) what must be the value of x in 
each of the following equations : 

(a) x-l = 2. (c) 2+a: = l. (e) -3+a:=-l. 

(6) x-2=-3. (d) 2+x=:-l. (/) a;-4=-5. 

8. What is the niunber which added to 2 gives — 4? 

[Hint. Let x represent the unknown number, form an equa- 
tion, and then solve it by inspection. Compare § 6.] 

For further exercises on this topic j see review exercises, p. 47, 
and Appendix f p. 292. 

22. Addition and Subtraction of Several Numbers. In 
adding and subtracting several numbers we may proceed 
from left to right, performing each addition and subtraction 
as we come to it. For example, 

5+3-7-10+1 = 8-7-10+1 = 1-10+1 
= -9+1 = -8. Ans. 

Note. Another way is to add the + terms by themselves and 
the — terms by themselves, then take the sum of the two results. 
Thus, in the example above we have 

+5-7 

+3 -10 9 + (-17) = -8. Ana. -(Compare with § 18.) 

+1 -17 

+9 

WRITTEN EXERCISES 

Simplify each of the following expressions. 

1. 2-6+4-3-2. 2. -2+4-6+7+3. 

3. 1-2+3-4+5-6+7. 4. l + (-2)-(-3)+4. 

5. 2-(-3) + (-4)-(-6)-7. 6. 25-30+17-21-45. 

7. 101-75+36-175-256. 8. i-J+i. 

9- i-i+h-h 10. .2 -.6+. 08 -.004 

11. .001-.01 + . 1-1 + 10. 12. 2-i-3i+.2-.01 
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13. Do you know of any game in which there are negative 
counts? Describe the method of counting. How do you 
find the total score? 

14. Express as a continued addition the bank accoimt of a 
man who (1) has $67.50, (2) spends $5.46, (3) deposits $21.00, 
(4) spends $41.25, (5) spends $12.50, (6) deposits $14.15, 
(7) spends $7.20. What will his final bank account be? 

23. Multiplication of Positive and Negative Numbers. 
In arithmetic the numbers which we multiply together are 
always positive, but in algebra some (or all) of the numbers 
to be multipUed may be negative. Four diflFerent cases are 
here possible and will now be illustrated. 

(1) Consider the product 5X4. This means, as in arith- 
metic, that 5 is to be taken 4 times. Hence the result is 
20; that is, 

5X4 = 20. 

(2) Consider the product (— 5)X4. This means that 

— 5 is to be taken 4 times. Hence, by the Rule in § 17; 
the result must be —20; that is, 

(-5)X4=-20. 

(3) Consider the product 5X(— 4). Remembering that 
in arithmetic we have 2X3 = 3X2, we may here suppose 
that 5X(— 4) = (— 4)X5. But this last form (being similar 
to the one in the second case) means —4 taken 5 times, 
which is —20. Thus, we have 

5X(-4) = -20. 

(4) Consider the product (— 5)X(— 4). We natm^ally 
look upon this as meaning the negcUive of 5X(— 4) ; that is, 
the negative of —20. But the negative (or opposite) of 

— 20 is +20, or simply 20. Whence, we write 

(-5)X(-4)=20. 
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These four illustrations make clear the following rule. 

Rule for Multiplication op Two Numbers. Multiply 
(IS in arithmetic, prefixing the + sign to the product if the 
two numbers have the same sign, and prefixing the — sign to 
the product if the two numbers have opposite signs. 

ORAL EXERCISES 

State the value of each of the following expressions : 

IT. (-I)X(-I'). 
18.(-2+l)X(3-4). 



1. 


3X2. 9. 


(-a)X(-6). 


2. 


3X(-2). 10. 


(-*)xf. 


3. 


(-3)X2. . 11. 


(-i)x|. 


4. 


(-3)X(-2). 12. 


(-i)xi. 


6. 


4X(-7). 18. 


(-i)x(-i). 


6. 


(-10)X(-6). 14. 


(-*)x(-|). 


7. 


aX(-6). 16. 


3X(-a:'). 


8. 


(-o)X&. 16. 


(-a;«)X(-j/*). 



"• H-l} 



21. 



24. Multiplication of Several Numbers. The product 
of three or more numbers is found by performing one multi- 
plication at a tune. Thus, in finding 6 X ( — 5) X ( — 4) X 3 the 
steps are as follows : 

6X(-5) = -30, 
(-30) X (-4) = 120, 
120X3 = 360. 
Therefore, 6X(~5)X(-4)X3 = 360. Ans. 

Note 1. If the number of negative factors in a product is even, 
the sign of the product is + ; but if the number of negative factors is 
oddj the sign of the product is — . That this is so, follows from the 
Rule given in § 23. 

For example, the sign of 2x(— 3)X(— 4)X5 is +, since we here 
have two negative factors (or an even number) ; but the sign of 
2x(-3)X(-4)X5X(-7) is -, since here we have three (or an odd 
nxunber) of the negative factors. 
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Note 2. The sign X may be omitted in products containing 
literal numbers. Thus, instead of 2X(— a)X(— b)Xc we write 
2(— a)(~&)c. This is merely an extension of what was said in § 3. 

ORAL EXERCISES 

In each of the following, state first the sign of the result, 
then give the complete value. 

1. 2X(-5)X(~8). 3. (-6)X(-2)X5. 

2. 4X(-3)X2. 4. (-l)X(-2)X(-3)X(-4). 

6. (-1)X("1)X(-1)X(-1)X(-1). 

6. (-2)X(-i)X4. 9. (-a)(-6)(-c);-o6c. Ans. 

7. iX(-f)X(-f). (Hint. See Note 2, in § 24.] 

8. .lX(-.2)X(-.3). 10. (~2a)(-6 6)(-2c). 

11. (-o)6(-4c). 14. xyz{-'abc){-3pqn). 

12. {-x)i-y){-z){-w), 15. 3p{-2q)r\ 

13. mn{-2rs). 16. x{-y^){'-z^). 

WRITTEN EXERCISES 

If a= —1, 6= —2, and c= —3, find the value of each of 
the following expressions. 

1. 2abc, 3. 2(-a)(-6)c. 

2. 2(-a)6c. 4. 2(-a)(-6)(-c). 
(Hint. -a=-(-l) = l.] 5. 2ab+Sbc. 

6. 2o6-3 6c. 12. V-2b, 16. a^ftV. 

7. ab+bc+ac, 13. V2 6-3c. 17. a%V-abc. 

8. afe+6c-ac. ^^ 206+0 ^g. a6^+6^c. 

9. 06— 6c— oc. 3c+fe , 

11. ^3+53+^3. ' 4c+6fe' 20. v^6c2-5 6. 

For further exercises on this topic j see Appendix^ p. 292. 
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25. Powers and Exponents. We have already noted 
(see § 13) that a?^ means xXa? and may be read " x square." 
It may also be read " x to the second power." In the same 
way, x^ means xXxXx and may be read either "x cube " 
or " X to the third power." 

We now note also that x^ means xXxXxXx and is read 
"x to the fourth power." Again, oc^ means xXxXxXxXx 
and is read " x to the fifth power," etc. In all these 
cases the number denoting the power is called the exponent. 
Thus, 2 is the exponent in x^, while 3 is the exponent in x^, 
etc. 

26. Signs of the Powers of Numbers. In the first set 
below can be seen the powers of 2 from the first up to the 
sixth, while in the second set are the same powers of — 2 : 

2^ = 2 

22 = 2X2 = 4 

2« = 2X2X2 = 8 

2^ = 2X2X2X2=16 

2^ = 2X2X2X2X2 = 32 

2^ = 2X2X2X2X2X2 = 64 

(-2)1= -2 

(-2)2=(-2)X(-2) = +4 
(-2)3=(~2)X(-2)X(-2) = -8 
(-2)4=(-2)X(-2)X(-2)X(-2) = +16 
(-2)5 = (~2)X(-2)X(-2)X(-2)X(-2) = -32 
(-2)«=(-2)X(-2)X(-2)X(-2)X(-2)X(-2) = +64 

Observe that the results in the first set are all positive, while 
those in the second set are positive or negative according 
as the exponent used is an even or an odd number. This 
illustrates the following rule. 
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Rule of Signs for Powers. AU powers of a 'positive 
number are positive. An even power of a negative number is 
positive, while an odd power of a negative number is r^ative. 

ORAL EXERCISES 

In each of the following exercises, state first the sign of 
the result, then give the complete answer. 



1. 


(-1)^ 


8. (-6)». 


16. (-a)». 


2. 


(-4)». 


9. (-!)•. 


16. {-xy. 


3. 


(-1)*. 


10. 3». 


17. i-yy. 


4. 


1*. 


11. (-3)». 


18. (-l)«X(-2)« 


5. 


(-6)*. 


12. 3^ 


19. {-an-b)K 


6. 


(-1)^ 


13. (-3)^ 


20. xyi-z)*. 



7. (-5)». 14. {-ay. ' 21. (-m)2(-n)3(-p)^ 

27. Division of Positive and Negative Numbers. To 
say that 4X5 = 20 is the same as saying that 20-5-5=4. 

Likewise, to say that 4X(— 5) = — 20is the same as saying 
that (-20) ^4= -5. 

. In the same way, from (— 4) X 5 = — 20 we get 
(- 20) -J- (- 4) = 5, and finally from (- 4) X (- 5) = 20 we 
have20^(-4) = -5. 

These four cases illustrate all the possibilities in the 
division of one number (positive or negative) by another; 
from them we derive the following rule. 

Rule of Division for Two Numbers. Divide the divi- 
dend by the divisor as in arithmetic j giving the positive sign to the 
quotient if both dividend and divisor have the same sign, but 
giving the negative sign to the quotient if the dividend and 
divisor have opposite signs. 
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ORAL EXERCISES 

In each of the following exercises state first the sign of 
the result, then give the complete answer. 

1. 254-5. 18. (-12a)4-(-4). 

2. (-27)-i-9. 19. (-12b)-s-(-6). 
8. (-27)-s-(-9). 20. (-8xj/)h-8. 

4. 27-i-(-9). 21. (-144r)-i-(-12). 

6. (-26) +(-5). . 22. lQabc-i-4. 

6. 30-i-(-6). 23. i -!-(-*). 

7. (-72)4.12. 24. (-f)H-(-i). 

8. (-60)4- (-4). 26. (-2.5) 4- (2.5). 

9. (-10)4-10. 26. 7.26 4- (-2.42). 

10. (-8)4-8. „ (-a) 4-6; -?• Ana. 

11. 90 4- (-15). 

12. (-63)^(-7). 28. aH-b). 

13. (-100)^26. 29. (-o)4-(-6). 

14. 1214-11. 30. ^^. 

15. (-144)-.(-12). 3, ^4^^^. 

"• 12a-^4. 32. _4x-^(-x). 

17. 12 a 4- (-4). 

33. Give (by inspection) the value of x in each of the 
following equations ; 

(o) -a;=6.- (e) -4a;=-16. (i) -4 = 2 x. 

(6) 4x=-8. (/) -6x=36. (j) -10 = 5 x. 

(c) -3a;=-12. (g) 3x^-15. (]c)-=-3. 

X 

id) -5x=10. (h) -2a;=13. (J) — =i 

X Z 



46 FIRST COURSE IN ALGEBRA [11, § 27 



WRITTEN EXERCISES 

If a = 2, 6= —3, and c= — 5, find the value of each of the 
following expressions. 

- 6a o 2abc « oft^ m abc 

. 2a6 A 4^^ 7 g+c jj 0+6 

4 a'* 6 o— 6 

^ afc+oc—bc --. 5 a— 3 b+2 c -- ofcc— 3 bc+c 



3 c 3 c 6a2 

12. «!±^. 13. M. 14. 4?-^^ 

a+6+c b c Vbc+l 

16 "ZL^Y^Hf 16 g^+fe'+c^ j_ a«+y+c« 

■ a+b b+c ' a«+6*+c2" * o+6+c ' 

18. ^X^, 19. obcX^. 20. abc^^. 

a+b a^+b^ . b+c b+c 

21. Explain how the equation (— 4)-^(— 2) = 2 illustrates 
the following statement : " The boy who owes $4 owes 
twice as much as the boy who owes $2." 

32. Taking the equation in Ex. 21, write out the state- 
ment it illustrates with reference to the latitudes of two 
ships. (Hint. See § 16.] 

23. Write (using negative numbers whenever necessary) 
the equation corresponding to the following statement: 
" If John owes $10 and I owe half as much, I owe $5." 

24. Explain how the equation 10-^( — 2) = — 5 illustrates 
the following statement : " If I have $10 and you owe $2 
then I have five times as much as you but in the opposite 
senseJ^ 

For further exercises on this topic, see the review exercises, 
p. 47, and Appendix, p. 293. 
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EXERCISES— REVIEW OF CHAPTER U 

1. The words "good" and "bad" have precisely opposite 
meanings ; hence the one may be called the negative of the other. 
Two such words are also called antonyms of each other. State 
what is the negative (or antonym) of each of the following expresr 
sions; 

(o) slow (c) to find anjrthing (i) darkness 

(6) rich (/) to give away something (j) evil 

(c) difficult (g) to go to sJeep (k) dwarf 

(cQ industrious (h) to stand up (0 doubt 

2. What tense (in grammar) is the negative of the past 
tense? 

3. What word describes the negative of "good health"? 

4. If you have any two numbers (positive or negative) how do 
you decide which is the greater? 

[Hint. See § 20.] 

6. In each of the following cases, subtract (mentally) the 
smaller number from the larger; 



(a) 5, 6. 


(c) 14,-10. (e)if 


(ff) .5, -.6 


(6) -1,3. 


(d)-4, -5. (/)i,-«. 


W -i, .3 



6. In each of the examples in Ex. 5 subtract (mentally) the 
larger number from the smaller. 

7. Find (mentally) the value of each of the following expres- 
sions ; 

(a) 5X(-6). (d) 4X(-i). ig) (-*)». 

(6) (-5)X(-5). (6) Ix{y} ^^^ (-3)3+2. 

(c) (-5)». (/) 4X(-2)X(-i). (i) (-3)8-10. 
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8. State the value of each of the following expressions when 

(a) p+1. id) 2-p. (g) pi-p). (i) pK 

(6) p-1. (e) 2-2 p. W ^. (k) (-P)*. 

(c) p-2. (/) p«-l. (i) VJ^J. (Q ps_pj+p_i, 

9. State the value of each of the parts of Ex. 8 when p= —2. 

10. State the value of each of the following expressions when 
p=l and q='-2: 

(a) p+q. (d) 2p+q. (g) pq+l. ^^.^ 2p-q ^ 

(b) p^q. (e) 3p-2q. (h) 2j^q\ ^^^ ^J\^ 

(c) q-p. (/) p*+g». (i) 2pg«. (Z) 2p+<^. 

11. Write xx^3^+2 yV in its simplest form. 

12. Find the value of each of the following expressions when 
x—l and y=2, 

(o) ex^-^xy+f. (c) SVx-iV2y'-2x^+4y, 

(6) Ja--x2/«-4i/». (d) 3x.»-^+V4^ . 

3^+y^ 

13. In arithmetic the least of all numbers used is 0. Is there 
any such thing as the least of all numbers used in algebra? Ex- 
plain. 

14. If any number be subtracted from a larger one, what is 
the sign of the result? 

16. If any number be subtracted from a smaller one, what is the 
sign of the result? 

16. What is the number whose negative is the same as its posi- 
tive? 

For further exercises on this chapter j see AppendiXy pp. 291- 
293. 



CHAPTER III 
ADDITION AND SUBTRACTION 

28. Definitions. A term of an expression is one of its 
elementary parts ; that is, a part separated from other parts 
by the signs + or — . For example, the terms of the expres- 
sion 3 x+2 are 3 X and 2 ; the terms of 5 o6 — 6 are 5 aft and 6. 

Like Terms are those that contain a common factor. 
Thus, 3 X, 4 X, and — 5 x are like terms because they contain 
the common factor x. Likewise, 2 o6, 3 a6, 4 a6, and 11 o6 
are like terms because they contain the common factor ab. 

29. Adding Like Terms. If we observe what was said in 
§ 11 about adding like numbers, we see that like terms 
may always be added by merely adding their separate coeffi- 
cients to obtain a new coefficient, and then multiplying that 
new coefficient by the common factor. 

For example, suppose the like terms to be added are 2 x, 
3 X, —5 X, —4 X, and 9 x. In this case, if we add the sep- 
arate coefficients, we have 2+3+(— 5) + (— 4)+9, which 
reduces (by § 17) to 6. Hence the answer is 6 x. 

As another example, let us find the sum of the like terms 2 r*, 
— 3 r«, 2 r«, — 7 r«, and 4 r«. The work may be arranged as follows : 

Adding the separate coefficients gives 

2+(-3)+2-f(-7)+4=-2. 

Therefore, the sum of the given terms is — 2 r*. Ana. 

Thus, we have the following rule. 

Rule for Adding Like Tebms. Add the coefficients for 
new coefficient and multiply it by the common factor. 
E 49 
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ORAL EXERCISES 

State the sum in each of the following exercises. 

1. 2xand— 3x. ^ 2. 2 rand— 5 r. 

i3. —3 r and 7 r. 4. —4 x, —5 x, and —6 x. 

5. -31/2, 2 2/2, and -7 2/2. 6. 6 A, 7 A, and -A. 

7. -3 X, -7 X, and 10 x. 8. 4 a6, 7 o6, and -2 oft. 

9. rs2, 3 rs2, and - 10 rs^. lo. - S, - 10 S, - 4 S, and 215. 

11. 6 r% 4 r^x, -7 r^x, and -3 r^x. 

12. a62/, —cbbyj 4 abj/, and —4 062/. 

13. -4a6 14. -rs 16. 3 0^2/ 16. xV 

7 06 10 rs -2062/ -4xV 

-806 -3rs —Toby — 7xV 

2ab 2rs Aaby — 3xV 

WRITTEN EXERCISES 

Simplify the following expressions by uniting terms. 

1. 6x-2x+4x-7x+10x. 

[Hint. This is the same as 6 x+(-2 a;)-f-4 x+(-7 x)+10 x.] 

2. -2 6+3 6+7 6-6-7 6. 

3. 6ar— 7 ar+15ar— 2 ar—ar, 

4. llx42/-2x42/+8x42/-3x42/+2xV 

5. 10x2+11x2—4x2+2x2+3x2—9x2. 

6. 8A + 10A-3A-6A+4A-12A. 

7. -o2+fa2-|a2. 8. i X2/+ix2/-ix2/. 

9. fr^-Ar'-T^r^ 10. ic+^c-^c-^c. 

11. 5.7 2-2.3 2+8.3 2. 12. 6.17 2+2.13 2-3.04 2. 

13. -1.5x22+6.5x22-x22. 14. -5A+2.5A-1.7A. 

16. 2.3x2-1.2x2+.4x2-2.1x2. 

16. 15(x+2/)-2(x+2/)+6(x+2/)-8(x+2/). 
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30. Adding Unlike Terms. When terms are unlike, that 
is, when they do not all have a common factor, we can no 
longer express their sum in one term. In such cases we can 
only indicate the addition. Thus, the sum of 3 a? and 4 y 
must be written out in the form 3 a;+4 y. In the same way, 
the sum of 5a^by and 2 rst is 5 a^by+2 rsL 

WRITTEN EXERCISES 

Express each of the following expressions in as few terms 
as possible. 

1. 3x+2i/-7x-3x+4 2/. 

Solution. Adding the x terms alone gives 3«— Tx— 3x=— 7x. 
. Adding the y terms alone gives 2y+^y=^6y. 
Hence the result is —7x-i-Qy. Ana. 

2. 2a-3fc-4a-3fc. 

3. 4x+6-2a:+7+9x-15. 

4. 23r-15+9r+6-17r-2. 

6. 8xhf—xy^+7 xy^—x^y—^xy^. 

6. a-2 6+2c-2a+3 6-4c. 

7. 2o+2 6+2c+2d-a-3 6-c-3d. 

8. mno+2 mWo^ — 3 mno— 4 7nWo*+gf. 

9. 1.2a-2.4 6+2.3a+1.5 6. 
10. 3.26x2-2.5 2/2-1.75x2. 

For further exercises on this topic, see Appendix, p. 294. 

31. Polynomials. An expression which contains more 
than one term is called a polynomial. For example, 3 x+y, 
3x+22/— 42, and 6x'-y+2z-m are polynomials. 

When a polynomial contains only two terms it is called a 
binomial. For example, 3x+2/, x+y, 4 a— 6, 6p+4q, are 
binomials. 

When a polynomial has only three terms it is called a 
trinomial. For example, Sx+2y-4z, m+n-p, 4gf-6 A+2i, 
are trinomials. 
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32. Addition of Polynomials. Pol3momials are added by 
uniting terms that are alike. The process is similar to the 
adding of denominate numbers in arithmetic. 

For example, adding 6 yd.+l ft.+ 3 in. 

and 2 yd.-f 1 ft.-f 8 in. 
gives 8 yd.+2 ft.-f 11 in. Ana. 

In the same way, adding 2 a+ 7 6-1-3 c 
and 6 g-f 3 b-f 2 c 
gives 8 a-f-10 64-5 c, Arw. 

These illustrations show that the rule for adding poly- 
nomials is as follows : 

Rule fob the Addition op Polynomials. Write like 
terms in the same column, find the sum of the terms in each 
column separately, then connect the sums thus obtained by the 
proper signs. 

33. Arrangement of Terms in a Polynomial. A poly- 
nomial is said to be arranged in the descending powers of 
some letter when the exponents of that letter decrease as we 
read the polynomial from left to right, as, for example, in 
a^+3 x^+2 x^+7 x+9. 

A polynomial is said to be arranged in the ascending powers 
of some letter when the exponents of that letter increase as 
we read the polynomial from left to right, as, for example, in 
9+7x+2x^+3x^+x*. 

Before adding polynomials which contain several powers of 
the same letter it is best to arrange all terms according to the 
descending (or ascending) powers of that letter. 

Thus, the expressions 7 x-4: sfi—Q+x* and -5 a;^-4 z+3 ««-f-7 
may be added as follows. Note that the terms are first arranged 
according to the descending powers of x : 

x3-4 x»-f-7 x-9 

3 a;8_5 a4_4 x-\-7 

4 x»-9 x«+3 x-2. Ana. 
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34. The Checking of Addition. To check, or test, the 
work of addition we use special values of the letters and see 
if the result is correct for such values. This is illustrated 
in the following example. 

Example. Add the expressions 

3 0+4 6+2 c, 5 a+3 6-2 c, and 7 a-9 6-6 c 
and check your answer when a=l, 6 = 2, and c=3. 

Solution. Adding, as in § 32, we have 

3 o-f 4 6+2 c 
5 0+3 6-2 c 
7 a-9 6-5 c 
15 a— 2 6—5 c. Ans. 

Check. When a=l, 6=2, c=3 the value of 3 a+4 6+2 c is 
3X1+4X2+2X3, which reduces to 17. Likewise, 5 a+3 6-2 c 
then becomes equal to 5, while 7 a— 9 6—5 c becomes equal to -26. 
The sum of the three is, therefore, 17+5—26, which reduces to —4. 
But, the answer obtained above, namely 15 a— 2 6—5 c, when like- 
wise considered foro==l, 6=2, c=3, becomes 15X1—2X2—5X3, or 
15—4—15, and this also reduces to —4. Since the two results are 
the same (that is, each is —4) the work checks. 

WRITTEN EXERCISES 

Add the following. 

1. 2a-3 6 

3a+8 6 (Check when a = 1, 6 = 1.) 

2. -4x+3i/ 

7 x—Sy (Check when a? = 2, t/ = 1 .) 

3. 3r+2s+6^ 

8r-5 s-9 1 (Check when r=l, s=2, «=3.) 
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4. -5H+ I+IO K 
7H-9I+ S K 
lOg+4/- 8 /g' (Check whenil = l, 7 = 3, K=2.) 

6. 3w+ 7n+ Sp 
— 5 m+ 4 n — lOp 
9m— 11 n+ 5p (Check when w=2, n = 2, p = 2.) 

6. 6/e+3S-4P 
2/e+8S+2P 

-SR-4S-QP (Check when 72 = 1, S=l, P=:3.) 

7. 4A+4S+4C 
2A- S-5C 

A+2B+6C (Check when A = 3, 5 = 2, C = 1.) 

8. 0^+2 ab+b^ 

0^-2 ab+¥ (Check when a = 2, 6 = 2.) 

9. 2a2-3a6+7 62 lo. 3a+4 6-2c-3d 
4 a2+5 a6-6 6^ 4 a_3 5+7 ^+2 d 
7a^-3a6+2 6g 6a+2 6- c- d 

10a-5b+6c+ d 

11. 3r+4s+2<and6r-3s+5<. 

12. 6g+5r+0, g-5r-0, and -7g+2r+2 2. 

13. 8x2+4a;+7, 2x2-3 x-5, and X2-X-1. 

14. a^+5 a2+3 a, 2 a^+G a^-a, and a3+2 a+1. 
[Hint. The answer should contain five terms.] 

16. l-2r+3r2, 2+3r+4r2, and -l+5r-3r\ 

16. x+4: x^-2-5x^, 6-2X+3 x^-x^, and 2+x^+dx^-'X. 

[Hint. See § 33.] 
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17. 6a*-a»+2o2+4, -4-2a'+a2-6a,and5a*-4o2+2. 

18. a262 + 2a6» + 462, 5 a^ft^ - 2o6' - 2 6^ and 

19. 2H+P,SH-W,3W-5X,eLnd3H+2P+5W. 

20. 2c~7d+6n, ll7n-3c-5n, 7n~2d--8c, 
8d-3m+10c, 4d"-3n-8 7n, 7n-6n, and 2m~3d. 

21. 4x'-2x2-7x+l, x»+3x2+5^_6^4a.2_8x»+2-6x, 
2x«-2x2+8x+4, and2x'-3x2-2x+l. ' 

22. a*+5a*6+5a6*+6^, a*6~2aHa'6'"2 6», 
a'62-.3a265-4a*-a^ 

and 2 o'^+o*6-2a»62+2 a^b^-3 ab^+b\ 

35. Subtraction of Monomials. A monomial is an expres- 
sion which contains but one term. Thus, x, 8 y, 2 m^, ab, 
cd^q, lw?n^, 16 ghHjk^ are each monomials. Compare this 
definition with the definitions of binomial, trinomial, etc., 
in § 31. 

To subtract one monomial from another we simply change 
the sign of the subtrahend and then proceed as in addition. 
(See § 21.) 

Thus, 4a-2 a=4a+(-2 a)==2 a. Ana, 

8 x»2/-(-3 x*y)^S cfiy+(3 aJ«2/) = ll x^y. Ana. 
-5 x»-3 x»=-5 x»+(-3 x»)=-8 xK Ana. 
-7 a«6- (-4 o«6) = -7 a«b+4 o«6=-3 a«b. An«. 

In the subtraction of unlike terms we can only indicate 
the result. (Compare § 30.) 

Thus, to subtract y from x we must write simply x—y. To 
subtract 3 h from 7 a we write 7 a— 3 6. 

In all cases of the subtraction of monomials we therefore 
have the following rule. 

Rule for Subtracting One Monomial prom Another. 

Change the sign of the subtrahend (or part subtracted) and 
add the residt to the minuend. 
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ORAL BZERCISBS 

In solving an example in subtraction, the change of the 
sign of the subtrahend should be made merUaUy, The 
written sign should not be changed. 



Subtract : 












1. 10 a 
-3 a 


2. 


-4 6 
26 


3. 7x 

8x 


4. 


15 a6 
-16a6 


6. -25 o6c 
— 5abc 


6. 


17o*6 
-4o«6 


7. -19n» 
-19n» 


8. 


81 gr 
-81 gr 


9. 66 o»c 
44 o»c 


10. 


-37xV 
-15xV 


11. -21a6» 
2a6« 


12. 


17 a^ 

-3f 



13. Subtract —7 yz from —4 yz. 

14. Subtract —2/fc from —7 2/fc. 

16. Subtract ah from —ab. 20. From 18 a' take 11 a*. 

16. Subtract 21 r2 from 12 r2. 21. 3a-(-5a)=? 

17. From 26 xyz take - 13 xyz. .22. - 6 xy - ( -4 xy) = ? 

18. From -11 6 take 4 6. 23. 8r-(-2r)=? 

19. From -9x^y take -7 x^y. 24. Take -4z from -62. 

State the answer in each of the following four exercises. 
Note that these deal with unlike terms. (See § 35.) 

25. Subtract 3 6 from 10 a. 

26. Subtract 13 r^ from - 14 st. 

27. Subtract —7 xy^ from y^2?, 

28. Subtract 90 pqrs from abed. 

For further exercises on this topic, see Appendix, p. 295. 
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36. Subtraction of Polynomials. To subtract one poly- 
nomial from another, write like terms in the same coliunn 
and subtract in each column separately. For example, in 
subtracting 3x—Sy from 2 x+4 y the work is as follows : 

2x+4y 
Zx-Sy 



—x+l2y. Ans. 

To check yoiu- answer, show that the sum of the remainder 
(or answer) and the subtrahend equals the minuend. Thus, 
in the example just worked, if we add — a:+12 2/ to 3 x— 8 y, 
we should get 2 x+4 y. Do we? 

If the subtrahend and the minuend contain no like terms, 
we can only indicate the subtraction. Thus, in subtracting 
&x+y from 2m+n the result is 2m+n—&x—y, In all 
cases (whether the subtrahend and minuend contain like 
terms or not) the result can always be obtained by merely 
changing all signs in the subtrahend and adding the result 
to the minuend. Hence, we have the following rule : 

Rule for Subtracting One Polynomial from Another. 
Change all signs in the subtrahend and add the result to the 
minuend. 

Note. Polynomials which contain different powers of some 
letter should first be arranged according to the descending or ascend- 
ing powers of that letter. (Compare § 33.) 

WRITTEN EXERCISES 

Perform each of the following subtractions, and check 
your answer in each. 

1: 9a+7 6 2. 4a+10 6 3. I0x+2y 4. 4w+4n 
2o+3& 6a+ 4 6 6x+4y 2m+5n 
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6. llm-2n 6. 9a-16 6 7. 10 a- 2 c 8. 2r«+8a6» 
9m-r n 3 a+22 b -16a-14c 5 7^-7 ab^ 

9. From 8 p+3 2 subtract 10 p+z. 

10. From — 10 w+n subtract —5 m — 3 n. 

11. From 3 ox— 5 by subtract —4 ax+6 fey. 

12. From 7 a6c+ 10 mx subtract 20 oftc — 3 mx. 

13. From 4m-3n+2p 14. From3a-4 6+7c 
take 2m— 5n— p take 6a— 5 6+9 c 

16. From a— 6+c 16. From x^ — xiz+i/^ 
take 2a+& — c take x^+xy+y^ 

17. From a2+2 a6+62 18. From 8 a^ft- 5 ac2+ 9 a^c 
take a^-2ab+¥ take 3a^6+2ac^-9a'c 

19. From 10 m — 6 n— 3 p subtract 2n+3p— 4 m. 

[Hint. First reaxrange the subtrahend in the form 
-4 m+2 n+3 p.] 

20. From 6 ac+10 bd—S s subtract 4 s— 10 bd+d ac, 

21. Subtract -5x+8x'+7+2 x^from -2+6x-6x2+4x». 
[Hint. See Note in § 36.] 

22. Take 7 xy^+9 x^y - 7 xV from 4 x^i/ - 6 x^y^ - 12 xy^. 

23. From 2ax — 6y— xy take 2fei/ — 2ax — 3xy. 

24. From 2 a+3 c+d subtract a — b+c. 

Solution. Here the subtrahend and the minuend contain some 
unlike terms, and the work would therefore look as follows : 

2 0+3 c-\-d 
o-f- c —6 
a+2 c+d+6. Ans. (See Rule in § 36.) 
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26. From a— 3 6+c subtract a+c—d. 

26. From 2 x+2 ocy take xy+x—y, 

27. From 2 a— 2d subtract a— 6+c—d. 

28. From 1+2 a+3 a^+G a^ take 3 a+4-2 a^ 

29. From 1— a' take 1— a+a^ — a'. 

30. From 4 ab+c subtract 5 w— 2 n+3 g. 

[Hint. Since the subtrahend here contains no terms like those 
in the minuend, no special arrangement of the work is necessary. 
Thus the answer is 4 a6 + c — 5 m -f- 2 w — 3 g'.] 

31. From xy — h yz^ subtract xy^ +yh—S x V — 7 y^. 

32. From 1-2 x^+x^ subtract x*+4 ^2-5-3 x. 

33. From ix—y+z subtract the sum of x—4y+z and 
x+4:y+z. 

34. From the sum of 2 s+8 1—4 w and 3 s— 6 1+2 w sub- 
tract the sum of 8 8+9 t+Q w and 4 s— 7 ^—4 w, 

36. From f x^-f x^+x-5 subtract ^ a:»-^ a:2--2 x+1. 
For further exercises on this topic, see AppendiXj p. 295. 

37. Further Study of Equations. In § § 6, 7, 8 we saw that 
nmnbers may be added to, or subtracted from, each side of an 
equation, and it was in this way that we solved the equation ; 
that is, found the value of the unknown letter. Any equation 
was shown to be like a pair of balance scales, the balance 
being imdisturbed so long as both sides of the scales were 
changed exactly alike, and the usual ways of doing this were 
stated in the axioms of § 9 . However, the only equations 
we learned how to solve were those having positive answers. 
The same axioms apply also to solving equations whose 
answers are negative, as we shall now show by means of 
two examples. 
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Example 1. Solve the equation 7a:+27 = 3x— 9. 
Solution. 7 a;+27=3 x-9. (Given) 

Subtracting 3 x from both sides, we have 

4 a;+27=-9. (Axiom II, § 9) 

•Subtracting 27 from both sides of the last equation, we find 

4a;=-36. (Axiom II) 

Dividing both sides by 4, we have 

a; =—9. Ana, (Axiom IV) 

Check. With a;=— 9 the right side of the given equation be- 
comes 7(-9)+27, or -63+27= -36. At the same time its left 
side becomes 3 (-9) -9, or -27-9= -36. Since both sides thus 
become the same (namely, —36), the answer must be correct ; that 
is, —9 is the desired value of x. 

Example 2. Solve the equation 3 x— 9 = 8 x+20. 
Solution. 3 a;-9=8 x+20. (Given) 

Subtracting 8 x from both sides, we have 

-5 x-9=20. (Axiom II) 

Adding 9 to both sides, we find 

-5x=29. (Axiom I) 

Dividing both sides by —5, we have 

a;=— 5|. Ana, (Axiom IV) 

EXERCISES 

Solve the following and check your answer for each. 



1, 


x+8=10. 


4. 


6-x = 


=3. 7. 4-x=-3. 


2. 


1+8 = 7. 


6. 


-4+. 


r = 8. 8. -x+5=24, 


3. 


4-a;=7. 


6. 


-4+ 


x=-9,. 0. a;+l = -l. 


10. 


8x+2a!=-12. 






14. Ax=%x-22. 


11. 


4a;-9x=25. 






16. 3 a;- 10=20. 


12. 


10-2 a;=4. 






16. 2a;+16=8a;+4. 


13. 


2a;-18=4x. 






17. 13x-4 = 18a;+14. 
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18. 7Jf+36=-2iS:-90. 23. 7 6+13=43-2 6. 

19. -50 r+2r = 100+77 r. .24. -3a+6 = a+18. 

20. 8 2/-16 = 3 2/+30. 26. -10r+15=-25. 

21. 6 2+16-4 2 = 21+3 2-8. 26. 6i a:-8+2i x= -17. 

22. 12fc-9+32 = 24fc-13+fc. 27. 2.3 r-4.6=1.2r+3.2. 

28. The sum of two numbers is 12 and one of them is 
twice the other. Find the niunbers. 

[Hint. Let x=the smaller number. Then 12— a;=the larger 
number.] 

29. The siun of two numbers is 12 and their difference is 
14. Find the numbers. 

30. If a certain number be subtracted from 12 the re- 
mainder is 19. What is the number? 

31. If 8 b0 subtracted from four times a certain number, the 
result is 16 more than twice the number. Find the number. 

32. The sum of three niunbers is 21. The second is 6 
more than the first, and the third is 2 less than the first. 
Find the nimibers. 

[Hint. Let z - the first number.] 

33. The sum of three numbers is 21. The second is 15 
more than the first, and the third is 19 less than the second. 
Find the numbers. 

34. The length of a certain rectangle is 4 feet more than 
twice the width. The whole distance around (called per- 
imeter) is 56 feet. What is the length and what the width? 

36. A rectangle whose perimeter (see Ex. 34) is 98 feet 
is 18 feet longer than wide. Find its dimensions (length and 
breadth). 
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36. Find two consecutive numbers whose sum is 17. 

[Hint. Two numbers are said to be consecutive when the one is 
1 greater than the other. Thus, 2, 3 are consecutive ; so also are 
10, 11; so also are —3, —2. More generally, severed numbers are 
consecutive when each is 1 greater than the one before it. Thus, 
2, 3, 4, 5, 6 are consecutive ; so also are —2, —1, 0, 1, 2, 3, 4 ; so also 
are J, |, }, V-l 

37. Find three consecutive numbers such that their sum 
is equal to the last number increased by 17. (See Hint to 
Ex. 36.) 

38. Find four consecutive nimibers such that the sum of all 
four of them is the same as the sum of the first and last. 

For further exercises on this topic, see Appendix, pp, 293-296. 



CHAPTER IV 
PARENTHESES 

38. Definition. Parentheses ( ) are used to show that 
the terms included within them are to be regarded as one 
number. Thus, 6+ (3 — 2) means that we are to add 3—2 
or 1, to 6. That is, 6+ (3 - 2) = 6+ 1 = 7. Ans. 

Similarly, 6— (3— 2) means that we are to subtract 3—2, 
or 1, from 6. That is, 6- (3-2) = 6- 1 = 5. Ans. 

Other examples, which should be carefully examined, follow. 
(2-f3)-|-(2-l)=5-|-l=6. Ans. 

(2-3)-|-(5-7) 1-|-(-2) — 3. Am. 

4-(5-7)=4-(-2)=4-|-2=6. Ans. 
(a-f2)-f (o-3)=o-f2-f o-3=2 a-1. Ans. 

39. To Multiply a Quantity Inclosed in Parentheses. 

When a number is placed directly before or after an ex- 
pression inclosed in parentheses, with no sign between them, 
multiplication is indicated. 

Thus, 2(4-2) means 2X(4-2) ; that is, 2X2, or 4. 

Similarly, 3 (a +5) means that the sum of a and 5 is multi- 
plied by 3. Again, (a+2)(a — 5) means that the sum of a 
and 2 is multiplied by the diflference between a and 5. 

ORAL EXERCISES 

1. Give the value of each of the following expressions : 



(a) 4+(3- 


-1). 




(e) 8(4- 


-3). 


(6) 4-(3- 


-1). 




(/) (2- 


3)(4-5). 


(c) (2+3)+(5- 


-6). 


(ff) 7(6- 


-l)(4-5). 


(d) (2+3) 


-(1- 


-2)+(3+4). 


(A) 2(3- 
63 


-l)+(6-7). 
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2. Read each of the following expressions : 

(a) 5(a+2). (d) 4{a^-2){a^-l). 

(b) 6(a-6). {e) (a-l)(a«-2)(a»-3). 

(c) (a+3)(a+2). (/) (a-6)Ma-6+2)*. 

WRITTEN EXERCISES 

1. Find the value of each of the parts of Ex. 2 in the last 
set of exercises when a = 1 and 6=2. 

2. Write out the algebraic expression for each of the fol- 
lowing phrases : 

(a) Four times the sum of r and s. 

(Jb) Two times the diflference between a and b. 

(c) The sum of a and 6 multipUed by their diflference. 

(d) The square of the sum of a and 6. 

(e) The square of the diflference between a and b. 

(J) The simi of x square and y square multipUed by the 
sum of a and b. 

(g) The sum of x square, y square, and z square multipUed 
by the diflference between r cube and s cube. 

(h) Seven times the diflference between x square and y 
square multipUed by the sum of/, g, and h. 

(i) The sum of the squares of a, 6, and c multiplied by the 
sum of the cubes of x, y, z, and w. 

(j) The cube of the diflference between a and b. 

(fc) The cube of the sum of a, b, and c. 

40. Removing Parentheses. . Such an expression as 
10+ (6+2), in which the sign before the parentheses is +, 
may be simplified in either of two ways : 

(1) By getting the value of the part in parentheses and 
adding it to 10. Thus, 

10+ (6+2) = 10+8 = 18. 
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(2) By removing the parentheses and simplifying the result 
thus obtained. Thus, 

10+ (6+2) = 10+6+2 = 18. 

Other illuBtrations, which should be carefully examined, follow. 
24.(4-l)=2+3=5, I 3+(5-7)=3+(-2)=l, 

or, 2-|-(4-l)=2-|-4-l=:6-l=5. | or, 3-|- (5- 7) =3+5- 7 =8-7=1. 

ORAL EXERCISES 

Work mentally each of the following exercises, first with 
parentheses and then without. 

1. 10+(7+3). 7. (3-l) + (4-3). 

2. 8+(9-6). 8. -4+(3-l). 

3. (6+2)+4. 9. (l~2) + (l-3). 

4. (10-6)+2. 10. 2+(4-3+l). 
6. l+(2-'3). U. (3-4y1)-1. 

6. (2+3) + (3-2). 12. -1+3-2+(6-7). 

In each of the examples thus far considered the parentheses 
have been preceded by the sign +. Suppose now a case 
where the parentheses are preceded by a — sign. For 
example, consider the expression 10— (6+2). Here again 
we may proceed in either of two ways : 

(1) By getting the value of the part in parentheses and 
subtracting it from 10. Thus, 

10- (6+2) = 10-8 = 2. 

(2) By simply removing the parentheses, provided, however, 
thai we first change the sign of each term in the parentheses. 
(See § 36.) Thus, 

10- (6+2) = 10-6-2=4-2 = 2. 

Other illustrations follow : 

4-(3-2)=4-l=3, 2-(3-4)=2-(-l)=2+l=3, 

or, 4-(3-2)=4-3+2=l-|-2=3. or, 2- (3- 4) =2- 3+4= -1+4= 3. 

F 
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ORAL EZERCISBS 

Work mentally each of the following, first with parentheses, 
then without. 

1. 10-(7+3). 6. l+(2-l)-(3-l). 

2. 8-(9-6). 7. -(3-2)-(2-3). 

3. 7-(l+2-4). 8. -(2+3-l) + (2-l). 

4. (2+3) -(4-5). 9. 2-4- (7-5). 

6. -4-(3-l). 10. 3+(2-4+l)-(3-7). 

We may now state what we have just seen in the following 
rule. 

Rule for Remoyino Parentheses. A parenthesis pre- 
ceded by the + sign {either expressed or understood) may 
always he removed, 

A parenthesis preceded by the — sign may be removed pro- 
vided the sign of each term in the parenthesis be first changed. 

EXERCISES 

In each of the following exercises, remove the parentheses 
and reduce to the simplest form. 

1. a+(6-c)-(2a+3fe). 

'Solution. Following the Rule of § 40, the result of removing 
the parentheses is a-\-h—c—2 o— 3 6. Combining like terms, this 
becomes — o— 2 b—c. Ans. 

2. 2a-(6-c) + (3c-d). 

3. (x2-i/2)-(x+2/-2). 

4. -{m^-n^) + (m-n^+pq). 

6. a+2 6+3c-(a+6+c)-(2a+3 6-2c). 

6. a^b+Vc+ad"- (2 ofe^-S a^c) + {4: a%-5 a^(?-6 a^¥). 
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41. Bracket. Brace. Vinculum. When a group of terms 
is included within another group, it becomes necessary to use 
some other form than parentheses. The bracket [ ], the 
brace \ }, and the vinculum are used for such pur- 
poses. For example, the expression 

a+[r~{6+(6+c~d)l] 

means that the group (b+c—d) is first to be added to 6, then 
the result (considered as a new group) is to be subtracted 
from r, then this result (considered as a new group) is finally 
to be added to a. 

42. Removing Group Signs. When an expression con- 
tains various group signs, such as the parenthesis, the 
bracket, brace, etc., they may all be removed in succession j 
beginning either with the outermost or innermost, preferably 
the latter. 

Example. SimpUfy 8a-[3 fc+4 a+(-a+2 6)]. 

Solution. The mle of § 40 gives 

8a-[3 6+4a-i-(-a+2 6)] 

=8a-[3 6+4o-o+2 6], 
which, combining terms, 

=8o-[3 6-|-3o+2 6], 
which, by the rule of § 40, 

=8 0-3 6-3 0-2 6, 
or, by combining terms, 

=5 o— 5 6. Ans, 

WRITTEN EXERCISES 

SimpUfy each of the following expressions by removing 
all the signs of grouping. 

1. a-(2a+4a)-(5a+10). 3. 10r-(4r-{-3r-2|). 

2. 6a+(5a-[2a+l]). 4. (2r-c)-(5r-2c). 
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8. x-\x-ix-3x)\. 

6. 8o-(-3o+4)+(-2o+10). 

7. 6r-fl0-(2r+6)-r}. 

8. a!-(10x-{2a;+4j-6). 

9. 20z-{(2z+7r)-(3z+6r)}. 

10. 2(8-10 c)-[(-3+10c)+(2-8c)]. 
U. 8o-{4a+[6o-(2o+17)]}. 
12. |i-(a;+[x-l]+4)+2{. 

Find the value of each of the following expressions when 
o=4, 6=3, c=2, and d=5. Recall the directions stated in 
§ 15 for order of operations. 

18. a-2(c+d). jg ^ I b+d 

14. abcd+a'-t?. 2 

16. 10c*-(3c+2d). 17. 3(a+6+c-d)-6a. 

18. Va+c+d-7-V6+c+d-l. 

19. (o+6)(a-6). 20. (o+6)+8(d-c). 

21 o^+b^+c' 22. 20+36 

a— o6+6c' ' c— d+1* 

Solve each of the following equations. First remove 
parentheses in each. 

28. 3«-(s-10)=40. 

24. (3r-2)+(7r-6) = 10+(2r+4). 

26. (4a;-5)-(2a;+7) = 18-(a;-l). 

26. 2o-(4a+7) = (-o+2)-(2+5o) 

27. (m-6)+(m+6)=m+3. 

28. [2i-(2-x)]=3-(x-l). 
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EZSRCISES— REVIEW OF CHAPTER IV 

I. Oral Exercises 
Read each of the following expressions. 

1. 5(x-2/+2). 6. im-n)(m^-n^)(in^-n^). 

2. (a+6)(a-6). 7. (V ^-1)(Vh ^+1). 

3. (a«+6«)(a»-6«). 8. ^/(x-l)( y'+4). 

4. (a+6)*(a-6)». 9. (x*-a:*)V5(y«-h3). 
6. 6(x-2/)(p-?+r). 10. x»-(3-2a;«)*. 

11. State the value of the expression in Ex. 7 when x = 1, y =3. 

12. Do a'+ft* and (o+6)' mean the same thing? Are they 
equal? Explain. 

13. Are 0+6— c and — (c— a— 6) equal to each other? Ex- 
plain. 

14. From among the following expressions pick out those which 
are equal to a+h—c : 

(a) (a+6)-c. (d) a+(6-c). (g) a-ic-b). 

(b) (a-c)+6. (e) b-ia+c), (h) -c-(a-6). 

(c) -c-(6-a). (/) -c+(a+6). (i) (6-c)-(-a). 

16. State such ways as you can for writing x—y+z, using 
parentheses. 

II. Written Exercises 

When o=l, 6=2, c = 3,d=4, and e=5 find the value of each of 
the following expressions. 

16. o-(e+6)-(c+d)-(e-d+6+c). 

17. 3o6»-2 6e»-(d«€--dc«)+8 6c«. 

18. V2ed6+4e-</9a^-2c«(i-(o6e-a6c(ie). 

19. Solve the equation 2 x-(4+x) -5 x+20=4x+(4-5a;). 

20. Solve the equation 
10x-3-(4-2a;)+(3a;-4x+5-2x) = 2-3x+4a;-(2a;+x)+7. 
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Remove parentheses and collect similar terms in the following : 

21. x«-(x«y-z«)-«*+(x«y-x«). 

22. x-[-{-(-x-l)-x{-l]-l. 

23. ~[-2a;-{-(-2x-l)-2x{-l]-2x. 

24. x-[x+(x-y)-\x+(y-x)-2y\+y]-y+x, 

26. If A=4x«-2xV+3xy«+2/», C=3x»-x«|/+2 j/», 

5 = 4x3-xV-x2/»-3 2/», Z>=x»-2xy*+j/», 

find the value of A -B+C-D. 



CHAPTER V 
SIMPLE EQUATIONS 

43. Introduction. We have already seen in Chapter I 
how to solve such equations as 2X'-5=x+l. The steps 
are as follows : 

2x-'5=x+l. (Given) 

Adding 5 to both sides gives 

2x=x+6. (Axiom I, §9) 

Subtracting x from both sides (of the last equation) gives 

a; = 6. Ans, 

Check. With x^6 the left side of the given equation becomes 
2X6—5, or 12—5, which is 7, while the right side becomes 6+1, 
which also is 7. 

This way of solving an equation step-by-step will always 
give the value of x, but in practice the work is usually much 
shortened in ways which we shall now explain. 

44. Transposition. Let us look again at the preceding 
solution of the equation 2x — 5 = a;+l. The first step 
(which was to add 5 to both sides) practically amounts to 
getting rid of the —5 on the left side by putting +5 on the 
right side. In fact, when we do this we get 

2a;=a:+l+5, 
which reduces to 

2x = x+6. 

Likewise, the second step (which was to subtract x from 
both sides of the equation 2x = x+6) practically amounts to 

71 
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getting rid of the x on the right side by placing — x on the 
hji side. In fact, this gives 

-x+2x = 6, 

which reduces to 

x = 6. 

Whenever we get rid of a term on either side of an equation 
in this way we are said to transpose it. Much time can be 
saved in making use of this idea, since we can often trans- 
pose a number of different terms all at oncey thus condensing 
the separate steps which would be necessary if we followed 
the long way of Chapter I. All we have to remember is 
that every time a term is transposed its sign must be changed. 
The following examples will further illustrate this idea and 
its usefulness. 

Example 1. Solve the equation 

4x-2 = 10+2x. 

Solution. Tra]isx)osing the term —2 to the right side and the 
2 X to the left side, we obtain the equation 

4a:-2x=10+2. 
which reduces to 

2x=12. 
Henoe we have 

x=6. Arts. (Axiom IV. § 9) 

Ex;amplb 2. Solve the equation 

2 x-S- (6-4 x) =x- (7+3 x). 

Solution. Removing the parentheses (see § 40) we find 

2 x-5-6+4 x^x-7-3 x. 

Transposing all the terms containing x to the left side, and aU 
the others to the right side, we have 

-x+S x+2 a;+4 a;= -7+5+6. 

Combining terms gives 

8a;=4. 
Dividing both sides by 8 gives 

a;«t=J. Ans, 
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From what we have just seen we may state the following 
general principle. 

Principle. Any term may be transposed from one side 
of an equation to the other, provided its sign is changed. 

Historical Note. Out word algebra comes from the Arabic 
word al-gehr, meaning **to restore." The Arabs avoided negative 
numbers as far as possible and the first thing they would do with 
such an equation as a?+2=2x— 1 was to "restore" it to a form 
that did not contain the —1 ; that is, they would write the equation 
over in the form x+3=2 x. This is what we now call transposing 
the -1. 

ORAL EXERCISES 

1. Explain the transposition in each of the following cases : 

(a) 3 a;- 1=6. (6) 4a;+2 = 12. (c) 2a:=13-3x. 

3a: = 6+l. 4a: = 12-2. 2a:+3a: = 13. 

2. What transposition would you suggest for each of the 
following in order to solve it ? 

(a) 3a:-5 = 2a:+10. (d) 6=3x-5a:+2. 

(5) 7x-4a:-3 = 2x-2. {e) 10a;-3-4 a;=5-a:. 

(c) 9a: = 5+2a:+2. {f) 2a:-5+6a:=0. 

46. Cancelling Terms in an Equation. Consider the 
equation 

2x-p7 = 30+7. 

Here 7 occurs on both sides. Hence, if we subtract it from 
each side (by Axiom II, § 9) it disappears entirely from the 
equation; that is, the equation becomes simply 2a: = 30. 
In such a case the 7 is said to cancel from both sides. 
The way in which this idea is used in practice is illus- 
trated in the following examples, where the cancelled terms 
have the mark / drawn through them. 
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Example 1. Solve the equation 

3-(7-4x)=a;+(2x+3). 

Solution. Removing the parentheses (see § 40) gives 

3-7+4 x=a:+2a;+3. 

Cancelling the 3 gives 

;af-7+4x=aj+2aj+^ 
or 

-7+4 a;=3 x. 

Transposing (see § 44) gives 

4a;-3a;=7, 
or 

x-7. Ana. 

Example 2. Solve the equation 

x+(3x+5) = 5-(9-x). 

Solution. Removing parentheses gives 

a;+3 x+5=5-9+x. 

Cancelling wherever possible gives 

>»+3 a;+X=J?f-9+X 
or 

3a:=-9. 
Dividing by 3 gives 

X——3. Ans, 

ORAL EXERCISES 

State where cancellation can take place in each of the 
following cases. 

1. 5a;+3 = 20+3. * 3. 5x+x=a:-20. 

2. 5a:-3 = 20-3. 4. 4+3 x-a; = 6+4-a:. 

6. 5-(3-a:) = -2x+x-3. 
[Hint. First remove the parentheses.] 

6. 2a;-(3x-a:-7) = 3x+(a;+3). 

7. (3y-4)-[2-(t/-4)]=(3t/-4)-2. 

8. 2 «-[«+(!-«)] =2 2-(l+2). 
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46. Changing Signs throughout an Equation. The signs 
of all the tenns of an equation may be changed without 
destroying the equality. Thus, 6— 4a; = 10— 3x is equiva- 
lent to — 6+4 x= —10+3 X, In fact, all we have to do to 
get this last equation is to multiply both sides of the first 
equation by —1. (Axiom III, § 9.) 

Changing signs throughout an equation in this way is often 
useful, as illustrated below : 

Example. Solve the equation 

-4a;+3=--x-9. 

Solution. Changing signs throughout gives 4 a;— 3=a;+9. 
Transposition gives 

3a;=12, 
and hence 

x=4. An%. 

47. Definitions. Any equation which, like those we have 
thus far considered, contains no higher power of the un- 
known letter than the first is called a simple equation, or an 
equation of the first degree, or a linear equation. 

Thus, 3 a;— 4=4 X— 5 is a simple equation, but 3 x*— 4=4 x— 5 is 
not a simple equation. Other examples of equations that are not 
simple are : x^-\-2 a?=x-|-4 ; 3 x'— 4=x+5 ; x+3 7?—x^l. 

Equations containing no higher power of the unknown letter 
than the second will be considered in later chapters. 

The value of the unknown letter in a simple equation is 
called the root, or the solution, of the equation. To solve a 
simple equation is (as we have seen) to find its root. 

The usual process of solving consists in making full use 
of the short methods explained in this chapter, such as 
transposition, cancellation of terms, etc., so as to arrive 
quickly at the value of the imknown letter. 
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WRITTEN EXERCISES 

Solve each of the following equations, making use of the 
short methods explained in this chapter in any way you 
please. Check your answer. 

1. a;+2 = 2a:-l. 

[Hint. Transpose so as to have all x terms on the left and all 
other terms on the right. Then combine like terms and use Axiom 
IV.J 

2. 2x+l=-a:-3. 4. ix-3=x+5. 

3. 3x-3 = 2a:+4. 6. ix+i-=^z+^. 

6. 2a;+(a;-l) = 3+(2x+3). 
[Hint. 'First remove the parentheses.] 

7. x-(2x-l)=3x+l. 

8. 2a:-[3-(l-x)] =-x-3. 

9. l-Jx-(2a;+l){ = -(2a;+3). 

10. If 1 be added to twice a certain number, the result 
is 3 more than the number itself. What is' the number? 

[Hint. Work by algebra, letting x represent the unknown 
number.] 

11. If a certain number be subtracted from three times 
itself, the result is 5 more than the number. What is the 
number? 

12. Answer the last question when —5 is used instead of 
5. What does the question mean in this case? 

13. A certain recipe for fruit pimch calls for twice as 
many oranges as lemons. If oranges are 35 cents a dozen 
and lemons are 25 cents a dozen, how many dozens of each 
must be used in making a punch that is to cost $4.76? 

[Hint. Let x^the number of dozens of lemons used.] 
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14. In a certain house the parlor contains 3 more lights 
than the dining room, and the dining room 4 more than 
the kitchen, while the pantry contains one light only. If 
the total is 24 lights, how many are there in each of the 
rooms? 

16. The interest on a certain sum of money at 5% amounts 
in one year to $1 less than it would at 6%. What is the siun? 

16. The month of March contained 13 more stormy dajrs 
than bright ones, and of the stormy days there were 3 more 
with snow than rain. How many were there of each kind? 

17. In trying to find the weight of a single egg, I found 
thai four eggs and one ounce weight balanced against one 
egg and a half pound weight. What is the weight of each 
egg? 

For further exercises on this topic, see Appendix, p, 297. 



CHAPTER VI 
MULTIPLICATION AND SPECIAL CASES OF FACTORING 

PART I. MULTIPLICATION 

48. Product of Powers of the Same Number. We 

have seen (§ 13) that x^ (read x sqimrej or x to the second 
power) means x • x, while x^ (read x cw6e, or x to the third 
power) means x • x - x. 

Likewise, we explained (§ 25) that re* (read x to the fourth 
power) means x • x • x - x. 

In the same way x^ (read x to the fifth power) means 
X ' X ' X ; X ' Xj etc. 

In each case the number above the x is called the 
exponent of x. 

Suppose now we consider the product x^ • x^. This means 

{x ' x) ' {x • X ' x). But this is the same as x - x ' x - x - x, 

which is x^. 

Thus, we see that 

3.2 .3.3 = ^(2+8)=^. 

Similarly, if we consider x^ • x*, we may write 

x' • X*=X ' X ' X ' X • X ' X ' x = x^^^^=x'. 
We arrive in this way at the following rule. 

Rule for Multiplying Powers of the same Number. 
The exponent of the product of two powers of the same number is 
equal to the sum of the exponents of the factors. 

Stated as a formula, this rule becomes 

Formula I. x^ • x^=x('"+'»). 
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(Leonhard Eider, 1707-1783) 

Revised and enlarged all the branches of mathematics known at his time. 
In algebra, especially famous for his studies on Infinite Series. His great 
work entitled Analysis Infinitorum contains essentially all that is to be found 
to-day in the textbooks on algebra and trigonometry, besides much else of a 
more advanced character. 
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ORAL EXERCISES 

State the result of each of the following multiplications. 
1. a!" a^ 2. 6» • 68 3. c^ • c« 4. x' • x« 

Note. In the following exercises, we omit the dot. That is, 
we write x*a:« instead of x* • t^, etc. 



5. r^V. 






19. oxW; a'x^. Ans. 


6. d^d. 






20. a^y^a^y^. 


7. ^q^\ 






21. a^y^a^y*. 


8. sH\ 






22. (-a)V. 


9. 2'2«. 






[Hint. See § 26.] 


10. ii^^iy*. 






23. a5(-a)2. 


11. a^a^. 






24. (-a)H-aA 


12. aV. 






25. (-aV) • (-aV) 


13. a»a*. 






26. (mV)(-mV). 


14. a'aK 






27. a'+* • a*^* 


15. a-a». 






28. x^x'x^ 


16. a^a\ 






[Hint. First write a;^x»«x».] 


17. a^^a^*. 






29. zzh^Z*, 


18. a'-a'^. 






30. x^-x'-x*". 


49. Product of Any 


Two Monomials. 


Example. 


Multiply 


-3a2x2 


by 4 a V. 


Solution. 




-3a«a? 






4:aH 


4 



— 12 a*x«. Ans. 
Here we have first multiplied the —3 by 4 to obtain the new 
coefficient, —12, then we have multiplied o« by a', and a? by «*, 
which, by Formula I, (§ 48) gives a^afi. So the answer is —12 a^afi. 

Similarly, in all cases we have the following rule. 

Rule for Multiplying Monomials. To multiply one 
monomial by another^ multiply the coefficients to obtain a new 
coefficient, then multiply the letters together, observing Formula I 
o/§48. 
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ORAL EXERCISES 

1. 10 a^ 6. -2a6 9. -GoVx 

Ggg 3 5a -4o»yn 

[Hint. The answer 

2. —4 m^n' 6. 4 ofcc^ should here be in the 
' 2mV ' Sh^ca' ^^^^ 24 a*^x^n as 

this cannot be further 



3a2&2c» 7. -8r--* 

-2a3&2c2 4 7-+* 



simplified.] 

10. — 5m«(? 
2 m^oc^d' 



4.-3 a^bY 8.-2 a-fe^v n. 2 a^mV 

-2a^¥y 7 a^¥^ 8 5«n^p« 

WRITTEN EXERCISES 

Carry out the following indicated midtiplications. 

1. (3 a%c2)X(-3 abc). Check when a=l, 6 = 1, c=2. 
Solution. Multipljdng as in § 49, we obtain —9 a^l^t^. An«. 
Check. When o-l, 6=1, c=2, we see that 3 o«6c«=3XlXlX4 

= 12; likewise that -3 a6c= -3X1X1X2= -6, and -9 o»6«c»= 
-9XlXlX8=-72. 

Since 12X(-6) = -72, our result checks. 

2. (4xt/22)x(-8x2t/2). Check when a: = l, y = 2, 2 = 2. 

3. (2a26c2d)X(3a62c). Check when a = l, 5=1, c=l, 
d=l. 

4. (-4o25c2)X(2a5)X(-3ac). Check when a = 1, 5 = 2, 
c=l. 

[Hint. Multiply the first two expressions together, then multi- 
ply what you get by the third expression.] 

5. (2o5cd) • (4a6) • {ac) • (5d). Check for a = 2, 5 = 1, 
c=l, d=l. 

6. {-Tf]/") • (x"»2r). Check for a;'=2, 2/=2, a = 2, 5 = 2, 
m=l, 7^=1. 



VI, i 601 MULTIPLICATION AND FACTORING 81 

7. Simplify (-3 a^x){5 oVy) + (2 m^K-3 n^q). 

8. Check your answer for Ex. 7, by using a=l, x=l, 
2/ = 2, m = 2, n=l, 5=2. 

9. Simplify 

(4 mng«)(-3 abqr){2 br«)- (2 fifAA;)(-4 grs)(-3 ofcc). 

60. Raising a Monomial to a Power. We shall note first 
the following examples : 

{xyy = (xt/) • (xy) = xyxy = xxyy = x V- 
(a;t/)*=(a;t/) • (xy) • (xy) = xxxyyy=x^y^. 
{xyy=(xy) • (xy) • (xy) • {xy)^xxxxyyyy^x^. 
(xt/)*= ••• =x*2^. 

From these we infer the following general rule. 
Rule for Raising a Product to a Power. To raise 
the product of two numbers to any power, raise the two num- 
bers separately to thaJt power and take their product. 
Stated as a formula, this becomes 
Formula 11. {xy)"^ = x"^y^. 

Illustrations : 

(2x)« = 22x2=4x^ 
(3y)» = 3»i/» = 27y». 
(2 xt/)2 = (2 X • y)2= (2 x)V = 2» x»y2=4 x«y«. 

oral exercises 

State the result in each of the following exercises. 

1. (2x)». 3. (bs)\ 6. (2mn)». 7. (3xt/«)». 

2. (3m)2. 4. (3a5)2. 6. (8 a6c)2. 8. (2 a6c)*. 
9. (8pgrs)2. 11. (-2mn)*. 13. (-2x2t/2)». 

10. (-3a6)». 12. (4x2)2. U. {1 a^hc)K 
15. (8xi/2)2+(3mn)». 16. (-3xi/)»-(-2xi/)H4(2xi/)2. 
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17. In the figure are two squares, a side of the second one 
being twice as long as a side of the other. Show that the 

area of the second is four times 
that of the first. 

[Hint. Let o = the length of side 
of the first. Then 2 a = the length of 
side of the second. Now compare 
(2 a)« with a«.] 

18. Show that if one cube has 
its edges each twice as long as the 
edges of a certain other cube, the 
volume of the one is eight times that of the other. See Ex. 17. 

19. Compare the areas of two circles, one of which has a 
radius twice as great as the other. See Ex. 25, p. 22. 

20. Compare the volumes of two spheres, one of which 
has a radius twice as great as the other. See Ex. 28, p. 23. 

61. Multiplication of a Poljmomial by a Monomial. In 

§ 49 we saw how to midtiply any monomial by another mo- 
nomial. Let us now see how to multiply any polynomial by 
a monomial. If in arithmetic we wish to multiply 6 ft. and 
2 in. by 3, we first midtiply the 6 ft. by 3, getting 18 ft., then 
we multiply the 2 in. by 3, getting 6 in. The entire answer 
is 18 ft. and 6 in. This may be written as follows : 
6 ft. +2 in. 

3 
18 ft. +6 in. Ans. 
In the same way, if in algebra we wish to multiply the 
polynomial 6a+2fe by 3 we multiply each part separately 
and add the results, as indicated in the following scheme : 
6a+2fe 

3_ 

18 a+6 b Ans. 
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Similarly, if we wish to multiply a^—Gab+Sh^ by 2a% 
the work is arranged as follows : 

a2-6afe+8 52 

2a^b 



2 a*6- 12 aW+16 a'b^ Am. 



From these illustrations, we have the following rule. 

Rule for Multiplying a Polynomial by a Mo- 
nomial. To multiply a polynomial by a monomiai, multiply 
each teim of the polynomial separately and combine resuUs. 

This rule is stated in simple form in the following formula. 

Formula HI. a{h-\-c)^ah-\-ac, 

ORAL exercises 

Multiply : 
1. a+5by3. Ans, 3 a+3 6. 
a — 5 by 4. 4. x+yhyx, 

a+5by-2. 5. x^+y^hy - 
3 a;2— 3 xy+b y by -2 xy. 
a2-10a6+15 62by4a262. 
Simplify ( — 2ac+4ax)( — 5aca:). 

11. Subtract a(5+c) from b{a+c), 

12. Show that the relation a(J)-\-c) =ab+a^ is illustrated 
by the figure below. 



2. 
3. 
8. 
9. 
10. 



ab+xy by ax. 
a+6—c by 5. 



F 


F 





II 






L 
el 


A 






C 


b ^ 


i ^'' 



Fio. 20. 

[Hint, ah is the area of the rectangle whose dimensions (length 
and breadth) are a and h.] 
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WRITTEN EXERCISES 

Cany out the following indicated multiplications. 

1. mnim—n+mn). Check when m=l, n= 2. 

Solution. Multiplying in the way shown in § 51, the work 
appears as follows : 

m — n-^mn 
mn 



m*n—mn*-\-m*n*. Ans. 
Check. Suppose m-2 and n-l. Then m—n+mn= 2— 1+2=3, 
and mn-2 and the product of these is 3X2»6. At the same time, 
our answer (which is m^n—mn^+mhi*) becomes 4X1—2X1+4X1=6. 
Since both results are 6, the work checks. 

2. —2 m{m+mn—n). Check when m = l, n = 2. 

3. -6(rf)(-2a2+4a6-3fe2). Check when a =1, 6 = 1. 

4. {ab+bc+ac)(ibc. Check when a=2, 6 = 2, c=l. 
6. -3rr2(-2rr*+3x2+4rr). Check when rr = 3. 

6. r»(-3r3+4r2+2r). Check when r = 3. 

7. rs(l+2r-3s). 

8. Sxy( — 2xy^+4iX^y^—x^y). 

9. 8a6V(-2a%c»-a6V+l). 

10. xy^(x^-2xY+y^)' 

11. (L2-3L3+-4)2L2^ 
Simplify the following expressions. 

12. 2(3a+4 6)-2(2a-6). 

13. 2x{Sx-iy)+Sx(x+2y). 

14. 2 6(62-6) -2 62. 

16. a63-a6(a»+6»). Check for a=l, 6 = 2. 

16. Show that a(d+c)+6(d+e)+-c(d+e)-c(a+6+c) = 
(a+6+c)d. 

• For other exercises on this topic, see review exercises, p. 114, 
and Appendix, p. 298. 
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52. Factoring an Expression. In the preceding exercises 
certain expressions were given us that had been separated 
into their factors, and we were asked to multiply the fac- 
tors together. Thus, in Ex. 1, we were given the expression 
mn{m—n+mn) and we multiplied this, getting the product 

Suppose now we try to reverse this process ; that is, sup- 
pose we start with a product itself £(,nd ask what the factors 
are which when multipUed together give that product. We 
can often answer such questions in the manner illustrated 
below. 

Example 1. Factor the expression ofc+ac—od. 

Solution. The letter a is here contained as a factor in every 
term. Hence we may write 

ab+ac—ad—aih+c—d). Ans. 

Check. When we simplify the answer by multipljdng it out 
(as in § 51) we get ah-\-ac—ad. 

Example 2. Factor the expression a^x+ax^+a^x^. 
Solution. Here ax is a factor of every term. Hence, taking it 
out, 

Check. Multipljdng out in ax (a-\-x-\-ax) gives a^x+aafl+a^a^. 
Example 3. Factor 3 x^y^ - 3 xY+ 12 xy. 
Solution. Here 3 x^ is a factor of every term. Hence, 
3 a^i/»-3 a^2/«-f-12 xy=3 xy(sfij/^-xy-{-4:). Ans. 

WRITTEN EXERCISES 

Factor each of the following expressions, and check your 
answer in each case. 

1. ix+3y. An8.S(x+y). 6. x^y+xy^. 

2. mX'\-my. [Hint, xy is a factor in each 

3. mx-my. *®™-J 

4. x^+x. 6. 6a2+16a. 
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7. 2 a3+4 a«5+6 a^x. 11. 4 x^y-6 xh^+10 xy^. 

8. 2m+4n-8g. 12. 10 aVx - 20 a^cx*. 

9. 3x2+12xy+9x. 13. 16a25V-24a3fe2c«+32a36V. 
10. ab^+¥-b^c, 14. 14 a^mn^ - 21 a'm V- 49 a%in2. 

For further exercises on this Uypic, see the review exercises, 
p. 114, and Appendix, p, 298. 

53. Multiplication of a Polynomial by a Polynomial. In 

multiplying a poljmoniial by a polynomial we multiply the 
multiplicand by each of the monomials in the multiplier, 
and then combine these partial results. For example, in 
multiplying 2 rr— 3 y by 3 rr+4 y the work is as follows : 

2a;-3y 

3x+4t/ 
Multiplying 2 x— 3 1/ by 3 x gives 6 x^— 9 xy 
Multiplying 2a: — 3i/by4y gives %ocy—\2y^ 

Adding gives 6 x*— xy—12 y^ Ans, 

Note. In this work the expressions 6 a^—9 xy and 8 xy—12 y* 
are called partial products. The adding of the partial products 
always gives the answer. 

Again, let us multiply x—y+Zz by 2rr+3y— 2. The 
work, which should be examined carefully, follows. 

x-y+Zz 
2x+Sy-z 
Multiplying by 2 rr gives 2 a:^ _ 2 xy+6 xz 
Multipljring by 3 t/ gives Sxy — 3 y^+ 9 yz 

Multiplying by —2 gives — xz + yz—3z^ 

2x2+ xy+5xzT'3y^+10yz-'Sz^. 

Check. Suppose x=l, y=l, 2=1. Then x— 2/+3 a= 1—1+3=3, 
and 2x+3 y— z=2+3— 1=4, and the product of these is 3X4=12. 
At the same time, when a;=l, y=l, z=l, our answer (which is 
2 afl+xy.-{-5 xz-3 2/«+10 yz-3 z*) becomes 2+1+5-3+10-3= 12. 
Since both are 12, the work checks. 
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WRITTEN EXERCISES 

Carry out each of the following indicated multiplications. 



1. (a5+r)(x+r). 


Check when x=2, r=l. 


2. (x-rKx-r). 


Check when i=l, r=2. 


3. (x+rKx-r). 


Check when a;=2, r=2. 


4. (o-2)(a-2). 


Check wheno=3. 


6. (a+2)(a-2). 


Check when a =4. 


6. {m+n)(m+n). 


Check when m=2, n=2. 


7. (TO«+n*)(»»*-n»). 


Check when m=2, n=2. 


8. (r»*-n*)(TO*-n*). 


Check when m = l, n=2. 


9. iab+c)iab-c). 


Check when o=l, 6=2, c=l. 


10. (a6-6)(a6+4). 


Check when o = 2, 6=3. 


11. (2r+7)(3r+5). 


16. (4a-10 6+l)(2o-6+2). 


12. (3r+s-2 0(r-5s). 


17. (ll+a+62)(4-6o-6*). 


13. (a:V*-6)(xY-2). 


18. (8r«-5r+l)(3r*+2r-2). 


14. (3o«-2)(4a+l). 


19. (3x^-2f)ix^-3y'). 


16. (6j/*+3 2«)(2y-z). 


20. (A+B-CKA-B+C). 



APPUED PROBLEMS 

21. If the side of a square is represented by 2 x+3, what 
represents its area? 

Solution. The area will be represented by (2x+3)«, which, 
when multiplied out, becomes 4 a;^+12 x+9. Ans, 

22. If the side of a square is represented by 5 rr— 2, what 
represents its area? 

23. If the edge of a cube is represented by 3 x+2, what 
represents its volume? 

24. If the edge of a cube is represented by 2 x+y, what 
represents its volume? 
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25. If the dimensions (length and breadth) of a rectangle 
are represented by a: +2 and x— 1, what represents the area? 

26. We know (see Example 18, 
page 21) that the area of a triangle 
equals one half the product of its 
base times its altitude (or height). 
What represents the areas of the 
triangles having the following bases 
and altitudes? 

Base 

2x+3 
5a+6 
3r— 8 r— s 

27. What is the area of the triangle in Ex. 26 (c) in case 
r = 3, s=2? 

28. A trapezoid is a four-sided figure whose upper and 
lower sides (called bases) are parallel. The area of a trapezoid 



Fig. 21. 



(a) 
(6) 
(c) 



Altxtddb 
X — 5 

a-2 



Upper Base 






Lower 



Base 



Fig. 22. — Trapezoid. 



is equal to one 
half the sum of 
its bases multi- 
pUed by its alti- 
tude. What for- 
mula, therefore, 
represents the area 
of the trapezoid 
whose bases are a and b and whose altitude is A? 

29. What represents the area of the trapezoid whose 
bases are 2 x and 3 y and whose altitude is rr+t/ ? 

30. What is the area of the trapezoid in Ex. 29 if x = 2, 
2/=4? 

31. If the radius of a circle is represented by x+3 what 
represents its area? 
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54. Further Study of Factoring. We saw in § 52 how such 
an expression as Sax^+6x^+l2bx could be factored. In 
fact, since 3 x is a factor in each term, the answer here is 
S xiax^+2 x+4b). Note that in all such cases the factor 
common to the terms (in this case 3 x), is a monomial. We 
shall now consider some examples in factoring in which 
the common term is not a monomial. 

Example 1. Factor the expression 2(a+5)+a;(a+&). 

Solution. Since a+& is a common factor of both terms, as in 
§ 52 we have 

2{a+h)-\-x(a+b)= (a+b)(2+x). Ans, 

Check. When we multiply a+b by 2+x (in the way shown in 
§ 53) we get 2 o-|-2 h-\-xa-\-xbt and this is the same as 2(a+6)+x(a+b). 

Example 2. Factor the expression x(x+y)'+y{x+y) + 
2{x+y). 

Solution. Here x+yisa, common factor of each term. Hence 

xix+y)+y{x-^y)+2(x+y)^ (x+y)(x-\-y+2). Ana, 

Check. Multipljdng x-i-y by x-hy-\-2 as in § 53 gives 

a^+2 xy+|/«+2 x+2 y. 

But this is also the result one gets when he performs the multipli- 
cations and simplifies the expression 

x(x-\-y)+y(x+y)+2(x-\-y). 

Example 3. Factor the expression ax+ay+bx+by. 

Solution. First observe that the expression may be written in 
the form {ax-[-ay)-\-{hx-\-hy), thus grouping terms having a com- 
mon factor. This form may be changed to a{x-\-y)-\-b(x+y). 
Now proceed as in Examples 1 and 2, and obtain the answer 

(x+y)(a+6). 

Example 4. Factor cx+y—dy+cy—dx+x. 

Solution. By rearranging the terms, the expression may be 
written in the form 

cz-dx+x+cy-dy+y^ (c-(i-|-l)aJ+(c-d+l)2/= (c-d+l)(x-f-y). Ana. 
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EXERCISES 

Factor each of the following expressions. 

1. a{x-y)+b{x-y). 

2. 3x{2y-3z)+4:y(2y-Sz), 

3. m(a+6— c)+n(a+5— c)+g(a+6— c). 

4. 6a(a-6)+5 6(a-6)-2(a-6). 
6. a(a-6)+3(5-a). 

[Hint. Write 3(6-a) in the form -3(a-6).] 

6. am—an+mx—nx, 

[Hint. Proceed as in Example 3, § 54.] 

7. pq—px — rq+rx, 

8. ay—by—ab+¥. 11. 1 — p+q—pq. 

9. 2rr-i/+4x2-2rry. 12. x^+x+x+h 
10. y^—4:y+xy—4iX, 13. x^— rr— a+ox. 

56. Arrangement of Terms before Multiplying. We 
have already seen in § 33 how the addition and subtraction 
of polynomials is best carried out by first arranging them 
in the ascending or descending powers of some one letter. 
This is also true in the multiplication of two polynomials. 
For example, in multiplying rr— 1 — 3 rr'+2x* by 2+x, we 
first arrange both in descending powers of x, thus giving 
them the forms 2x*--3a:'+rr— 1 and rr+2. Then we 
multiply (in the manner explained in § 53), the work ap- 
pearing as below : 

2x*-3rr3+x-l 
x+2 

2x^-3x4 +x^^x 

4x^-6x« +2x-2 

2x^+ x*-6x»+x2+a; -2. Ana. 
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WRITTEN EXERCISES 

1. Multiply x-l-3rr»+2x* by 2+x. 

[Hint. First arrange the xK)lynomials in ascending powers of x. 
Is your result the same as was obtained in § 55 ?] 

Carry out each of the following indicated multiplications, 
first rearranging where desirable. 

2. (3a2-2a-l)(a-l). Check for a = 2. 

3. ix-3+x^){2+x). Check for x = 2. 

4. (3a2+2a-4)(5-a). 

6. (5n-4+6n2)(8+n2-4n). 

6. (2+3x'-x+x^){x^-2x+4). 

7. {x^+2xy+y^)(x+y), 

[Hint. Here both iK)l3aiomials are already arranged according 
to descending powers of x.] 

8. (o2-(rf)+62)(a+6). 9.' {a^+ab+b^)(a-b). 

10. {m^—mn+n^){m^+mn+n^). Check for m=l, n = l. 

11. (8r2-2s2+4rs)(2r»+3 52+4r2). 
[Hint. Arrange in descending powers of r.] 

12. (A^+B'-2AB){A^+B^+2AB). 

13. {xY+xy+l){l-xy+xY)' 

14. (4x»-3a;2|/+5xt/2-6t/3)(5rr+6 2/). 

16. Expand (a:+r)2. [Hint. (aj+r)« means (x+r)(x+r).] 
Expand each of the following expressions. 

16. {a+2)\ 18. (a-6)2. 20. (2a-3 6)2. 

17. (2a+3 6)2. 19. (a-2)2. 21. (3a;+4)2. 
22. (2a-5)2. 23. {x^+2x+iy. Check for x = 2. 

24. (x+l)\ [Hint. Find (a:+l)« and multiply it by x+1.] 

25. (x+1)*. 27. (a+b+c+dy. 

26. {x+iy{x+2y. 28. (rc-y)(a;+y)(x*+xV+t/*). 
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written exercises 

Combinations of Addition, Subtraction, and 
Multiplication 

1. Simplify a2+a(6-a) -6(3 6-a). 

Solution. This expression means the sum of o*, a(b—a) and 
-6(3 6-a). Now, alb'-a)=ab'-a* and -6(3 6-a)=-3 &«H-a6. 
Therefore, writing the terms in their order with proper signs, the 
expression becomes a»+a6— o'— 3 6»+a6=2 ah—S 6*. Ana. 

Simplify. 

2. a;2+rr(i/-rr). 5. x^-y^-(x-yy. 

3. x^-xCx-t/). 6. (o-6)2-3(a2+62). 

4. 4-2(a-3). 7. (x+2/)2~(x-2/)2. 

8. (3+a)(3-a)-(3-a)2. 

9. a3-68~3a6(a-6). 

10. -2x2/(x-i/)+3x2/(t/-x). 

11. (3o-2)(2a-3)-6(a-2)(a-l). 

12. 8x^-{4x^-2xy+y^){2x+y). 

13. (3r-l)(r+2)-3r(r+3)+2(r+l). 

14. (x-2/)2-2(x2-y2)_2x(-x-2/)-4y2. 
16. (x+?/)2(x-2/)2-(x2+i/2)2. 

16. n*+(w2— mn+n^)(m2+n2) — (m'— n*)(m+2 n). 

17. (x+?/)(x2-rrt/+2/2) + (x-t/)(x2+x2/+2/2). 

66. Further Study of the Equation. We frequently 
meet with equations containing such multiplications as 
those just studied. For example, consider the equation 
5x+x(x— 3) = 12+x2. The root (or value of the unknown 
number x) is found as follows : 

5x+x(x-3) = 12+x2. 
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Carrying out the indicated multiplication gives 

5a;+aj*-3x=12+i«. 

Canceling «* from both sides gives 

5x-3a;=12, or 2x=12. 
Therefore, 

x=6. Ans. 

Check. When x=6 the first member of the given equation be- 
comes 5X6+6X3=30+18—48, while the second member becomes 
12+36-48. Since both have the same value, namely 48, the root 
(or x— 6) is correct. 

WRITTEIT EXERCISES 

Solve and check your answer in each of the following 
equations. 

1. 3(x+4) = 18. 

2. 2(x+5)+3(x-6) = 12. 

3. 5(a;+4)+2(x-3)=4(x-l). 

4. (a;+2)(a;+3)=x(x+3)+10. 
6. (x-4)(x+6)=x(x-2). 

6. (r-3)(r-5) = (r+4)(r-2)-7. 

7. (2/+l)(y-2) = (y-3)(i/-4). 

8. (s+3)(8+8)-s(8+6) = 0. 

9. (x*-x-l)(2x+4)=2x*(x+l)-7(x-l). 

10. x«- (2 x+3)(2 x-3)+(2 x-3)« = (x+9)(x-2)-2. 

11. 3(4-x)*-2(x+3) = (2x-3)«-(x+2)(x-2)+l. 

12. 3 X*- {6 x-[4- (x-l)(2 x-3)-7 x]+(x-3)«} =0. 

13. 5x+l-2{2x-3[x-(x+l)(x+3)]-3(x+2)«}=0. 
For further exereiaea on this topic, see Appendix, p. 299. 
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EXERCISES — APPLIED PROBLEMS 

These problems resemble those on pp. 76, 77, yet they are diffeiv 
ent because they cannot be worked without a knowledge of the 
principles of multiplication studied in this Chapter. 

1. Divide 29 into two parts so that three times the one 
part added to five times the other part shall equal 105. 

Solution. Let x=one part. Then the other part =29— ». 
The problem then says that 

3x+5(29-x)=105. 
Multiplying (see § 51), this becomes 

3x-|- 145-5 x= 105. 

Transposing gives 

-2x=-40. 

Dividing both sides by —2 gives 

x=20. 
The one part is therefore 20, and the other is 29-20, or 9. Ans. 

2. The difference between the ages of a father and his 
son is 45 years and in a yearns time the father will be six 
times as old as the son. How old is each? 

[Hint. Let x = the number of years in the son's age. Then 
x+45 = the number of years in the father's age. A year from now 
their ages will be x+1 and x+46.] 

3. A father is four times as old as his son ; five years ago 
he was five times as old. How old is each? 

4. A has $37 and B has $11. How much must A give 
B in order that A may then have twice as much as B? 

6. A box of 28 chocolates was divided between 6 boys and 
4 girls, each girl receiving 2 more than a boy. How many 
did each girl receive? 

6. In buying material for a dress a lady bought 8 yards 
of silk and 4 yards of trimming, paying 90 cents more per 
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yard for the trimming than for the silk. The bill was 
$18.00. How much did each cost per yard? 
[Hint. Work in cents.] 

7. A bag contains 52 silver coins, some of them quarter- 
dollars and the rest dimes. The value of the whole is 
$10.00. How many coins of each kind are there? 

8. A man has $100 in one bank and $25 in another. If 
he has $125 more to deposit, how should he divide it be- 
tween the two banks so that the first account may become 
four times as great as the second? 

[Hint. Compare Ex. 44, p. 26.] 

9. A father made this offer to his son, " For every day 
on which your standing in algebra is as high as 80% I will 
give you a nickel, but on every day that your standing falls 
below 80% you are to give me a penny." At the end of 
12 days the son had 18 cents. For how many days was his 
standing above 80%? 

10. In the figure the shaded part, or border, represents 
the area between an inner square (lettered abed) and an 
outer square (lettered A BCD). If this 
border contains 32 square feet and is 
everywhere 1 foot wide, how long must 
one of the sides of the inner square 
be? 



[Hint. Let x= the length of one of the 
sides of the inner square. Then a:*=the 
area of the inner square, and a?-|-32=the ^ 
area of the inner square and border. 

But the area of the inner square and 
border is the same as that of the outer 

square, and this is (x+2)>, since each side of the outer square = 
x+1+1, or x+2.1 
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Fig. 24. 



11. It is desired to lay out a square 
flower garden with a gravel walk around 
it, the gravel walk to be 2 feet wide and 
6 inches deep. How long can each side 
of the garden be if only 5 loads of 
gravel are to be used, it being given 
that a load contains 1 cubic yard? 

[Hint. First find how much area the 
gravel will cover when laid 6 inches deep. 
Then proceed as in Ex. 10.] 

12. Suppose that the garden mentioned in Ex. 11 is 

rectangular, with one of the long 

sides measuring 2 feet more than a 

short side, and suppose as before 

that the gravel border is to be 6 

inches deep and 2 feet wide, ten 

loads of gravel to be used. Show 

that in this case the equation for 

the shorter side, rr, becomes x{x+2) 

+540=(a:+4)(rr+6). Whence, find the dimensions (length 

and breadth) of the rectangle. 

13. During a spring freshet a 
certain circular pond overflowed its 
banks so that an acre of ground 
all around was inundated (under 
water). It was found afterwards 
that the overflow had carried the 
water back from the bank about 
20 feet on all sides. What was the 
diameter of the pond in ordinary 
Fig. 26. weather? 

[Hint. See Ex. 25 page 22. Take w=S^. Remember the diameter 
«= twice the radius.] 




Fig. 25. 
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PART II. SPECLA.L CASES IN MULTIPLICATION AND 
FACTORING 

57. Product of Two Binomials. We have to multiply 
binomials together so often in algebra that it is desirable to 
know how to get the answer quickly by mere inspection. 
This is possible in many cases. 
Thus, in multiplying x+3 
by rr+4 

x^+3x 

4a;+12 
a;2_|.7a.+i2 

the answer could easily be obtained in the following way : 
First, square the x, giving a^, then add (mentally) the 3 and 
the 4, giving 7, and multiply this by x, giving the 7 x of the 
answer. Finally, multiply (mentally) the 3 by the 4, giving 
the 12 which appears at the end. By adding the x^, the 
7 X and the 12 obtained in this way, we have the answer. 

Let us take another illustration. Suppose we wish to 
multiply x+2 by x+3. Reasoning as before, the answer 
will be x2+(2+3)x+2X3, or x^+5 x+6. Check this your- 
self by multipljring x+2 by x+3 in the long way. 

Similarly, we can shorten the work of multiplying even 
when negative numbers occur. For example, in multiplying 
x-2 by x+1 the answer will be x2+(~2+l)x+(-2)Xl, or 
X2-X-2. 

Other illustrations follow and should be carefully examined. 

1. (x+7)(x-2)=x2+(7-2)x+7(-2)=x2+5x-14. Ans. 

2. (x-8)(x+3)=x2+(-8+3)x+(-8)3=x«-5x-24. 

Ana. 
8. (x-6)(x-4)=x2+(-6-4)x+(-6)(-4) 
=x2-10x+24. Ans. 
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When stated concisely, all such cases of multiplication 
come imder the following formula : 

Formula IV. (x+m) (x+n) =x^+ (tn+n)x+mn. 

It is to be remembered here that m and n represent any 
numbers, positive or negative. 



ORAL EXERCISES 



State the answer by 
exercises. 

1. (x+3)(a;-4). 

2. (a;-3)(a;-4). 

3. (r-3)(r+4). 

4. (r+3)(r+4). 
6. (a+6)(a-8). 

6. (o+12)(a+4). 

7. (r-ll)(r+10). 

8. («+12)(s+2). 

9. (x-9)(x+6). 

10. (a;-3)(a;-10). 

11. (a;-12)(a;-2). 

12. (i/+l)(j/-8). 

13. (y-lKy+S). 

14. (j/+8)(y-l). 
16. (z+ll)(«-4). 

16. (A +3) (A +7). 

17. (n-4)(n+8). 

18. (<+5)(<-8). 

19. (R+l)(R-6). 



inspection in each of the following 

20. (a; -12) (05+8). 

21. (a;+16)(a;-9). 

22. (S+6)(S-7). 

23. (ab+2){ab+6). 

[Hint. By Formula IV the 
result is (o6)«+8 o6+12. This 
may be written (see Formula II) 
fl?6H-8 o6+12. Ans.] 

24. (a6-6)(afc-5). 

26. (c«-3)(c»-4). 
Hint. Use Formulas IV and 
I] 

26. (c«-2)(c«+3). 

27. (a'+4)(a»+6). 

28. (a«t«-l)(a«6'+3). 

29. (2a+3)(2o-7). 

[Hint. The result, by For- 
mula rV, is (2 a)»-4(2 a)-21. 
This may be written 

4a»-8o-21. Ans.] 

30. (3a;-4)(3a;+2). 

31. (4x+3)(4x+l). 
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32. (6a;-5)(6x+7). 

33. (8r+5)(8r-6). 

34. (2S+6)(2S+10). 
36. (6F-3)(6 7-6). 

36. (ff+2)(ff-19). 

37. (a-10 6)(a+4 6). 

[Hint. The result, by Formula 
IV, is 

a«+ (- 10 6+4 6.)a+ (- 10 b) (4 6). 

This reduces to a'— 6 a6— 40 ¥. 

Ans.] 

38. (r+7s)(r-6s). 

39. {x-2r){x+3r). 

40. (t+10z)(t-z). 

41. {2t^+Zz){2e+4z). 

For further ea^dses on this 
p. 114, and Appendix f p. 299. 



42. (3a2-5i/)(3a2+7y). 

43. (x+§)(x+J). 

44. (a:-f)(x+i). 
46. (a+|)(a-§). 

46. 12 • 13 

Solution. 12- 13= (10+2) 
(10+3) which, by Formula IV, is 
10«+ (2+3) 10+2 . 3=100+50+6 
= 156. Ana. 

47. 22 • 21 

48. 18 • 16 

49. 28 • 33 
[Hint. Write as 

(30-2) (30+3).] 

60. 31 • 28 
topiCy see the review exercises^ 



58. The Factoring of a Trinomial. In § 57 and in the 
exercises that follow it we started every time with two given 
binomials, such as x+2 and x+3, and we saw how to get 
their product very easily; in fact, we learned to do it 
mentally. In every case the product turned out to be a 
trinomial beginning with the square of the common letter. 
Thus, in multiplying x+2 by x+3 the result is the trinomial 
x^+b x+6, which begins with x^. 

Suppose now we try to turn this idea around. Let us 
start with a given trinomial, such as x^+l x+6, and inquire 
what two binomials give this when multipUed together. 
In other words, let us try to find the two binomial factors 
of x^+7 x+6. This can be done as follows. We think of 
the two numbers whose sum is 7 and whose product is 6. 



100 FIRST COURSE IN ALGEBRA [VI, $ 58 

The numbers that do this are 6 and 1. Then x+6 and x+1 
must be the factors we wantj for when we multiply (x+6) 
by (x+l), 'Using Formula IV, we get (as we should) our tri- 
nomial, 2^+7 x+6. 

Similarly, in order to find the factors of a^+2x—8 we 
think of the two numbers whose sum is 2 and whose yrodud 
is —8. The nimibers are seen to be 4 and —2. Therefore, 
the desired factors are x+4 and x— 2. Ana. 

Note. It is to be observed that in all such problems, the first 
term of each of the desired factors is simply x ; that is, it is the 
square root of the first term of the given trinomial. 

WRITTEN EXERCISES 

Find the two binomial factors of each of the following 
expressions. 

1. a;2+7a;+12. 

[Hint. Here we need the two numbers whose sum is 7 g.nd whose 
produ^ct is 12.] 



2. 3? — 5 X+6. [Hint. Proceed as in Ex. 1.] 


3. o«+6o+8. 10. 


z«-6z 


+6. 


17. s'+Gs+S. 


4. o«-6o+8. 11. 


s*-4s 


-21. 


18. fc«-8lfc+15. 


6. a;«-7x+12. 12. 


7^ — X- 


-30. 


19. A;«-10A;+9. 


6. a!«-a;-12. 13. 


z»+3z 


-18. 


20. z«+2 2-16. 


7. r«+6r+4. 14. 


6«+6- 


42. 


21. a!*+a:j/ - 56 y«. 


8. y^-4y-12. 16. 


c*+7c 


-18. 


22. a;«-5a^-36j/*. 


9. m«-6m-16. 16. 


s*-6s 


-40. 


23. «*+12<-108. 


24. a:«y«+6xj/-16. 




27. 


33+14 z+z*. 


26. aV - 21 ab -72. 




28. 


14+9 fc+fc*. 


26. 12+7 o+o«. 




29. 


7?^\x-\-\. 


[Hint. Rearrange the terms.] 




• 


For further exercises on this topic, see the Appendix, p. 299. 
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69. The Square of the Sum of Two Numbers. Suppose 
we have any two numbers, a and 6, and let us form their 
simi, a+h. Then {a-\-hy means (a+6) • (a+6) and when 
multipUed out it looks as follows : 
a+h 

d?+ah 
ab+V 



Thus we have the following formula : 

Formula V. (a+b)2=a2+2ab+&». 

Expressed in words, this says that the square of the sum of 
any two numbers is equal to the square of the first number plus 
twice the product of the two plus the square of the second number. 

For example, 

(r+6)2 = r2+2(r • 6)+62 = r2+12r+36. 
(2 a+3 6)2 = (2 a)2+2(2 a • 3 6) + (3 6)^=4 a2+12 a6+9 bK 

Check each of these examples by multiplying the long 
way, as in § 53. 

Note. Formula V is really a special ease of Formula IV, for if 
in that formula we use a for x, h for m, and h for n, we obtain 

(a+6) . (a+6)=a^+(6+6)a+6», 
which is the same as (a+6)*=a*+2 a6+6». 

60. The Square of the Difference of two Numbers. Sup- 
pose we have any two numbers, a and 6, and that we form 
their difference, a— 6. Then {a— by means (a— 6) • (a— &) 
and when multiplied out this looks as follows : 
a-6 
a-b 
a^-ab 

-ab+¥ 
a^-2ab+¥ 
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Thus we have the following formula : 
Formula VI. {a-by = a^-2 ab+b". 

Expressed in words, this says that the square of the differ- 
ence of any two numbers is equal to the square of the first num- 
ber minus twice the 'product of the two plus the square of the 
second number. 

For example, 

(r-6)2=r2-2(r • 6)+6«=r2-12r+36. 
(3 x-2 6)2 = (3 x)2-2(3 X • 2 6)+(2 6)^ = 9 x»- 12 6x+4 6*. 

Note. Formula VI is a special case of Formula IV, for if we use 
a for X, — 6 for m, and — 6 f orn in Formula IV we obtain (a— 6) • (a— 6) 
=o*+(— 6— 6)a+6* which is the same as (a— 6)'= a*— 2 a6+6*. 

61. Applications of Formulas V and VI. The value of 
Formulas V and VI Ues in the fact that they enable us to 
read by infection the square of any binomial in algebra. 
For example, (x+3)2 is immediately read by Formula V to 
be x2+2(3a;)+32, which reduces to x^+Gx+O. Likewise, 
(2 a; -3)2 is read by Formula VI to be (2 a;)2-2(2 x • 3) +3*, 
which reduces to x^— 12 a;+9. 

ORAL EXERCISES 

Give by inspection the expanded values of each of the 
following expressions. 

1. (x+2)«. 8. (2a;+3)^ 16. (a+2 6)«. 

2. (x-2)2. 9. (3x-2)2. 16. {a-2h)\ 

3. (x+8)*. 10. (3a;-4)2. 17. {2a-by. 

4. (a;-8)«. 11. (4+x)«. 18. (2r-3«)«. 
6. (c+3)^ 12. (4-x)«. 19. {xy-\-\Y. 

6. (r+7)2. 13. (m+n)«. 20. (4xy+l)«. 

7. (2x+l)*. 14. {m-nf. 21. (4xy-l)«. 
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22. {ab+cdy. 

23. (2a6-3cd)«. 

24. {x+iy. 

25. (x-f)^ 



26. (r+|)2. 

27. (r-f)2. 

28. (a+i6)2. 

29. (x-|i/)2. 



30. (m-f n)2. 

31. (2p+ig)^ 

32. (3w-|n)2. 



For further exercises on this topic see the review exercises, 
p. 114, and Appendix j p. 299. 

62. Geometric Meaning of Fonnulas V and VI. The expression 
(a+6)» means the area of the square whose side is (a+6), and 
this area may be broken up into four parts (shaded in Fig. 27) • Now, 
one of these parts (lower right-hand comer) is seen to be a square 
whose side is a, and hence this part has an area equal to a*. Similarly 
another part has an area of 6*, while the remaining two parts are 
rectangles each having the area ah. The sum of the four parts is 
therefore, a'+6*+a6H-a6, which may be written a*+2o6H-6*. Thus, 
the figure illustrates how (a + 6)' = a*+2 o6 + 6* ; that is, it illustrates 
Formula V. 

While it is not so easy to illustrate the meaning of Formula VI, 
a careful examination of Fig. 28 will show that it does so. Note 
that the part (a— 6)» is equal to the area of the whole square, or 
a*, minus the area of the shaded border. But the shaded border 
is equal to ab+ab-b^, or 2o6-6«. Thus (a-6)«=a»-(2 a6-6»), 
which reduces to a«-2 o6+b*, or Formula VI. 



k-b-H 




1^— b- 
(a+6)*-a«+2o6-i-6« 
Fig. 27. 




(a-6)«=a«-.2o6+fc« 
Fig. 28. 
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63. Trinomials That Are Perfect Squares. We have seen 
in §§59, 60 that the square of a binomial is always a tri- 
nomial. Thus, 

(2 x+yY^ (2 a:)2+2(2 x • y)+y^=4: x«+4 xy+y\ 

(Formula V) 
(x-3 2/)«=x2-2(x . 3 y)+(3 yY-^x'-Qxy+Q yK 

(Formula VI) 

A trinomial obtained in this way is called a trinomial 
square, or a perfect square. It must be carefully observed 
that not all trinomials are perfect squares. The essentials 
for this are that two of the terms nmst be squares and positive, 
while the remaining term (usually the middle one) must 
be equal to twice the product of the square roots of the square 
terms. This will now be illustrated by means of several 
examples. 

Example 1. x^+Ox+Sisa perfect square because its 
terms x^ and 9 are squares and positive, while its remaining 
term, 6 x, is equal to 2 • y/^ • y/9'. Moreover, since the 
sign of the term 6 a: in the given trinomial is +, we know by 
Formula V that we here have the square of the sum of two 
numbers. In fact, what we have is (x+Sy. 

Example 2. m^—4 mn+4 r? is a perfect square because 
its terms rr? and 4 r? are squares and positive, whil e its re- 
maining term, 4 mn, is equal to 2 • Vrn^ . V4n2. More- 
over, since the sign of 4 mn in the given trinomial is — , we 
know from Formula VI that we here have the square of 
the difference of two numbers. It is, in fact, (m— 2n)*. 

Example 3. 9x2— lOx+4 is no< a perfect square since 
the term 10 x does not equal 2 • V9 x* • Vi. 

Example 4. 4x2— 12 x— 9 is no< a perfect square since 
its last term is negative instead of positive. 
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ORAL EXERCISES 



In each of the following exercises tell whether the given 
trinomial is a perfect square, and if so whether it is the 
square of the sum or of the difference of two numbers. 



1. 


x*+2xy\-^. 3. 


6«- 


-146+49. 6. m«+8-4TO. 


2. 


o«-6o+9. 4. 


r*+10r8-«*. 6. t»-16<+64. 


7. 


4a^-8x-|-4. 




14. o*6*-2a6+4. 


8. 


x^-2xy-y'^. 




16. 121aV-22a»+l. 


9. 


16OT»+12»»n+9n« 




16. 4r*+l+44r. 


10. 


a«+2o+l. 




17. 8r«-16r+4. 


11. 


9 6*+6 6+3. 




18. 144a:«-24x+l. 


12. 


25««-10a-l. 




19. 81a^+36a;+4. 


13. 


36a*+12c6+6*. 




20. 14 a*+28 a5+9 6*. 



WRITTEN EXERCISES 

Supply the missing term in each of the following expres- 
sions so as to make a perfect square of the trinomial. 

1. a;2+6a;+( ). 

Solution. Since we may write 6x=2« VS"* V§, we see that 
the missmg term must be 9. Ans, 

Check. With 9 supplied for the missing term we find (as in 
§ 63) that the given trinomial is a perfect square. 

2. a2+4a+( ). 3.* 1-2 a+( ). 

4. a2fe2+( ) + l. 

Solution. The missing term must be twice the product of the 
square roots of the other terms ; that is, it must be 2 • \/a«6* • Vl 
which reduces to 2 ah. Ans, 

5. a^T^-i )+25. 8. 9r2-12r+( ), 

6. ( )-6M+4g2. 9. 16x2-( )+4. 

7. ( )-2xy+y\ 10. ( )--28 5+4A 
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11. 


^+( )+i. 


17. 


4s«-( )+i. 


12. 


100 2?+ ( )+4. 


18. 


36«*-( )+36. 


13. 


9c«-6c+( ). 


19. 


9s«-( )+81. 


14. 


4 6*+( )+9c». 


20. 


o«-10a+( ). 


16. 


m*+( )+121. 


21. 


4»*-( )+25z*. 


16. 


(a+6)«+2(a+6) + ( ). 


22. 


iz*+( )+25««. 



64. Factoring a Trinomial Square. We have seen in 
§ 63 how we may tell a trinomial square when we see it 
and tell also whether it is the square of the siun or of the 
difference of two numbers. We may easily go a step farther 
and tell just what binomial it is the square of ; that is, we 
may find its two equal binomial factors. We will now 
illustrate this by examples. 

Example 1. Find the factors of x^+lO x+25. 

Solution. The square roots of x* and 25 are x and 5 respectively, 
while the sign before the remaining term, 10 x, is +. Hence we 
may write 

a:«+10 x-|-25= (x+5) {x+5) Ans. 

Example 2. Find the factors of 4 x^- 16 x+16. 

Solution. The square roots of 4 a? and 16 are 2 x anji 4 re- 
spectively, while the sign before the remaining term, 16 x, is — . 
Hence we may write 

4x«-16x+16=(2x-4)(2x-4) Ans. 

From these examples we obtain the following general rule. 

Rule for Factoring a Trinomial Square. Find the 
square roots of the square terms and connect them by the sign 
of the remaining term. 

Note. Finding the two equal factors of a trinomial square in 
this way is the same as finding its square toot. Thus, the answer to 
Example 1 above means that x+5 is the square root of a^+10 x+25. 
See § 14. 
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WRITTEN EXERCISES 

In the following list, give the factors of those trinomiaJs 
that are perfect squares ; also state what is the square root 
of each. (See Note in § 64.) 



1. x«-2a;+l. 6. 


a^+6 0+9. 


9. r*+12r+36. 


2. «*+2a!+l. 6. 


o«-8fl 


1+16. 


10. 9-6 a+o*. 


3. x*+4a;+4. 7. 


a^+lO 


0+25 


. 11. 4 8«+4 8+l. 


4. a^-4x+4. 8. 


r«-12 


r+36. 


12. 81-72 8+16 A 


13. 100-20 y+y*. 




19. 


225z«y«-30xy+4. 


14. 81x»+18x+l. 




20. 


16-8 x+x«. 


16. 144r«+72r+9. 




21. 


z*+32zy+256^. 


16. 144r«-72r+l. 




22. 


49 Jfc»+28 kp+4: p». 


17. 100 o«+84 a+25. 




23. 


25OT«-20TOn+4n*. 


18. 121s* -88 8+ 16. 




24. 


4a^-2xy-:^y*. 


For further exercises on this topic, 


see the review exercises, 


p. 114, and Appendix, p 


.300. 







66. The Product of the Sum and Difference of Two 
Numbers. Suppose we have any two numbers, a and fe, 
and let us form their sum, a +6, and their difference, 0—6. 
The product of this sum and difference, when multiplied 
out as in § 53, looks as follows : 

a+b 
a —6 



a'+ab 

or simply 

Thus we have the following formula : 
Formula VH. {a+b)(a-b)=a^-b^. 
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Expressed in words, this says that the sum of any tvm 
numbers midtiplied by their difference equals. the difference 
of their squares. 

The examples below illustrate this : 

Example 1. (a!+8)(a;-8)=a5*-8*=a?-64. Ans. 

Example 2. (2a^+6)(2a:y-6) = (2x|/)*-6* 

=4a«y2_36. Ans. 

Example 3. (9 x+Z i/)(9 x-3 y) = (9 x)*- (3 1/)« 

= 81i«-9j/*. Ans. 
Note. Formula VII is a special case of Formula IV, for if in that 
formula we use a for x, +b for m, and —6 for n, we obtain 

(o+6)(o-6)=c^(-5+5)o+(-6 • 5)=o«-0- o-6«=ai»-6». 
ORAL EXERCISES 

Perform each of the following multiplications by inspec- 
tion. 

1. 

2. 

3. 
10. 
11. 
12. 
13. 
14. 
16. 
16. 
17. 
18. 
19. 
20. 



(o+2)(a-2). 

(8+3)(s-3). 

(x-4)(x+4). 

(6+o)(6-o). 

iZ+b){Z-b). 

(2o+5)(2o-5). 

(5r+8)(5r-8). 

(6a+3 6)(6a-3 6). 

(8M+6 K){SM-5K). 

(lli?+4c)(lli?-4c). 

(x«-4)(a;«+4). 

(r«+2)(r^-2). 

(3o»-5)(3a»+5). 

(1-3**) (1+3 a;*). 



4. (r-5)(r+5). 7. (s-7)(s+7). 

6. (A;-10)(fc+10). 8. (2+21)(z-21). 
6. (a;+9)(a;-9). 9. («-30)(z+30). 

21. {xy-12)(xy+12). 

22. {xy+rs){xy—rs). 

23. (2-13oj/)(2+13ai/). 

24. (o+i)(o-§). 
26. (x'-i)(a;*+i). 



26. 

27. 
28. 
29. 
30. 



fa,bVa_b\ 

\2 3A2 3/" 

(ir+iz)(ir-iz). 

(.2a-.3 6)(.2o+.3 6). 

(3a%z-8)(3a:=^«+8). 

(a»+6»)(o»-&«). 
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31. Find by Formula VII the value of 32 • 28. 
Solution. 32 • 28=(30+2)(30-2)=30«-2»=900-4=896. Ans. 

32. Find by Formula VII the value of the following (see 
Ex. 31) : 

(a) 22 . 18 (d) 29 • 31 (g) 49 • 51 0') 34 • 26 
(6) 62 . 58 (e) 37 • 43 (A) 41 - 39 (fc) 61 • 59 
(c) 47-53 (/) 88 . 92 (i) 72 • 68 (I) 123 • 117 

For further exercises on this topic, see the review exercises, 
p. 114, and Appendix, p. 300. 

66. Geometric Meaning of Formula VII. 
A careful examination of the figure here 
given will show that it gives the geo- 
metric meaning of Formula VII. Thus, 
(a+6)(a— 6) appears as the area of the 
rectangle lying along the bottom and 
extending the whole width of the figure, 
and this rectangle has the same area as 
that of the whole square, or a>, less the 
area of the small square, or 6*. 




(a+6)(a--6)-=a«-6«. 
FiQ. 29. 



67. Factoring the Difference of Two Squares. Formula 
VII gives a quick method of factoring the difference of two 
squares, as illustrated below. 

Example 1. Factor 4x2-25 y^ 

Solution. 4 a«-25 2/«= (2 x)*- (5 y)* 

^{2x+5y)(2x-5y), Ana. 

Example 2. Factor 64 m^n^-9 p^qK 

Solution. 64 m'w*— 9 p*g*= (8 mw)»— (3 pq)* 

= (8 mn+3 pq)(S mn—S pq). Ana. 

Example 3. Factor 16 x* - 1 . 

Solution. 16 x* - 1 = (4 a:«)«-l = (4 x«+l)(4 x'-l) 

- (4a;*+l)(2x+l)(2x-l). Ana. 
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Factor each of the 

1. a?-25. 

2. s«-36. 

3. 36 -o*. 

4. m*— 4. 
6. 6«-49. 

6. d»-81. 

7. r«-100. 

22. (o+6)*-c*. 

23. a*-(i/+z)«. 

24. (x+3yy-9y*. 
26. io*-25. 

26. ir*-,V 

27. x«-^r*. 

28. 1-1. 

x* J/* 



ORAL EZBRCISBS 

following expressions by inspection. 



8. l-r». 

9. 81-2*. 

10. 100-6*. 

11. o«6*-25. 

12. a^-Vc^. 

13. 16 X*- 25 J/*. 

14. 25y*-16x*. 

oa a* 



16. 1-121 c*. 

16. 64a^-25y«. 

17. 121c*-l. 

18. 144a*-4. 

19. 16 1* -121 3*. 

20. 81i2*-36s«. 

21. xV-j/«. 

X* 



6* I/* 



30. 36-25. 
o* 6* 



31. (2o+6)*-(o-6)*. 

32. (56-4c)*-(3a-2c)*. 

33. (x»+x*)*-(2a:+2)^ 



For further exercises on this topic, see the review exercises, 
p. 114, and Appendix, p. 300. 



EXERCISES — APPLIED PROBLEMS 




a . C 

' / '^ ^rri 



\ 



itiiti^utitimtf'n 



Fig. 30. 



1. The figure represents a large square, 
whose side = o, and within it lies (in any 
manner) a smaller square whose side = fe. 
Show that the area between the two 
(shaded in the figure) is represented by 
the expression (a+6)(a— 6). 

[Hint. The shaded area = a«-6».] 
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2. The result in Ex. 1 gives a quick way of determining 
the area between any two squares. State what it is. 

3. By means of Exs. 1 and 2 answer the 
following question : What is the area of 
pavement in the street surrounding a city 
block one half a mile on a side, the street 
being 4 rods wide? 

[Hint. % 1 mile =320 rods. Express your an- 
swer in square rods.) ^°' 31. 

4. Show that the area between a circle of radius R and 





Fio. 32. 

a smaller circle of radius r lying (in any manner) within it is 
equal to T{R+r){R-r). 
[Hint. See Ex. 25, p. 22.) 

5. The diameter of a certain sunflower was 10 inches, and 
the black center containing the seeds (called the disk) meas- 
ured 4 inches across. What was the area of the outside 
yellow part (called the rays) ? Neglect the slight overlapping 
of the rays and work by Ex. 4. 

6. The figure shows a right tri- 
angle whose sides are a and b and 
whose hypotenuse (long side) is 
h. Show that a^ = (A+6) (A - fe) ; 
also that ¥ = {h+a){h-a). 

[Hint. See Ex. 20, p. 21.] 
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7. By means of the result in Ex. 6 answer the following : 
A 20-foot ladder rests against a building, the bottom of 
the ladder being 12 feet from the cellar walL How far is 
the top from the ground? 

8. Formula VII is frequently used to find the square of 
a number quickly by mental arithmetic. Suppose, for 
example, we wish to know the value of 16*. We first take 
6 away from 16, giving 10, then we add 6 to the 16, giving 
22. We multiply the 10 and the 22 (as is done easily men- 
tally) giving us 220. Now, all we have to do is to add &, 
or 36, to the 220 to get the value desired. This gives 256 
as the answer. The reason for this appears from the fol- 
lowing. By Formula VII, we have 

(16-6)(16+6) = 162-6*. 

Hence, (16 -6) (16+6) +6* = 16*. 

Find (mentally) in this way the values of the following : 

(o) 15*. 

[Hint. Subtract 5 from the 15, getting 10 ; then add 5 to it, 
getting 20. Multiply these and add 5«.] 

(6) 14*. [Hint. Do with 4 here as you did with 5 in (o). 

(c) 12*. CO 17*. (A) 22*. 

(d) 13*. {g) 21*. (i) 25*. 

(e) 11*. Hint. Subtract 1 and add 1. 0) 31*. 

68. Further Study of the Equation. The following prin- 
ciple is useful, as we shall show presently, in the solving of 
equations : 

Principlb. If either of two numbers is equal to zero, the 
product of the numbers is itself zero. For example, 2X0=0; 
(-4)X0=0, etc. 



VI, § 68] MULTIPLICATION AND FACTORING 113 

The way in which this principle may be used in solving 
equations is illustrated below : 

Example 1 . Solve the equation x^— 8x+15=0. 

Solution. Since the trinomial a?— 8 x+15 may be factored (see 
§ 58) into (a;— 3) (a;— 5), the given equation may be written in the 

^^™ (x-3)(:c-5)=0. 

Thus, we are to have the product of two numbers equal to zero, 
and it will be, according to the Principle above, whenever either of 
the factors is equal to zero. That is, when either a;— 3=0, or a:— 5=0. 
But these last two equations give us a; =3 and a;»5. Therefore, 
either a;=3 or a;=5 is a solution (root) of our equation. Ana, 

Check. When a;=3, the left side of the given equation becomes 
3*— 8- 3+15, which reduces to 9—24+15, and this reduces (as the 
equation demands) to 0. 

When «=5, the left side of the given equation becomes 
5»-8- 5+15=25-40+15=0. 

Example 2. Solve the equation x^— 4 x— 21 = 0. 

Solution. Factoring, we have (x— 7)(a;+3)=0. 

Whence, by the Principle above, we have either x— 7=0, or 
a;+3=0. 

Therefore, the roots are 7 and —3. Ans. 

Check. 

7«-4. 7-21=49-28-21=0; (-3)«- 4 (-3) -21 =9+ 12- 21=0. 

Note. Each of the equations just considered has two roots. 
This is true of every equation which contains the second (but no 
higher) power of the unknown letter. Such equations are called 
quadratic equations and will be more fully considered in Chapter XVI. 

WRITTEN EXERCISES 

Solve the following equations by factoring. Check the 
first ten. 

1. x2_7a;+io=o. 3. x2+8a:+15 = 0. 

2. a^-5x+6=-0. 4. 0^2+7 a;-30=o. 
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5. x'+4x=a ". «*-«-30=0. 

8. jJ_5x=0. 18. a:*-x-56=0. 
J jS+5x-6=0. 19. 2*-3 2-28=0. 
g ^_a;-6=0. 20. a;*-6x-40=0. 

9. „j_2n-35=0. 21. c«+9c+20=0. 

10. fft'+8w+15=0. 22. a^-6x-14=0. 

11. f*=6+r. 23. 4 1*-8 35+4=0. 
[Hint. Transpose aU terms ^^^ Factor by Formula VI.] 

*";t:-32=-4n. 24. 9x^-12x+4=0. 

13. 5:c»'4a:=0. 26. ix2-x+l=0. 

14. Z+bx = 2x\ 26. ix2-T^x+^=0. 
16. a«-25 = 0. 27. f r2+ir=0. 

jg ^-36 = 0. 28. x2-tx+i=0. 

/*(?r further exercises on this topiCy see the review exercises 
below, and Appendix, p. 301. 

EXERCISES —REVIEW OF CHAPTER VI 

1. Using Formulas I and II (§§ 48 and 50) state (orally) a differ- 
ent fonn for each of the following expressions. 

(a) 2xV. (c) ma^a^+n{aby. 

(b) (2xy)\ (d) 4:(ahcyab-5(xyz)h:Y. 

(e) 4:x{-xy)^-5y{-yzy+6z{xy)^. 
(/) (3 aby{xyy+4:{2 cd)\yzy+S x^x{zw)\ 
ig) {abY{aby+{cd)*{cd)^+x^x{x • x)*. 
(h) (xV)*-5(a6cd)»a26»+4(p«5*r*««)*. 
[Hint. (a?)*-a!« • a^^x*.] 
(i) (x»x»2/V)». (i) (-3A2A:»0»-(-2^W)VA«. 
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2. Using Formula III (§ 51) state (oraUy) a different form for 
each of the following expressions. 

(a) 3(x+y). (d) mWia^+b'+c^), 

(6) m{a+b). (e) ab{c+d)-pq{r+8). 

(c) mn{a-h). (/) xyix+y)+yz{2^+y). 

3. Factor each of the following expressions. (See 55 52 and 54.) 
(o) 5x*j/-10x»2/«. (c) 3 5''-12 5V+6gr*. 

(6) 5m*-10w»-5w*. (d) 3a:»y»+3xV+12xy. 

(e) 60m»nV»-45m«nV»+90w*n»r«. 

(/) 12a26«c»-16a«6*c»-20a»6»c». 
{g) aq—ar+qx—rx. (w) w'+m'— 3 m— 3. 

W gh-gx-rh+rx. (n) 3a«6-9a6*+5a-3 56. 

(i) x«-xy-5x+5y. (o) 16aa;+12ay-8feic-6 62/. 

0*) ofi+xy—ax—ay. (p) mn+m— 3n*— 3ri-4n— 4. 

(A;) l-i»+n-mn. (5) px-qx-x-py+qy+y. 

(0 ax—xy—db+by. (r) m*+mn+mn+n'+m+n. 

4. By use of Formula IV (§ 57) state (orally) the result of each 
of the following multiplications. 



(a) (n-8)(«-12). 






W (2x-7)(2x+6). 


(6) (p»-5)(p'-3). 






(t) (3y-2)(3y+3). 


(c) (x»-7)(x»+6). 






(J) (4x«+l)(4x»-3). 


(d) (a--5)(a«+4). 






(A) (o6-3)(a6+4). 


(e) (x--o)(x«-6). 






(0 (mVi»-a)(OT»n»-2a). 


(/) (»»-2o)(m+3fc) 






(m) (2xy+y»)(y«-xy), 


(,7) (2x+l)(2x-3). 






(n) (a6c+d)(o6c+l). 


6. Factor the following 


; expressions. (See § 58.) 


(a) x«+7x+12. 


(/) 


x«. 


-2x-15. (A) x«+15ox+56o». 


(b) x*-7x+12. 


(ff) 


x«- 


-x-30. (I) x«-llax+30o». 


(c) TO«+8m+12. 


(A) 


y'- 


-6aj/+5o», (m) -52+9 6+6'. 


(d) o*+o-12. 


(t) 


x«- 


-3nx-28n*. (n) 100-25 x+x». 


(e) 6«_5 6_i4. 


0) 


x«- 


fl8 6x+80 6». 
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6. By use of Formulas V and VI (§| 59 and 60) expand each 
of the following expressions by inspection. 

(a) (2a+xy, (e) {xy+xh^y. (i) (x-^y-y. 

(6) {ab+cd)\ (J) {Zxy-2x^)\ (j) (l+3a»6)«. 

(c) (4x+3j/)«. ig) (x'+y»)«. {k) (3a«+5 6»)l 

(d) (4x-3 2/)«. (A) (a''-6fi)«. (Z) {ma-^-nb-)\ 

7. Show that each of the following trinomials is a perfect square 
and find its square root. (See §§ 63 and 64.) 

(o) a;«-8x+16. (g) 4xV-16a;2/+16. 

(6) a«-10a+25. (h) ^mW-Aamn+a^ 

(c) l+4y+4 2/«. (i) o262c»-2afccdc+(Pe«. 

(d) 1-6 6+9 6«. 0*) 9a%«-12xj/«+4««. 
(c) 4x«-4a;+l. (k) 9a«6V+12a6c+4. 

(/) 9 m«-30 w+25. (0 i»«a^-2 mo«6*n»cd+nV(P. 

8. By use of Formula VII (§ 65) state the result of each of the 
following multiplications. 

(a) (x-l)(x+l). {h) (3x»-4 2/«)(3x»+4 2/«). 

(6) (x2+l)(x^-l). (i) (-5x-2/)(-5x+2/). 

(c) (x2+t/')(x2-2/«). (i) (-3o»6+c2d2)(_3a86-c«(P. 

(d) (2x+3y){2x-3y). (k) {x-^-i+yn+i){x^-i-yn^i), 
ie) (2ab+3){2ab-3). (Q [(a+6)«+31[(a+6)«-3]. 
(/) (xy+«2)(xy-««). (m) [2x-l-y][2:p-l+2/]. 
(^) (3m»n-5)(3m^+5). 

9. Factor each of the following expressions. (See § 67.) 
(a) a»-16. (g) 9m^-(p+qy, 

(6) 25a«-36 6«. (A) x«-(2x-3y)2. 

(c) 400x«-81y*. (i) 81x2-(3m-2n)«. 

(d) xV-256. ' 0') (2a+3 6)2-(a+6)«. 
(c) x«--2/>-. (A;) (r-2 3)«-(r-3)«. 

(/) x»-(y+2)«. (0 (a+6+c)»-(a-6-c)«. 
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10. Solve (by factoring) each of the following equations. (See 



5 68.) 

(a) x«-5x+4=0. 

(6) r»+6r+8 = 0. 

(c) a:^-3a;=40. 

(d) y2_i5y = 54. 

{e) m«-20m = 96. 

(/) «»+63 = 16«. 

{g) t;«-60=llt;. 



(A) ri2+lln+30 = 0. 
(i) 3s=88-s2. 
(y) 160=a;2-6j:. 
(A;) 4 p = p2_ 192. 
(0 600 = y2-10 2/. 
(w) ^2+15^-34=0. 
(n) (a;-l)2-3(a:-l)+2 = 0. 



EXERCISES — APPLIED PROBLEMS 

1. A certain rectangle is 2 feet longer than wide, and its area is 
8 square feet. What are its dimensions? 

Hint. Let x = the width. Then x-\-2= the length. Now form 
an equation for x, transpose all its terms to the left side and solve as 
in § 68. Keep only the + root, since the — root has no meaning in 
this problem. 

2. The perimeter (distance around) a certain rectangle is 10 
feet, while the area is 6 feet. What are the dimensions? 

3. The figure represents a rectangu- 
lar plot of groimd, within which are 
two equal square flower beds. The 
border (shaded in the figure) is every- 
where 3 feet wide and contains 201 
square feet. What is the length of 
side of each flower bed, and what are 




Fig. 34. 




Fig. 35. 



the dimensions of the rectangle? 

4. In the figure are two circles so 
placed that the inner one just touches 
the outer one. Show that the area of the 
crescent thus formed (shaded in the fig- 
ure) may be expressed in the form 
ir{R+r){R—r)y where R is the radius of 
the large circle, and r that of the small 
circle. 
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6. If, in the figure at the left, 
the radius of the large circle is R and 
the radius of each of the smaller 
circles is r, show that the shaded 
area, A, is given by the formula 
A = ir{R+2r){R-2r). 



6. Figure 37 repre- 
sents a piece of iron 
tubing whose outer di- 
ameter is D and whose 
inner diameter is d. If 
the length is Z, show that 

the volimie V occupied by the iron is expressed by 

the formula 



C^ 



Fig. 36. 



^-"(^(V)- 



Fig. 37. 



7. The result in Ex. 6 may be expressed in words as follows : 
"To find the volume of a circular tube, multiply t times the length 
by half the smn of the two diameters by ." Finish the sen- 
tence. Does this give us a convenient rule for determining any 
such volume ? Explain. 

8. One side of a right triangle measiires 12 feet, while the hypote- 
nuse is 2 feet longer than the other side. Find the length of the 
other side. 



For further exercises on this Chapter ^ see AppendiXf pp. 298-301. 



CHAPTER VII 

DIVISION AND FACTORING t 

69. Division. The process of finding one factor when the 
product and other factor are given is called division. 

The dividend is the given product, the divisor is the given 
factor, and the quotient is the required factor. 

Thus, to divide 6 a6 by 3 a means to find the number which when 
multiplied by 3 a gives 6 ah. Here the dividend is 6 ah, the divisor 
is 3 a, and the answer (or quotient) is evidently 2 6. 

70. Law of Signs for Division. In § 27 we saw that the 
sign of a quotient is + whenever the dividend and divisor 
have like signs, and is — whenever they have unlike signs. 
This may be stated in a table as follows : 

— a6-s-(+6) = — a 

71. Law of Exponents for Division. In dividing x^ by x* 
we may proceed, as in arithmetic, by removing equal factors 
from dividend and divisor, the work appearing as below. 

x^ X'X\ 

Similarly, we see that x* -s-x^ is equal to x^*~*\ or x*. In 
general, we have the following rule. 

t § 27 should be read again at this point. 
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Rule for Finding the Quotient op Two Powers of the 
Same Number. The exponent of the quotient of two powers 
of the same number is equal to the exponent of the dividend 
diminished by that of the divisor. Stated in a formula, the 
rule becomes 

Formula Vm. — =jc('"-'»). 

When m=n this formula gives xVaJ*=i«^*"*^=a^. But, 
we also have xVaJ* = l because numerator and denominator 
here are the sam^. Therefore, the meaning of x® must always 
he taken as 1 ; that is. 

The pupil should carefully compare Formulas I and VIII. 

ORAL EXERCISES 

State the quotient for each of the following indicated 
divisions. 

1. 5 ) -10 ^ 6a6, ^j 

2. -5)15 2 a 

3. ^Zy^ 8. ^. 12. 

4. -2)10 26 
35 9. I^. 13. 

6. ^. 10. 5?. 14. 



72. To Divide a Monomial by a Monomial. 

Example 1. Divide 35 c^d^ by 5 c^d. 

BohVTiQN. 5 c^d )S5 c^cP 

7 c^d. Ans. 
Note th&t the process consists in first dividing the 35 by 5 to 



0» 


16. 


(hj^qy 


(2g) 


16. 


(obey 
abc 


(aby 


17. 


(a+by 
(a+by 


(Sxyy^ 
(Sxyy 


18. 


(x-y+zY 
(z-y+zY 
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obtain the new ooeffioient 7, then dividing the c* by c^, giving <^ 
(by Formula VIII), then dividing the d* by the d, giving d. 
Check. (5 M)X (7 c«(i)=35 c*d». 

Example 2. Divide — 10 x'yV by 2 x'2. 
Solution. 2 a^g )— 10a:»y»g* 

Here the process is the same as in Example 1, but it is to be ob- 
served that the y» which occurs in the dividend occurs without 
change in the quotient since the divisor contains no y factor. 

Check. (2 x»2) X (- 5 xy*z*) = - 10 a:»y»2*. 

A careful examination of the two examples above enables one to 
work all similar examples without difficulty. 

WRITTEN EXERCISES 

Find the quotient for each of the following indicated divi- 
sions, and check each answer. 

1. -4a& )28o%^ g itirr^ 

2. 3 xy^ )9 x^H^ ^^^ 

-16xV^3 9. :zl3jWfc. 

4 xy^z 
^n A 10 4(2a)»(3&)^ 

^ 27^. 10. 2(2a)2(3 6)3- 

"^^^ ,, 3a&(a+b)^ 

[Hint. The coefficient of the 12. _^ ('\^\ ' 
quotient is A, or J.] a(x+2/J 

, -4a:Y2« 13. f(^+y)'(^~y) 

®- "32^W* f(^+y)(^-2/) 

[hint. |i-^-l. See 871.] ". 5 ^-./ ' 
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73. To Divide a Polynomial by a Monomial. 

Example 1. Divide 8 x^y— 4 x^y^ by 4 y,y 
Solution. 4 x y)% a^y—4: 3^1^ 

2 x—xy, Ans, 

Note that the process consists in dividing each term of the 
polynomial, as in § 72, keeping due account of the connecting 
signs. 

Check. 4 xy(2 x—xy)—S a^y— 4 a^j^. 

Example 2. Divide 9 a^¥(?+12 a% - 15 ¥cd by - 3 6. 
Solution. -3 b ) 9 o«yc«+ 12 o«b- 15 ^cd 

-3 a*bc^ - 4 o« -f 5 bed. Ana. 
Check. -3 6(-3 o«6c«-4 a«+5 bcd)=9 a«6»c«+12 o«6-15 ¥cd. 

WRITTEN EXERCISES 

Find the quotient in each of the following and check your 
answer. 

1. 8 a^b^ )24 a^¥+S2 a^b^-16 a'b^ 

2 6 x^yz+12 xy^z-2A xyz^ ^ 
Sxyz 

mn 

J. —a+a^ — ah—a^d+ah 

4. • 

—a 

6. (-3x»+7x2-x)h-x. 

7. (— w— w^— m*— m*) -r (— w). 

8. (x +2 a:*+'+3 a:»+»+4 a:*+^+5 x*+0 -5-aJ*. 

9. (r*"s*''-3r**5**-5r*V^)-^(-5r*"s^). 
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74. To Divide a Polynomial by a Polynomial. 

Example 1. Divide 3 x^+l? x+20 by x+4. 

Solution. Dividendy 3 a^-\-17 a;+20 | x-\-4: Divisor » 

3 times (x+4) gives 3 a^+12 x 3 z-\-b Quotient. Ans. 

Subtracting gives 5 a;+20 

5 times (a;+4) gives 5 a;+20 

Subtracting gives 

Explanation. The solution above consists of several steps 
taken in a definite order as follows. 

(1) The terms of both dividend and divisor are arranged accord- 
ing to the descending powers of x. (See § 33.) 

(2) The first term in the dividend is divided by the first term of 
the divisor, giving the first term in the quotient. That is, the 3 a^ 
is divided by the x, giving 3 x, 

(3) The 3 x thus obtained is now multiplied by the divisor and 
the result subtracted from the dividend, giving 5 a;-h20. This 
5 x-l-20 is therefore what is left of the dividend after the terms in 
it that come from multiplying the divisor by the first term of the 
quotient have been subtracted. 

(4) 5a;-|-20 is now treated as a new dividend and the process 
carried on as before, this time to obtain the second term of the 
quotient. That is, the 5 a; is divided by the x of the divisor, giving 
5 as the second term of the quotient. 

(5) The 5 thus obtained i^ now multiplied by the divisor and sub- 
tracted to form a new dividend as before. This, however, turns 
out in the present instance to give zero (all terms canceling) so no 
further terms are left in the dividend to be considered. Hence the 
complete quotient is 3 a;+5. 

Check. Multiplying the divisor, a;4'4, by the quotient, 3 x-hS, 
in the way shown in § 53, gives the dividend, 3 a^+17 a;+20. 

Example 2. Divide 6 x^-T x^+\ by 2 x- 1. 

Solution. Observe that the dividend contains an x' term and 
an 3fi term but no x term ; that is, the first power of x is missing. In 
such cases it is best in arranging the work to leave a space for the 
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missing term, after which the process is the same as in Example 1. 
The process is given in full below. 

6a:»-7a!«4-( )- m2g-l Divisor. 

6 g»-3 ofi 3a^-2x-l Quotient. Am. 

-4a^-f()+l 
-4 g«-f2 X 

-2a;+l 

-2j;4-1 


In case the result of the last subtraction is not zero (note 
that it was zero in Examples 1 and 2) then, as in arithmetic, 
the final result of the division is a quotient and a remainder. 
This is illustrated in the following example. 

Example 3. Divide 5 x* — a:*+x+ 1 by x^ — 1 . 

Solution. 5 a:*— a;»-h( )4-3?+l |x>— 1 Divisor. 

5 x^ — 5 a^ 5 a^—x-\-5 Quotient. Ana. 

— x*-h5 x^-\-x 
-X* +x 

5 a? +1 
5 a? -5 

+6 Remainder. 
Check. As in arithmetic, when the remainder is added to the 
product of the divisor and quotient, the result should be the divi- 
dend. In other words, (a?— 1)(5 a?-a;+5)+6 should equal 
5 a:*— a:»4-a;4-l, and we readily find this to be so. The work is left 
to the pupil. 

WRITTEN EXERCISES 

Carry out each of the following indicated divisions, and 
check each answer. 

1. (3x2-2x-l)-5-(x-l). 

2. (3x»-4a:2+2a:-l)-T-(x-l). 

3. (15x2+x-2)-5-(3a;-l). 

4. (42/5+2 y2-l)-5-(2 2/-l). 

[Hint. The first power of y is missing in the dividend. See 
Example 2 in § 74.] 



VII. § 74] DIVISION AND FACTORING 125 

6. (a»-3a«+2a-6)^(a2+2). 

6. (w^+w*-m«-l)-f-(w2-l). 

7. (x»+x2-x+2)4-(x2_a:+l). 

SoLimoN. Here, the divisor is a trinomial (instead of a binomial 
as in preceding examples). The division, however, is carried out 
as before. Thus, 

x«+a^-x4-2 \ a^-x-^l Divisor, 
x^—jfl+x g-t-2 Qiwtient. Aru. 

2 a?-2 x+2 
2 j^-2 x-f 2 


8. (6y«-5y2+7 2/-2)-^(2 2/2-y+2). 

9. (a*+16+4a2)-5-(2a+a2+4). 

[Hint. First arrange in descending powers of a.] 
10. (0^-61 x-60)+(x2_2x-3). 
ll.^(x*-l)-^(x+l). 13. (x«+l)-^(x2-x+l). 

12. (V+l)^(x+l). 14. (x*-l)^(x8-x2+x-l). 

16. Find the quotient and remainder in each of the follow- 
ing indicated divisions. (See Example 3 in § 74.) 
(a) (2x^+3x+l)-5-(x+2). 
(6) (6x«-5x2+7x+l)4-(3x-l). 
(c) (x*~3x»+x2+2x-l)^(x2-x-2). 

16. Divide 2 x^+xy—y^ by x+y. 

[Hint. Here two letters, x and y, occur, but the process is the 
same as before. The quotient is 2 x—y.] 

17. Divide a3-2a2&+2afe2-&3 by a-6. 

18. Divide m^n+2 mn'— m*— 2 n^ by w^+2 n\ 
[Hint. Arrange in descending powers of m.] 

19. Divide x*—!/* by X— 2/. 

20. Divide x*+j/* by x+y. 

21. Divide x^+y*+2'--3 xy^ by x+y+z. 

For further exercises on this topic j see Appendix, p. 301. 
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76. ♦ Special Cases of Divi8ion.t We found in § 65 that o*-6* 
was the product of (a-b) and (a+6) ; that is, a'-6*=(a-6) 
(a+6). This is the same as saying that (a«— &*)-^(a— 6)=a+b, or 
that (a»-6')-^(a+6)=o-6. Whence, we may say that a»-6* is 
divisible by either a—b or o+b vnthout a remainder; or, as we often 
say, the division is exact. This also appears by actual division as 
follows. 



a«+( )-¥\a-b 
a^—ab a-\-b 


a«+( )-6«|a4-6 
a^-\-ab a—b 





-ab-b^ 

-ab-b^ 





Suppose now we consider the difference of two cubes: a*—b*. 
Is this likewise divisible by either a—b or a-\-b without a remainder; 
that is, is it "exactly divisible" by a—b and a+6? To answer, 
let us divide out and see. 



a»4-( )+( )-b^\a-b 


a»+( )+( )-6Ma+6 


a*-a*b a*^ab+¥ 


a«+a*6 a«-o6+6» 


a*6+( ) 


-a«6+( ) 


o«b-ha6« 


-a*b-a¥ 


-ab^-b^ 


ab'-b' 


-ab^-b^ 


a6«+6» 







—2 6^ Remainder. 



Thus we see that a'— 6« is exactly divisible by a—b, the quotient 
being o'-hob+b*! and we see also that a*—b^ is not exactly divisible 
by a+b, since we then have the remainder —2 ¥, 

Similarly, if we consider the sum (instead of the difference) of two 
cubes ; that is, if we consider a'4-b», we find (see Ex. 1 below) that it 
is exactly divisible by a-\-b, the quotient being a*—ab-\-¥, and we 
find also that a^-\-¥ is not exactly divisible by a—b, the remainder 
being 2 b". 



f This may be omitted at the discretion of the teacher from the first 
year course. The same is true of the other articles and exercises that are 
starred (*) hereafter. 
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These results give us the following formulas. 

* Formula IX a. a»-6»= (a-6) (tf+a6+6«). 

* Formula IX 6. a»+6»= (a+b) (tf-a6+6«). 

Note. These Formulas give us the following useful rule : The 
difference of the cubes of two numbers is divisible by the difference of 
the numbers, while the sum of the cubes of two numbers is divisible by 
the sum of the numbers. 

EXERCISES 

1. Show that (as stated above) the quotient of a'4-6' divided by 
a-\-b is a*— a6-|-6*. 

2. Show that a»4-6' is not exactly divisible by a— 6, but that 
there is a remainder of 2 ¥. 

3. Show that a*—¥ is exactly divisible by either a-^b or a— 6. 

4. Show that a*-\-¥ is not exactly divisible by either a— 6 or a-i-b. 
Find the remainder in each case. 

5. Show that a*+b* is not exactly divisible by "either a— 6 or a+b. 

76. * Factoring the Stun or Difference of Two Cubes. Formulas 
IX a and IX b show that the sum of two cubes, or the difference of 
two cubes, may always be expressed as the product of two factors. 

Example 1. Factor 8 x'-27 y». 
Solution. 8 a:»-27 t/»= (2 «)»- (3 i/)* 

-(2 x-S y)l(2 x)«4-(2 x)(3 t/)4-(3 !/)«] (Formula IX a) 

= (2 a;-3 y) (4 a^+Q xy-h9 j/*). Ans, 

Example 2. Factor m«n»+64 p». 
Solution. m'n"4-64 p^^ (mn)'4- (4 p)' 

= (mn+4 p)[(mw)«-(mn)(4 p)4-(4 p)«]. (Formula IX b) 

= (mn+4 p)(m*n'— 4 mnp-\-lQ p*). Ans. 

EXERCISES 
Factor each of the following expressions. 

1. a»-8 5». 5. 8a;»+125. 9. 8(m+n)»+125 n». 

2. a»+8 6». 6. l+m'. 10. l-(a-6)». 

3. a:»-l. 7. a»6»-c»rf». 11. (a;-y)»-8. 

4. x»+l. 8. (a;-j/)»+(x+y)«. 12. xV2«-216. 
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77. Furflier Study of Factoring. In Chapter VI we saw 
how to factor certain expressions. Thus, 4 x^— 9 y^ may be 
factored by Formula VII into {2x+3y){2x-3y). Like- 
wise, such an expression as ac+bc+3 a+3 6 can be factored 
by first writing it in the form c(a+6)+3(a+6) and then 
noting that this is the same as (c+3)(a+6), all of which 
employs Formula III. 

These are examples in which a single formula suffices to 
get the answer, but we often have examples in which two or 
more formulas are needed at the same time. Thus, in factor- 
ing a'6— oft" we first employ Formula III to take out the 
factor ab. This gives a%'-rab^ = ab(a^—¥). But a^—V is 
itself factorable into {a+b)(a —b) by Formula VII. There- 
fore, the ^naZ answer here is ofe(a+6)(a— 6). Other illustra- 
tions of this idea follow immediately below. Note that the 
final answer in every case contains no factors which can 
themselves be still further broken up into other factors. 

Example 1. Factor x^—y^+x+y. 

Solution. a^—'!/^-^x-\-y=^(3^—j^)'^(x-\-y) 

= {x-\-y) (x- y)+ (x+y) (Formula VII) 
^{x-\-y)(x-y-\-l). Ana, (Formula III) 

Example 2. Factor 4(0* - b^) - 3(a+6). 

Solution. 4(a«-6»)-3(a4-6) 

=4(a-6)(a-h6)-3(a+6) (Formula VII) 
= (a4-6)[4(a-6)-3] (Formula III) 

= (a+6)(4a-4 6-3). Ana. 

Example 3. Factor 4 a^ — 9 6^+4 o ~ 6 6. 
Solution. 4 o*-9 6»-h4 o-6 6= (4 o«-9 6»)+2(2 a-3 h) 

= (2 a+3 h) (2 a-3 6)+2(2 a-3 6) 
= (2 a-3 h) (2 a+3 6+2). Ana. 
Note. A common error is to think that the factoring of one 
or more parta of an expression is equivalent to factoring the expres- 
sion itself. Thus, in the Example 3 just considered, where we had 



VII, § 78] DIVISION AND FACTORING 129 

to factor 4 a*— 9 6*-|-4 a— 6 6, we can of course factor the part 
4 a*— 9 6*, giving (2 a-|-3 h) (2 a— 3 6), but this does not give us the 
factors of the given (whole) expression, 4 a*— 9 6*-|-4 d— 6 6. Observe 
that any expression may be said to have been factored only when 
it has all been put into the form of a product of two or more factors. 

78. Summary of Factoring. All the examples in factoring 
which we have thus far considered have been worked by 
use of the following formulas : 

I. x'"x'»=x'"+n. (§48) 

11. (xy)'"=x'"y'". (§50) 

III. ab+ac = a(b+c). (§51) 

IV. x^+(m+n)x+mn={x+m)(x+n). (§57) 
V. a^+2ab+b'={a+b){a+b). (§ 59) 

VI. a^-2ab+¥={a-b)ia-b). (§ 60) 

VII. a^-b^=(a+b)(a-b). (§ 65) 

VIII. 5 = *'"""• (§71) 

* IX a. a»-b3= {a-bKa^+ab+b"). (§ 75) 

* IX 6. a^+b^= (a+bXa^-ab+b"). (§ 75) 

EXERCISES 

Each expression in the following list may be factored by the 
formulas in § 78. Either a single one of the formulas is necessary, 
or several of them in the manner shown in § 77. Before attempting 
these, the pupil will find it desirable to review the exercises in 
factoring in Chapter VI and read § 77 carefully. 

Factor each of the following expressions. 

1. x^—ax+cx—ac. 

[Hint. Write as xix—a)-\-c{x—a).] 

2. y'+y^+y+l. 

[Hint. Write as |/»(2/-|-l)-|-y-|-l.] 

3. sf-si^-z+l. 

[Hint. Write as (z»-2«)- (z-l).] 

K 
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4. 2ci?'-8z^+8xy\ 

[Hint. Write as 2 x{afl-4: xy-\-4: jf) and apply Formnla VI, § 78.] 
6. x2-llx+30. 

[Hint. This comes under Formula IV, § 78. See § 58.] 



6. x^+Sox — 3 a— X. 

7. a*+3a%2_4 6^ 

8. 8x-8xY. 

9. x^+y^—2xy. 
[Hint. Rearrange the terms.] 

10. a»+2 a2+4 a+8. ' 

11. x*- 13x2+36. 

12. x4+2/*-2xy. 

13. x*-(x-2)2. 

[Hint. The answer contains 
three factors.] 

24. 
26. 
26. 
27. 
28. 
29. 
30. 
31. 



32. 

33. 
*34. 
*35. 
*36. 
*87. 



(x2-2/2)2-(x2-x2/)2 

x»+y»+x2-y2, 
(x+l)»-x«. 
5x^2/— 5 xy*. 
x»-27-7(x-3). 



14. l-a2-62_2a6. 

[Hint. Write in the form 

l-(a»-|-6«+2a6).] 

16. o262c2-4 6V. 

16. m2+4wn+4n2-16. 

17. 2xy-x^-y^+l. 

18. 9a2-6a3+a^ 

19. dW+a'm^-Vm^-Vn^ 

20. ax— 6— a+6x. 

21. a62-2a6c+ac2. 

22. l+9c2+6c. 

23. (x2-l)2+(2x+3)(x-l)2. 

a^-¥-a^7?^-b^x\ 
3x»-3x+4x4-4x2. 
o4_4 64+^2+2 62. 

1-4 a^b^c*- 9 X22/222+ 12 abcxyz. 

xy-l+x-y. 

a2+(6-2 bx^)ay-2 VxY- 

l-a^b^-xY-\-2 abxy. 

(a+6)2(x-2/)-(a+6)(x2-i/2). 

38. (l-2x)2-x*. 

39. x»2/-10x22/222^25x2/V. 

40. x*- 18x2+81. 
*41. l+(x+l)^ 
*42. x3+15x2+75x+125. 
*43. 3a6(a+6)+a'+6». 




LAPLACE 

{Pierre Simon Laplace^ 1749-1827) 

Famous in mathematics for his researches, which were of a most advanced 
kind, and especially famous in astronomy for his enunciation of the Nebular 
Hypothesis. Interested also in physics and at various times held high polit- 
ical offices under Napoleon. 



CHAPTER VIII 

HIGHEST COMMON FACTOR AND LOWEST COMMON 
MULTIPLE 

PART I. HIGHEST COMMON FACTOR 

79. Common Factors. In arithmetic a factor of each of 
two or more numbers is called a common factor of the num- 
bers. Thus, 

3 is a common factor of 9 and 15 ; 
5 is a common factor of 10, 15, and 25. 
In the same way, we say in algebra that 

X is a common factor of 2 x and 5 x ; 
y is a conmion factor of 3 y and y^ ; 
ra is a common factor of 2 r^^ and rs ; 
a+b is a common factor of (a+by and a(a+b). 

80. Prime Factors. A niunber that has no factor except 
itself and unity is called in arithmetic a prime number. 
Such a number when used as a factor is called a, prime factor. 

Thus, 

the prime factors of 10 are 5 and 2 ; 

the prime factors of 36 are 3, 3, 2, and 2. 
In the same way, we say in algebra that 

the prime factors of 3 abc are 3, a, 6, and c ; 

the prime factors of 4 x^ are 2, 2, x, x, and y ; 

the prime factors of a%{a^—¥) are a,aybya—b, and a+b. 

81. To Find Common Factors. As soon as we factor each 
of several numbers into their prime factors, we can easily pick 
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out the common factors. For example, to find the common 
factors of 54, 90, 108, and 180, we have 
54 = 3 -3 -2 -3, 
90 = 3 -3. 2 -5, 
108=3 -3 -2.3 -2, 
180 = 3-3 2. 2 -5. 
The common factors are therefore 3, 3, and 2. 

The same process is followed in algebra. Thus, in finding 

the common factors of abc, a^b, ab^, and 3 ofe, we write 

o5c = a be, 

a^b — a • a • 6, 

alb^ = a b by 

3ofe = 3 a -6. 

The common factors are therefore a and b, 

82. Highest Common Factor (H. C. F.). The product of 
all the common prime factors of two or more niunbers or 
expressions is called their highest common factor. It is 
called the highest common factor because it contains all the 
common factors. The abbreviation for it is H. C. F, 

For example, to find the H. C. F. of 90, 60, and 120, we 
write 90 = 3 -2 -5 -3, 

60 = 3. 2. 5- 2, 
120=3 -2 -5. 2- 2. 
Since 3, 2, and 5 are the only common factors, their product, 
30, is the H. C. F. 

We find the H. C. F. of algebraic expressions in the same 
way, as is illustrated in the following examples. 

Example 1. Find the H. C. F. of 6 a%\ 2 a6«, and 8 a»6«. 

Solution. 6 a'6»=3 - 2 - a - a - a - b - h - b, 

,2a6*=2. a- 6- 6, 
'8a»6«=2. 2.2-0-0-0-6-6. 
Picking out all the factors common to the three expressions, we see 
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that they are 2, a, 6, and h. Henoe the H. C. F. is 2 • a • 6 • 6, 
or 2 at'. Ana. 

Example 2. Find the H. C. F. of o2-4 a+4, a^-2a, and 
a2-6a+8. 

Solution. a*-4 a+4= (a- 2) (a- 2), (Formula VI) 

a»-2a=o(a-2), 
a»-6 a-|-8= (a- 2) (a-4). (Formula IV) 

The only common factor being a— 2, the H. C. F. is a— 2. Ana, 

Example 3. Find the H. C. F. of 

3 x2+3 x- 18, 6 x^+36 x+M, and 9 x^-Sl. 

Solution. 3 a?+3 x-18=3(a:«+x-6)=3(a;+3)(a;-2), 

6 a?-|-36 a;-|-54=6(a«+6 a;+9)=2 • 3(a;+3)(a;+3), 
9a:«-81=9(x»-9)=3. 3(a;+3)(x-3). 
The common factors being 3 and (a;+3), the H. C. F. is 3(a;+3), 
or 3 x+9. Ana. 

83. Important Property of the H. C. F. Since the H. C. F. 
of several expressions is always made up of the factors com- 
mon to them all, it is an exact divisor of each of the expres- 
sions. 

Thus, the H. C. F. of 5 a»6», 3 o»6»(c+d), 4 a«b» is a?6». Observe 
that this is contained in the first expression 5 h times, in the second 
expression 3(c-\-d) times, and in the third expression 4 ab times. 
For this reason, the highest common factor is called in arithmetic 
the greateat common diviaor, and is represented by the letters G. C. D. 

ORAL EXERCISES 

State the H. C. F. of the expressions in each of the follow- 
ing exercises. 

1. 12 and 18. 5. a%» and ab^. 

2. 16 and 24. 6. x^z^ and xyV. 

8. x^ and xy^. 7. r'sj/*, r^sy, and rs^. 

4. a*6* and a'6'. 8. 2 mhi, 3 mn^f and 6 mnp. 
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Note. The H. C. F. of several monomials is most easily found 
by picking out the lowest power of each letter and multiplying them 
together. 

Thus, in finding the H. C. F. of x»2/'2*, x<2/*2« and x^y% the lowest 
power of X is 3^, the lowest power of y is y* and the lowest i)ower of z 
. is z. Therefore, the H. C. F. is aJ* • j/' • z, or simply 3fiy*z. Ans. 

By use of this Note state the H. C. F. in each of the fol- 
lowing exercises. 
9. x^% x^y^z^y and xyV. 12. 2Pg% g%H, and 3 hi^j. 

10. m^n% mn^q and mn. 13. 4 x^y and 8 yh. 

11. p^q^r^s and p'^V. 14. axy and bx^yh. 

State the H. C. F. in each of the following exercises (use 
Formulas of § 78). 

15. a2-62 and ^2.2 ab+V. 18. a^+7 a+12 and a^-9. 

16. a2+o6 and a2+2 a6+62. * 19. a^-b^anda-ft. 

17. a^+2 a+l and a^-l. * 20. a'+6' and 0^+2 afe+fc^. 

84. General Rule for H. C. F. From what we have seen 
about the H. C. F. we may state the following general rule. 

Rule for Finding the H. C. F. of Two or More 
Expressions. 

Resolve each expression into its simplest factors. 

Find the product of all the common factors^ taking each factor 
the least number of times it occurs in any of the given expressions. 

This product is the required H, C, F, of the given expressions. 

WRITTEN EXERCISES 

Find the H. C. F. of the expressions in each of the follow- 
ing exercises. Check your answer by showing that it is con- 
tained exactly in each of the given expressions. (See § 83.) 

1. x^ — 2/2 2jxA x^ — 2 xy+y^. 

2. a2+4a+3anda2+8o+15. 

3. a2+4a+4anda2-6a-16. 
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4. a;2-9andx2-a;-6. 

5. r2-2r, r2-T-2, andr2-3r+2. 

6. 1/4+3 i/»+2 y\ y^+y\ and t+1 i/»+6 y*. 

7. o2-l, a2-2a+l, anda2-13a+12. 

8. 1-5 X, l-10a:+25x2, and 1-25 a:^ 

9. 3fe2-33 6and62-7 5_44. 

10. 3 y'-y, 3 i/»-6 2/«+3 y, and 6 i/»+12 y^- 15 y. 

11. a-6, (a-6)2, and {a-hy. 

12. a2+2a-15anda2-4a+3. 

13. 2a2+4aand4a3+12a2+8a. 

14. X*— xV and x^y+xi/^. 

15. a*-a3-2 aS 0^-2 0^-3 a^, and a*-3 a«-4 a^. 

16. a*-2a2+l anda2-2a+l. 

17. a26-68, 06+52, and a262_ 64 

18. r2-25, r2-7 r+10, and r2-r-20. 

19. x^-{y+l)\ 2/2-(a:+l)2, and l-(x+i/)2. 

20. x^— 1/2 and x^+x^y+x^/^+i/'. 

[Hint. To factor the second expression, see § 54.] 

21. 5 5+20 and 5 a6+20 a-26 -8. 

22. i/2-_ 11 y+30 and i/2— 5 2+2/2— 5 2/. 

23. 3r^+9r*-3r5, br^s^+\br^-b s^, and 
7ar2+21ar- 7 a. 

24. 3 65-3 6, 3 6»-6 6^+3 6, and 6 63+12 6^-18 6. 

25. (l-x)2, x2-l, and x2-2x+l. 
*26. a«-53, a2-62, and a-6. 

* 27. o«+63 and (a+6)2. 
*28. x»+l andx^-x+l. 

* 29. (m+n)2, m^+n^, and m^-v?. 
*30. x^-l, x2-10x+9, andx2-x. 
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PART II. LOWEST COMMON MULTIPLE 

86. Multiples. If one number is exactly divisible by 
another, the first is called a multiple of the second. 

Thus, 12 is a multiple of 4. Likewise, in algebra, s^i^ is a multiple 
o{x; it is also a multiple of y and of xy. Similarly, a»— 4 6» is a mul- 
tiple of a— 2 6 (see Formula VII) and of a-\-2 h. 

86. Common Multiples. In arithmetic a nmnber which 
is exactly divisible by two or more other numbers is called 
a common multiple of them. 

Thus, 48 is a common multiple of 6 and 12. Likewise, in algebra, 
an expression which is exactly divisible by two or more other ex- 
pressions is called a common multiple of them. 

Thus, 5 sfi^ is a common multiple of x and y; it is also a common 
multiple of 5 and x. Similarly, a*— 6» is a common multiple of a—h 
and a-\-h. 

Again, 3 3fiy2^ is a common multiple of x, y, and z. 

87. Lowest Common Multiple (L. C. M.). The lowest 
multiple common to two or more numbers is called in arith- 
metic their lowest (or least) common multiple. It contains ' 
fewer prime factors than any other common multiple that 
the numbers can have. 

Thus, of all the multiples common to 2 and 3 (such for example 
as 6, 12, 18, 24, 30, etc.) the lowest is 6 ; that is, 6 contains only the 
two prime factors 2 and 3, while all the other multiples in the list 
contain more. Likewise, the lowest common multiple of 12 and 18 
is 36. (Why?) 

Similarly, in algebra, we say that the lowest common 
multiple of two (or more) expressions is that multiple of them 
which contains the fewest possible prime factors. It is 
usually denoted by the abbreviation L. C. Af . 
* Thus, the L. C. M. of 4 a and a«6 is 4 a»6. Likewise, the L. C. M. 
of a and a— 4 is a (a— 4), or a*— 4 a. Again, the L. C. M. of the 
three expressions a*6, axy and T^yifl is a^ba^yz*. 
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88. Important Property of the L. C. M. It is to be 

carefully observed that the L. C. M. of numbers or expres- 
sions must be exactly divisible by each of them, as follows 
from § 87. For example, 12, which is the L. C. M. of 2, 3, 4, 
and 6, contains 2 six times, 3 four times, etc. Likewise, the 
L. C. M. of ab and 5 fe^c is 5 ab\ and this contains both 
ab and 5 b^c exactly. Explain this. 

89. To Find the L. C. M. The way in which the L. C. M. 
of several numbers is found is illustrated below. 

Example 1. Find the L. C. M. of 24, 36, and 60. 

Solution. We write 24=2 2-2.3, 

36=2 . 2 . 3 • 3, 
60=2 . 2 . 3 • 5. 

The L. C. M. is therefore 2 • 2 • 2 • 3 • 3 • 5, or 360, since this con- 
tains all the factors of each of the three given numbers, and it is the 
least number that does so. 

Similarly, the L. C. M. of several expressions in algebra 
is found in the manner illustrated below. 

Example 2. Find the L. C. M. of 10 a% 16 o^ft', and 
20 a^fe*. 

Solution. We write 10 a»6=2 • 5 • a* • 6, 

16a»6«=2. 2- 2. 2* a»6», 
20a»b*=2. 2- 5- a»- b*. 

The L. C. M. is thus seen to be 2 • 2 • 2 • 2 - 5 • a»6*, or 80a«b*, since 
this contains aU the factors of each of the three given expressions, 
and at the same time it is made up of fewer factors than any other 
similar expression that can be found. 

Example 3. Find the L. C. M. of a^-lOa^+O and 
o2-4a+3. 

Solution. a<-10 a»+9=(a»-9)(a«-l)«(a-3)(a+3)(a-l)(a-|-l), 

a^-4a-|-3=(o-3)(o-l). 
The L. C. M. is, therefore,. (a-3)(a-|-3)(a-l)(a-|-l). Ans. 
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ORAL EXERCISES 

State the L. C. M. of the expressions in each of the follow- 
ing exercises. 

1. r^' and xy^, 9. a{b+c) and a^. 

2. 4a62and6a6. 10. (a+6)2 and a+6. 

3. 6 aV and 9 ac^. 11. x^yZy xyh, and x^yh, 

4. 8 x^ and 4i*xy, 12. ab, be, and cd. 

5. 5 at/' and 10 a'i/. 13. 3 xy, 6 t/2, and 8 xyz. 

6. a:2/2 and xyw. 14. 5 aft^, 10 ftc^, and 4 a6c. 

7. a%(^ SLTid a¥c^. 15. 12aa:2i/,4x2/2,and9a2a;Y- 

8. 12 a2 and 6 62. 

90. General Rule for L. C. M. From what we have seen 
in § 89 concerning the L. C. M., we may now state the fol- 
lowing general rule. 

Rule for Finding the L. C. M. of Two or More 
Expressions. 

Resolve each expression into its simplest factors. 

Find the product of all the different factors, taking each 
factor the greatest number of times it occurs in any of the given 
expressions. 

This product is the required L, C, M, of the given expressions, 

WRITTElfr EXERCISES 

Find the L. C. M. of the expressions in each of the following 
exercises. 

1. ab, a%, and a¥, 5. x+y and ax+ay, 

2. xV) ^^y^f and xV- 6. x^+xy and x+y, 

3. 4 x^, 6 xy, and 12 xV- 7. abc+dbd and c+d, 

4. 7 x2, 14 xy, and 3 yK 8. x^-y^und x2+2 xy+y^. 
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9. a;2-i/2 and a:2+2/2. 

10. a:2+2a:anda;2-4. 

11. 3 1/+2 and 9 2/+6. 

12. X— 1, x+1, andx^ — 1. 

13. a2-l anda2-a-2. 

14. a2-3a+2anda-2. 

15. {x — yysLndx^ — 2xy+y^. 

16. a2+5 a+6 and a^+7 a+12. 

17. a2+4 a+3 and a2+3 a+2. 

18. 3r2+15r+18ahdr2+6r+8. 

19. a*-l, a2-l, anda-1. 

20. l-xS x-1, and {x-l)\ 

21. x^+xy+xz+yz and x^+2 xy+t/^. 

22. (x+t/)3 and x* — 2/2^ 

23. a2+4 a+4, a2-4, 4-a2, and a*- 16. 

24. X2+X-42, x2-ll x+36, and x^+2 x-35. 

25. a2-7 0+10, a^- 10 a+16, and a^-S a+6. 
*26. a'* — 6' and a^ — 6^. 

*27. o3+6» and a2-6^ 

*28. 8 65-c», 4 62-4 6c+c2, and 4 6-2 c. 

*29. a363-27 and a262-a6-6. 

* 30. a^x^—a^y^ and 0X^—2 axy+ay^. 



CHAPTER IX 

FRACTIONS 

91. Algebraic Fractions. Algebraic fractions are like 

arithmetic fractions. Just as - means 3-s-5, so ^ (or a/6) 

5 6 

a-l-5 
means a-^6. In the same way, —^ means (a+S) -^6. 

6 

The dividend is called the numerator, and the divisor is 
called the denominator. The numerator and denominator 
taken together are called the terms of the fraction. 

The fraction a/b is read a divided by b, or a over b. 

The student will soon see that fractions in algebra are subject 
to the same rules that govern fractions in arithmetic. They are 
reduced to lower or higher terms, added, subtracted, multiplied, and 
divided just as arithmetical fractions. 

92. Principle. In arithmetic we often change the form of 
a fraction without changing its value. Such changes all 
depend upon the following principle. 

Principle. The numerator and denominator of a fraction 
may be multiplied or divided by the sams number vrithout 
changing the value of the fraction. 

^^^'^ 4 = 41^=8- ^^^^'"'i2=12Ti=3- 

The same principle applies in algebra. Thus, 

4o_ 4o ' a _4o« . 6a_i6aH2^3a. 

5 5 . a 5 a» ' 10 "" 10-5-2 5 ' 

a_ a ' a a* . a+h - G>pg) 1__ 

h h' a'ab* (a-|-6)« " (a+b) (s^ " a+b 

140 
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93. Signs in Fractions. There are three signs to be 
considered in a fraction: first, the sign of the numerator; 
second, the sign of the denominator; and third, the sign of the 
fraction itself, which is placed just before the dividing line. 

Thus, in the fraction 

the sign of the numerator is — , the sign of the denominator is +, 
while the sign of the fraction itself is +. Again, in the fraction 

"-6' 

the sign of the numerator is +, that of the denominator is — , and that 
of the fraction itself is — . 

Since a fraction is merely an indicated division, the law of 
signs for division (§ 70) must hold for all fractions. 
Thus we have, 



, +12_^. 
+ +6 ^• 


+^^-«, 


--12._(_2).+2; 


-^-<- 


Hence we may write 




+12_ -12_. 
^ +6 ^ -6 


-12 +12 
" +6 -6' 



since each of these forms is equal to 2. 
Likewise, in all cases we have 

, +^ _ I zi5 _ _ zi^ i£f 

'^-\-b^^-b~ -1-6" -b' 

From these examples it appears that if any two of the three 
signs of a fraction are changed, the value of the fraction is not 
changed. 

Care must be taken, however, in changing the sign of the 
numerator or denominator of a fraction if polynomials are 
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present. Thus, if the numerator is a polynomial, we can 
change the sign of the whole numerator only by changing 
the sign of every term in it. A similar statement applies 
when the denominator is a polynomial. 
For example, we have 

a+2b-fc __ -a-2h-c __ a-f 2 6+c 
'^2a-'3b-2c 2 a-3 6-2 c -2 a+3 6+2 c" 
Observe carefully the reason for every change of sign here. 



ORAL EXERCISES 

_l_3 

1. State three other ways of writing the fraction --•-^• 

— 6 

3 

2. State three other ways of writing — -• 

Thint. Remember that -|- means +±? (§19).] 

3. State three other ways of writing each of the following 
fractions : 

-? A ni 2a _a+h 2x+y x^+x-1 
3' 10' 5 ' 3 ' c-d' 2-1 ' 3xy+7 * 

Change the following into fractions having no negative 
signs in either their numerator or denominator. 



4. 


-5 
8 


8. 


a 
-b 


12. 


26 


-c-Sy 


6. 


6 
-11 


9. 


—c 
-d 


13. 


-x-5 
J/+3 


6. 


-8 
-9 


10. 


a+b 
— c 


14. 


x+2y+z 
-3x^-y-z^ 


7. 


-b 
c 


11. 


— X 

x+y 


16. 


—mn—m^—T? 
6pg+r+s* 
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94. Reduction of Fractions to Lowest Terms. A fraction 
is reduced to its lowest terms when its numerator and 
denominator have no common factor except 1. 

Thus, each of the fractions 

5, X 2a ^ a±h 
6' y' 36' a-h 

is in its lowest terms, but 

4, ^ and ^^ 
6' !/«' a+6 

are not in their lowest terms. Explain why not in each case. 

To reduce a fraction to its lowest terms, factor the numerator 
and denominator and then divide both numerator and denomi- 
nator by all their common factors. 

25 a%^x 
Example 1. Reduce ^^ ,, to its lowest terms. 

35 a%x 
Solution. 

Thus, division in algebra may be carried out by canceling, 
just as in arithmetic. Doing this is equivalent to dividing 
both numerator and denominator by all their common fac- 
tors, which is the same as dividing them by their H. C. F. 

Example 2. Reduce ^ 7 ^^^ to its lowest terms. 

a2-5a+6 
Solution. 

o«-ll o+24 _ (a-8)(f>^ _ o-8^ j^^ 
a«-5a+6 (a-2)(i>^ a-2 

Observe that only faxstors that are common to both numerator 
and denominator can be canceled. It is a common error on the 
part of students to cancel terms instead of factors. Thus, in the 
fraction g-fx 

the a's cannot be canceled, for, though o is here a common term, it 
is not a common factor of numerator and denominator. 
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Another common error is to write for the result whenever aU 
the factors of numerator and denominator cancel each other. 
The answer in such cases is always 1 instead of 0. Thus 

The principle to be remembered here is that any number when 
divided by itself gives 1. Thus, 

- = 1, - = 1, — 5 = 1» - = 1, -^ = 1, etc. 
2 4 —3 a a+o 



ORAL EXERCISES 

Reduce each of the following fractions to its lowest terms. 



8 
12' 


6. 


4a 
12 


9. 


ab 

• 

ax 


9 
12' 


6. 


8r 
16' 


10. 


xy 


10 
14* 


7. 


206 
60 


11. 


xY 
xY 


25 
30* 


8. 


18 a« 
30 


12. 


5^. 



1. ^. 6. ^- 9. — . 18. 

14. 

8. — • 7. ^^^^^- 11. =^^- 16. 

14 60 xY 

4. 25. 8 18^. 12 5^. ^g 



5xy . 
10 xV 

36a5r» 
72«V»' 

2o6c 
abc 

o«6V' 



WRITTBH EXERCISES 

V Reduce each of the following fractions to its lowest terms. 
Starred (*) exercises require § 75. 

, !20x^2» . 88oVb*y „ 8+8 x+2 as" 

' 1300x^2* ' 121c»6V' ' . (x+2)' 

2AQxy^z . -25 xyz* . a*-V 



2. 



800 hy'z - 150 xY «* - 2 o6+6« 

lb abed g (0-6? ^ a*-^ 

ISOa'ftVdo' • o«-2a6+b«' * o«+2fl*+t** 
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■ 9i^+6xy+y*' ' (a6+l)« ' Zx*y-dx* 

13. ^^-y'. 

j/-2x 
[Hint. Change the sign of the denominator and the sign of 

thefraction. Then the fraction takes the fonn — *J'^~r . See § 93.1 

2x-y 

.. a«-6a+8 .- o»-15ab-34b» 

■ 8«-5 8+6' ■ o*-6o6-16 6«' 
.. o«6'+10afe+21 ._ fn*-fnV 

■ o*fe»4-llo6+24" ■ w'-n* * 

18. m±£.. 22. ?l:i6zf+5. •26. -^-< 

xz+j/z r*— 6r+5 a'— 9 

_a2+4 64+758_8fe2 ♦27. _^,^T, ' 

[Hint. See Ex. 13.] ^ x^-t/^ 

x^+x-e • x3-2/'' 28. ^??^=^- 

• 15+2 x-x«- -X3+27 ^^'^ 

r2+8rs+15 82' [Hint. See Ex. 13.] ' {x-2yy 

For further exercises on this topic, see the review exercises, 
p. 161, and Appendix, p, 301. 

96. Reduction of Fractions to Common Denominatot. 

Such fractions as f , f , -V* ^^^ ^^ ^^ hsLve^ a common denomu 
nator ; that is, the denominator of each is the same, being 3. 
Similarly, the fractions 

a 3 4ji 3^ 

have the common denominator b ; and the fractions 
a 6(7 x^+y^ 
a+b' a+b' a+b 
have the common denominator a+b. 
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When two or more fractions do not have a common de- 
nominator, it is always possible to so change their forms as 
to make them have one. 

Thus, 3, }, and fy can be changed (see § 92) into the forms j|, 
}}, and ii. As they now appear, they have the common denomina- 
tor 36. 

Similarly, the three fractions ?, 7^, and ^ may be put into 

6 3 6* by 

the forms 1^,^ , -^^^^ and ^rrr-' Explain. As they now appear, 
3 6*y 3 6*y 3 6*y 

they have the common denominator 3 6*y. 

96. Lowest Common Denominator (L. C. D.). The two 
fractions i and f may be made to have a conmion denomina- 
tor in many different ways. Thus we may write them as f 
and ^, or as -^ and A, or as 3^ and f|, etc. Of all these 
ways the most important one (as we shall see) is that in 
which the common denominator is lowest. In other words, 
the most important way of writing J and f so that they shall 
have a common denominator is f and ^, respectively. Note 
that as thus written, the common denominator, 6, is simply 
the lowest (or least) common multiple (§ 87) of the two 
given denominators 2, 3. This one denominator, 6, is called 
the lowest common denominator of ^ and f . 

In general, two or more fractions may always be made to 
appear with their lowest common denominator in the way 
just mentioned. We have only to find the L. C. M. of 
the various denominators, and then change each fraction 
(by § 92) so that it will have this L. C. M. as its new denomi- 
nator. 

For example, in dealing with the fractions 

f. i i A, 
the denominators are 3, 4, 9, and 12. The L. C. M. of these is 36. 
So the given fractions, when written with lowest common denomi- 
nator, are ||, |}, fj, |J. 
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What has just been said applies word for word to algebra, 
as is illustrated in the following examples : 

Example 1. Change the fractions 

4 yz yh^ 
into equal fractions having their lowest common denominator. 

Solution. The two denominators are 4 yz and ^z* and the 
L. C. M. of these (as found by § 89) is 4 j/^z*. 

Writing the first fraction with the denominator 4 ^z* (by multi- 
plying both its numerator and denominator by y^) gives 

xyz^ 

Similarly, writing the second fraction with the same denominator, 
4 ^z* (by multiplying both its numerator and denominator by 4) 
gives 8r 

4 2/«z»' 

Hence these are the required new forms. 

Example 2. Change the fractions 

S±l and ^+5 
a2-9 a^+9a+lS 

into equal fractions having their lowest common denominator. 

Solution. First factor the given denominators, thus writing 
the two fractions in the forms 

a+2 0+5 

(a+3)(a-3)' (a+6)(a+3)' 
The L. C. M. of these denominators is therefore (by § 89) seen 
*obe (a-{-S)(a-3){a+6), 

To give the first fraction this denominator, we must multiply 
its numerator and denominator by (o+6). 

Similarly, to give the second fraction the new denominator we 
must multiply both its numerator and denominator by (a— 3). 
The desired new forms are therefore 

(a+2)(a+6) (a+5)(a-3) . 

(a+3)(a-3)(a+6)' (a-f3)(a-3)(a+6) 
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Example 3. Change the fractions 



x-1 2y 



■ . and 



x2-4' x^+x-6' x^-x-6 

into equal fractions having their lowest common denominator. 
Solution. Factoring the denominators, the fractions become 



(a;-2)(x+2)' (a;-2)(x+3)' (x-f2)(a;-3) 

The L. C. M. of the denominators is therefore {x—2)(x+2) 
(a;H-3)(a;— 3). Giving each of the fractions this denominator, they 
heoome 

(a;-l)(a:+3)(x-3) 2 y{x+2){x-3) 

(x-2) (x-f 2) (x-\-S) (x-3) ' (x-2) (x+2) (x+S) {x-S) ' 

z(x-2){x+3) . 

(a:-2)(a:+2)(x+3)(a:-3) 

97. From these examples we have the following rule. 

Rule for Reducing Fractions to Their Lowest Common 
Denominator. Find the L. C. M* of the denominaiors. Then 
multiply both the numerator and denominator of each fraction 
by such an expression as will make that fraction have this 
L. C. Af . as its denominator. 

ORAL exercises 

First state the new denominator for each of the following 
fractions in order that they may have their lowest common 
denominator; then state the new forms for the fractions 
themselves. (Use the rule in § 97.) ' 

1. h h and i. 3. ? and ?• 

a b 

2. I and t 4. \ and 4' 
6 a ab a^ 
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6. 2, 2^, and A. lo. _?_, I, anc? -i- 

^ rs st J s 

a6x' oV a^b^x H. r, r, and ^1^- 

^- ^+6 *°^ ^Zfe- [Hint. Write 

8. -JA.and-2-. 6^ ^ ^''^ '»"» ^^ ] 

9. 4% and —- A__. 12. -1- and ^ 



x+5 a:2-2a:~15 * «~1 «(l-s) 



WRITTEN EXERCISES 



Write the fractions in each of the following exercises with 
lowest common denominator. (See Examples in § 96.) 

1. 5IjK and ^±|i^. 8. -^ and 



5 



4xi/» 3x*i/ r+6 r-6 

3±n! and ^±^. 4. '- and -^^ 

2n 3m 8*-2s+l 1-8 

6. -A, and 6 . 



x+3 a;*-12a;-45 

6. ^ , ?^ , and 

«*+7s+10' 8«+8-2' ««+4«-5 

7. -^, -^, and '' 



r— s 8—r —s—r 

». .. ■ A ■ „ and ^ 



6*+5 6+6 2(6*+6 6+9) 

10. "*-2 , ntizl , and — ?»±3 

m*-2m-S m»-3 7n-10' TO«-9m+20 
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98. Addition and Subtraction of Fractions. In adding 
and subtracting fractions in algebra we proceed as in arith- 
metic. 

Thus, to add } and }, we reduce them to ^ and /]» ^'^^ the sum 
is then ^}, or 1^. Instead of reducing the fractions to the common 
denominator 12, we might reduce them to the common denominator 
24 ; that is, to H and H, In this case the simi is )^, or 1^ as before. 
But it is better to do the first way ; that is, to reduce to the lowest 
common denominator, and then add. 

In the same way, in adding - and -, we first reduce them 

c a ad b 

to lowest common denominator, thus getting — and -§. 

cd cd 

Then the sum is 

ad+hc 
cd 

Example 1. SimpUfy ?^ + ?^ + ^. 

Solution. Reducing the given fractions to their lowest common 
denominator, we have 

2a; ,3a; ■ 7y_40a; . 36 a; . 35 y _ 40 a;+36 a;+35 y 
3512 606060 60 

^76^t35y. ^„,. 
60 

Example 2. Subtract ^ ^t^ ^ from ^^"^^ 

3 o 

Solution. Reducing the given fractions to their lowest common 
denominator, we have 

6o-5b 2o+3 6 _ 6a~5 6 _ 4o+6b 
6 3 6 6 • 
6o~5 6-(4a+6 6) 
6 • 
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where the parentheses appear because the whole expression 4 a+6 & 
is to be subtracted. Removing the parentheses, we find 
6 a-5 6-4 0-6 b 



6 
. 2o-llb 
6 



Ans. 



Example 3. Simplify -i- - ^^+ ^ ^' 



a-1 a+l a^-l 



Solution. -1-- «i:|+-3 a« 



a-1 a+l a«-l 

^ 4a+4-(a'-3a+2)+3a. (j.^i^^) 

, 2a.+7a+2 ^^^ 
a«— 1 

99. Rule for Addition and Subtraction of Fractions. 

From the examples of § 98, we may state the following rule. 

Rule for Adding or Subtracting Fractions. Reditu the 
fractions to equal fractions having their lowest common denom-- 
inator. Add or subtract each numerator according to the sign 
before the fraction and write the result over the lowest common 
denominator. 

Reduce the resulting fraction to its lowest terms if necessary, 

ORAL EXERCISES 

Simplify each of the following expressions. 



1. *+i. 

2- *-*• 


7. 


2a , 3a 
3 ■•" 4 


a 
2 


10. 


a.c 
b^d' 


3. *+*-f. 

4- A-i+f- 


8. 


Zx 4x 
10 15 




11. 


2_r_3_s, 

X y 


6- W-i-A- 
6. i+i-4. 


9. 


2t , t-3 
6+ 6 • 




12. 


a+5 a—b 
3 4 



152 FIRST COURSE IN ALGEBRA [IX. § 99 

WRITTEN EXERCISES 

Simplify each of the following expressions : 

1 3 X _ X - -1 _i_ g~"l 

■ 4 5 "^2 

4 2 .3 



3. 


4a;+7 2(x-l, 


). 




9. 


x-y y-x_ 


15 20 


2 2 


4. 


x-4 2(l-x) 
3 6 


i- 




10. 


i(a+6)+|(a-6) 


6. 


2^ 3 






11. 


1 + 11. 
a c 


6. 


, 3(4-r). 
4 






12. 


3 2 _^4, 


13. 


1 1 


-+«- 


-4 


, 





2a-2 3(a+l) 3a-3 

Solution. The least common denominator is 6(a^— 1). 
Reducing the fractions to this denominator, we have 

3 a+3 2 a-2 ■ 2 a«-6 o-8 ^ 2 o«-5 a-S ^^^ 



6(a«-l) 6(a«-l) 6(o*-l) 6(a«-l) 

14. ^- + -^- 18. ^+1 - ^ . 1 



x — y x+y r^— 2r— 8 r— 4 r+2 

16. 4-+^. 19. 1 1 



a:+i/ y— a: x^— 4x — 5 x^— 6x+5 



a- 6 0+6 o2+a&+fe2 a'-ab+b' 

17 a;-l X 21 a^+b^ , a^-&' 

' (x+l)2 x+1 ' a'+a^¥+¥ a'-a^V+¥' 

For further exercises on this topic, see the review exercises, 
p. 161, and Appendix, p. 302. 
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100. Multiplication of Fractions. Frsictiom Bre multiplied 
in algebra as in arithmetic, by taking the prod'ucts of the numer- 
ators for a new num^raJtor, and the products of the denominators 
for a new denominaior. Thus, 

|. 5 = 1^ = 1?. Ans. 2.§ = ll£ = «^. Ans. 

373-7 21 b d b d bd 

Example 1. Multiply |^ by |^. 
4xy^ Qa^b^ 

Solution. ^^ , l^^A^b^^JiL^J^. Ana. 
4xy* 9a«fe» 36 a«6»xj/* 6 6* 

As in arithmetic, factors common to the niunerator and 
denominator should be canceled. To do this, the niunerator 
and denominator should first be factored. 

Example 2. Multiply ^'t^^^ by ^t+^ ^"6 , 

Solution. 
o«+2 0-8 . o«+5 o~6 , GM^(o-2) (>W(o-1) _ (o-2)(o-1) 
a«+6a a«+o- 12 aOM-«) ' (ji^HOia-S) a (a-3) 

Ana, 

101. Note. An integer may be regarded as a fraction 
with the denominator 1. 

Thus, 16. ^ = i^. 1^16'^:^ 16l; a.^=5.5=«:-^.^. 
9 19 1-9 9'clcl.cc 

ORAL EXERCISES 

State the result in each of the following multiplications. 

2ab 4x^, 
3xy 5 o* 
4mn f _ 12rg \ 
3rs ' \ mv/ 
6 a 10 6* 



1. 


3 


*. 




[H 


INT, 


. See Note, 


i lOl.J 


2. 


a ■ 


I. 

8 




3. 


i 


f 




4. 


a 
b 


c 





7. - 



18 by 8 a* 
\ 9a:*j/V\ 8 m*/ 



154 FIRST COURSE IN ALGEBRA [IX, § 101 

WRITTEN EXERCISES 

Carry out each of the following indicated multiplications : 

g x+5 U-a^ 

-Q 2a+2b 4(a~6) 
' 3a-3 6 *5(a+6)' 

5x—5y x+y 

2 a;2+4 xy+2 y^ b ' 
a+2 a-5 



3. 



6. 



f-AA- 




3« 
5*' 


5« 
3*' 




36 


60 






OTTO* 

■ r»8 


wt'n* 


6a; 
7j/ 


9x» 


12?/. 
15 X 


-2 


a —3 c. 4 o 


c« 


4( 


a 5c 



11. 

12. 
13. 
14. 



a+3 a+6 

x^+23;-3 xg~2x-3 . 

x2-2a:-3 *x2+4x+3' 

r+2 s-1 4 8-6 



o2_62 2 2s-3 2 r+2 r+2 

^- ^Tf:^*^* ^g^ o^+3o-10 a^+7o+12 

[Hint. See Ex. 2, § 100.] ' a2+2a-3 a2-9a+14 

x^-2xy+y^ x+y r a:* 

Check your result for a;=2, 17 (x-A-y) ^"V . ^ 

jg (a+2) (a+3) (a+3)(a+4) 1 

(a+4) (a+2) (a+3)« 

19. «±J.(o*_2o6+6«)°itg. 
a— ar—b^ 

20. (o+-)(a--)- 21. ''"*~'^ ^ 



(-^X-!)- 



22. 



a+1 Tra— TT 
x^-5x+Q x^-6x+8 x^-9x+20 . 
a:2-7x+12 x^-gx+lS 'x^-Tx+lO* 



23 tlLl:.t±^Jl±i,J_. 24 2+8-a^ ^-1 
* l+y y^+2y+l 1-y ' s''-8'-2 4 8^-1 

For further exercises on this topic, see the review exercises, 
p, 161, and Appendix, p. 302. 
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102. Division of Fractions. In algebra we divide one 
fraction by another as we do in arithmetic, by inverting the 
divisor and proceeding as in muUiplicaiion. 

Thus, 15^3^15. 4^1:v^^5. ^^^ 

16 4 16 3 .^.a' 4 

4 

Again, -^■^£^=-g^.ii^^ /' X'^' ^T ^^\. An«. 
^xy 4y 4 xy ah X*^*/»*X*/0 x 

In division, as in multipUcation, the diiBFerent numerators 
and denominators should be factored before canceling. 

Example 1. Divide , ^'~f ^, by ^"^ 



a2+2o6+fe2 -" a^-^oh 
Solution. a'-b* ^-±Z&,^ 0>HO(r>-fO . a(g>^^^, ^^. 

Check. If o=1, and 6=2 we have 
a*-&2 ^ a-6 



a^+2 a&+&« a«+a6 

1-4 ^ 1-2 _-3^zl1=:i?._L=i 



1+21. 2+4 1+12 9 3 9-1 
which is the same as the amwer above (which was a), when a^l. 

ORAL EXERCISES 

Simplify each of the following expressions. 



2. A^^iiji:. 6. 



4 . 2 

9"r 




5x^ 
16 y 


3z 

4y 


10 x^* 

11 y 


. 12 a; 


6a6» 
6rs« 


. 2a6, 



7a;V . Zxy 
10 oxy^ ' 4 ay 

4x ^^^ 
5 X V 3:* 



O. — ; -— • f. ; • 



8. 



c c 
10 X . 20 X 



13|/2 3i/ 



156 FIRST COURSE IN ALGEBRA [IX, § 102 

WRITTEN EXERCISES 

Simplify each of the following expressions. 

1. A^^5 4 a^+ab . a'+2ab+V 

2by ' • a2-62 ' a^-2ab+V' 

[Hint. We here have [Hint. Remember that each 

K , K polynomial should first be fao- 

See Note in § 101.] g a*+2a . (o+2)* 

a«-2a ■ (o-2)*' 

4r*s xt^x-l2 ' x-3 

ft a'+g 06+20 y . o*+4a6 



a«+2a6 ' a'' +7 db+ 10 V 
t—s t—s 

x^-Sx+2 ' x-2* 

x^—xy , x^— y*^ 
r— s * (x — 2/)* 

a(a+b) * 2o-6' 

14 a:^-121 .x+11. 

x2-4 * x+2 



10. 
11. 
12. 
13. 



16. 



4ag-9b ^ . 2o-3& 
a2-4 * a-2 
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a^-l . a«-12a+36 



16. 



a2-3a-10 0^+3 a+2 



17 2xy-f ^^- f ^ 
xy+y^ x+y 

18. ^^^-^(r-y). 
r 

[Hint. See ESx. 1.] 

«. (.-f).(»+f) 

22. /'2:ilf+5±lfVr^^-^^Y 

\a;+y x-y/ Va;+y x-yj 
[Hint. Cliaiige these expressions to fractions as in Ex. 19.] 

^ ('.+v+')K'+^> 

26 (o-6)*-25 . a-b-5 
' (o+6)*-26 ■ a+b+5' 

x*+l x+1 
« 2^ / g^+gfe+y . a*-b*\ . 0-6 . 

Vz*— icy+y* ' 3^+yy x+y 
For further exercises on this topic, see the review exercises, 
p. 161, and Appendix, p. 303. 
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EXERCISES— APPLIED PROBLEMS 

The algebraic processes needed in the following exercises are 
simple. The principal difficulty is to read the problem carefully 
and intelligently. 

1. In the figure are two weights, one weighing Wi lb. 

(read W svb 1 pounds) and the other weighing W2 lb. (read 
W sub 2 pounds). They are joined by a 
string which runs over a freely turning 
wheel at the top (the wheel having a 
groove cut in it for the string to run in). 
When the two weights thus tied together 
are left to themselves, the heavier one 
gradually descends (goes down), pulling up 
the lighter weight on the other side. It is 
shown in physics that during the motion 
the force T tending to break the string 

(called the tension) has the value given by the formula 

2W1W2 




Fig. 38. 



T = 



W1+W2 



Mb. 



By means of this formula, answer each of the following 
questions : 

(a) If 1^1 = 3 lb. and Tr2 = l^lb. what is the tension in the 
string during the motion? 2 lb. Ans. 

(6) If 1^1=1^2, show that the tension becomes equal to 
either of the weights. 

In this case there is no motion. 

(c) If Wi = 5 lb., what must W2 be in order that the tension 
during the motion be 4 lb. ? 

(d) Show that if. at any time the weight Wi be increased 
by q lb., the tension T will be increased by 

2qW2^ 



(Wi + W2){Wi + W2 + q) 



lb. 
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2. The figure represents a beam (wood or steel or any other 
material) with its ends resting upon two level supports (called 
abutments), as is illustrated, for 
example, in the girder of a bridge. 
If a weight (usually called a load) 
of W lb. is suspended from the 
beam at the point P which is a feet 
from one abutment and b feet from 
the other, then the upward pres- fiq. 39. 

siu'es (called thrusts) on the beam 
at its ends (where it rests on the abutments) are 

bW ^d aW 



m 



a+b a+b' 

the first of these being the thrust at the end which is distant a 
feet from P, and the second being the thrust at the end which 
is distant b feet from P. 
Whence, show the following facts about such a beam : 

(a) The two thrusts are equal when P is the middle point 
of the beam ; that is, when a = 6. 

(b) The sum of the thrusts is in all cases precisely equal 
to the load W suspended. 

3. When an automobile weighing 2 tons is i the way across 
a bridge, how much of its weight is being supported by the 
nearer abutment ; how much by the farther one? (Answer 
by the formulas in Ex. 2.) 

4. A man writes : " We have a set of hay-scales, and some- 
times we have to weigh wagons that are too long to go on 
them. Can we get the correct weight by weighing one end 
at a time and then adding the two weights? " (Answer by 
means of Ex. 2.) 
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*103. Comidez Fractions. A fraction whose numerator or de- 
nominator (or both) contains fractions is called a complex fraction. 
Thus 

a-\-h z—a 



c 

X 



and 



'+! 



are complex fractions. Since a fraction is an indicated division, it 
follows that the expression in the numerator of a complex fraction 
is to be divided by the expression in the denominator. A complex 
fraction can be reduced to a simple one by simplifying the numer- 
ator and the denominator and then performing the division indicated. 



Example 1. Simplify the complex fraction -' 

& d 

h a . c a d ad - 
-=- — - = - • - = T— An«, 
c h d h c he 

d 



Solution. 



Example 2. Simplify 



x+i 



Solution. 



x+ 



^ xz+y xz-{-y xz-{-y 



An9, 



Example 3. 



4+ — 
Simplify ^ ^ 

?-3 



Solution. This fraction may be simplified, as in Exs. 1 and 2 ; 
or we may simply multiply both terms of the fraction by 3 6 (which 
is the least common denominator of the simple fractions). Thus, 
we obtain 

(4+||)-3 6^^26+5_a 
3 0-9 h ' 



M 



An8, 



Sh 
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WRITTEN EXERCISES 
Simplify the following : 

1. |. -L 

J 8. izl. 

2. i. -i- 

J x-\-y 

8 ?*. 5-^ 

1 a_6* 

- a 2 6 

*• 3li- 

2^ .. 1+^ 



S<fib 



10. a;-hy 

6. ^. ^-y 

2s^y 5+5 



aH-6 11. 



c 



«• -r- 1-1 



a+2 



X j2_ «+4 



18. 


" +1 

" 1 
1-6 


14. 


2+_3_i 

a* a 




2+i-L 
a a' 


IS 


a+b a—b 
' 0-6 oH-6 




a—b a-\-b 
a-\-b a—b 


16. 


1^1 
V x^ 

5 + 1/ 
y X 


17. 


x + y' 
z 



a-V. 1+-1- 

X x—2 



EXERCISES— REVIEW OF CHAPTER IX 

1. What principle of fractions is used in reducing fractions to 
lowest terms? 

Reduce to lowest terms : 



2. 



a«+2a-35 x'-Sx^+lGx 

4x^—9 g rs+ry—bs—by 

4a;2-12x+9' ' ca+cy-ka-hy 

a(o+2 6)^Q»+2 aV)+m 
6(a«-4 6«)2(a'^-2 a»6«+a6*' 

M 
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Since an integer may be regarded as a fraction with the denomi- 
nator 1 (see Note, § 101) reduce each of the following expressions to 
a single fraction. 

7. a-\ • o. X — • V, l-\-m-\-- 



a d 1+m 

Perform the indicated additions and subtractions in the follow- 
ing exercises. 

10. -^5_+_3_. 12. «-^ « 



4x+24 6x+36 ' a^+ay a^-y^ 

11 y +J-. 13. 2. 2a.__2a6_^ 

x{x+y) x—y h\ a—b (a—by 

U. -^+-2 4a 



a-1 o+l a«-2a+l 
15 2 0+3 . 0-4 _ 3 a'~8 a~27 
a+3 a-5 a«-2a-15 * 

16. l+74-+i-^- 18- 



1+a: 1-a: ' a+b a^-h^ a«+6« 
17 1 , , 1 19. -i L. .i 

a 
20. Changing the signs of the numerator and denominator of a 
fraction is the same as multiplying the numerator and denominator 
by-1. 

Apply this to explain each of the following reductions : 
4 _ —4 . a _ —a 

o2_62 62_ci2' 3(a-6) 3(6-a)' 

Perform the multiphcation indicated in each of the following 
exercises. 

23 a^^2 . x^:^^ . j^^ 
x+y a+6 x-y 

• x^-bx+Q 'x«-4x-21 'x«-6x-16' 
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26. 



27. 



r— s 



r^-8^ 

(r— s)* r^+rs 

a-1 



x(a;+l/) 



V a^+Qa+5J\ a^+Ta^ 12/ 



?+6a+5/V a2+7a+12i 
The reciprocal of a number is 1 divided by that number. Thus, 
the reciprocal of x is 1/x ; of a6 is 1/ab ; of a/b is l/(a/6), or 6/a. 



State the reciprocal of 5, -, 



a 2 x+y a+6 . 
2' a 2 ' a-6' 

29. Show that multiplying a/h by the reciprocal of a gives the 
same result as dividing a/b by a. 

30. Show that the sum of any two numbers, as a and 6, divided 
by their product, is equal to the sum of their reciprocals. 

Perform the operations indicated in each of the following exer- 



31. 



a*-6* 



a2-2a6+6» 



a^—ab 



'^ (^+0-(^-') 



». (.+i).(.-i). 



4a^2 
3a 



35. 



a+6 
x'~13x+22 



a+b 
x»-5x+6 
a;2-6x-16 



33. (6a+3)- 






37. (j^+liL)^l^. 
\l-2/* 1-|// 2/+1 



( 



2a(o»--r») . a^-ar \ , 
5 6(d«-r2) • 2^+6r/ 



a«+2ar+r« 



'40. 



♦41. 



1-^+^, 



a o* 



6» 



6» 



-1 



+1 









For furrier exercises on this chapter y see Appendix, pp. 301-303. 



CHAPTER X 
FRACTIONAL EQUATIONS 

104. Fractional Equations. A fractional equation is one 

which contains fractional expressions. 

106. Clearing of Fractions and Solving. Multiplying 
both members of an equation by such a number as will 
cancel each denominator is called clearing of fractions. 

Thus, multiplying: both sides of the equation x/2—% by 2, we get 
x=12, an equation cleared of fractions. 

Multiplying both sides of the equation §+ ^= \ by 12, we get 
4 a;+l-3, an equation cleared of fractions. 

Example 1. Solve the fractional equation 

^ X 1^ o X 1^ OX Q 

Solution. Multiplying both sides of the equation by 12, the 
L. C. M. of the denominators, we find, 

8x-f-9x+10ir=108. 

Combining like terms, 

27a;=108. 
Dividing by 27, 

x-4. Aw8. 

Check. Substituting 4 for a; in the given equation, we have 
8. 12. 20^0 

or 

16-H18H-20 _n 
6 ^' 

which is a true statement. 
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Example 2. Solve ^-^ = ^-|- 

Solution. Multiplying both sides by 8, the L. C. M. of the 
denominators, we find 

2 x-2-4 a;H-8= aj-3- 12. (Note the signs here 

carefully.) 
Transposing, 

~xH-2 a;-4 x — 3-12+2-8. 
Combining, 

-3x — 21. 
Dividing by —3, 

a;-7. AnB. 

Check. Substituting 7 for x in the first equation gives 

7_1 7_2_7-3 3 ^^6 5_4 3 ^. t. i 
-4— "2~-"8— 2/ ^"4""2^8"2' ^^ "l— 1' 
which is a true statement. 

Note. In the given equation of Example 2 the sign before the 
fraction (x— 2)/2 is minus. The line between the numerator and the 
denominator has the same effect as a parenthesis around the 
numerator, for when the equation is cleared of fractions and this 
line is removed the sign of each term in the numerator is changed. 
See §93. 

ORAL EXERCISES 

Solve each of the following equations by clearing of frac- 



tions. 






1. 


X 

2' 


= 1. 


2. 


5 


= 1. 

X 


3. 


1= 


6 


4. 


1= 
1 


s — • 

X 


5. 


X 


--1. 



6. 


-2 = 1. 

X 


11. 


i-2=0. 

X 


7. 


1=4. 

X 


12. 


2-1=0. 

X 


8. 




13. 


4+1=0. 


9. 


h— 


14. 


-1+3=0. 


10. 


4.?. 

X 


16. 


1+3=6. 
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WRITTEN EXERCISES 

Solve each of the following equations by first clearing of 
fractions. Check each answer for Exs. 1-15. 

1. ^-9 = 6. a: = 20. Ana. 
4 



2. 


X . , 3x 
3+^= 4 • 






5. 


a; 10 X 
6 3 ~ 9" 


8. 


f+2a;=22. 








6. 


2x 2 X 1 
4 3 3'^3 


4. 


4 a:- 1=55. 






7. 


2z X X X 
3 2 5 6 




8. x+l- 


X 


.31+5. 






9.^ 


x-\ 
2 


2 

3' 


-T-'h 


6x+5 
6 



10. 



[Hint. See Example 2, § 105.] 
x-4: 1 15-x 
4 "^6"" 3 



. _ x-3 x+2 . x+5 
11. -^ 6~=^-"T- 

[Hint. See Note, § 101.] 

x+3_x+4^ x+l. 
4 5 3 

«-2 ,8+1 s+2 ,. r-2 r-3 _ r-1 

,_ 5y+l 17y-5 _ lOy+14 

15. -^ 3—5 J 

,- 3x 4x-2 - 5x 

16. -J- 5- = 5-8- 
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17 "+2 u+5_u-Z 
• 6 3 ~ 7 • 

18. — g 20— =8- "• —3 9 II-' 

«« 2 8-1 , _ 8+2 _ 

20. — s 1 = 7 « k 7. 



21. 1+1-5=0. 22. 1+1+1 = 13. 

2x x-1 



23. 


11 6 -^• 


24. 


'-l,io-3'-+l 2r. 
6 ' ^" 2 3 


26. 


13-30 a; 9-80 a; 50z-4 
20 6 3 


26. 


«-l x-2 x-3 6 
4 3 2 12 


27. 


z^2x 8 



=0, 



[Hint. The L. C. M. of the denominators is 8 x.] 

J 3^^_9^ 

5 a; 7x 70* 

29. - + ! = -• 

X X 

30. 5 + - = 16i. 

XX ^ 

y y^ 3 2/ 

^, 9r+5 3r+l 

So. — = :i — 

5r 4r 



81. 


r-3 5 _ 
2r 12=^- 




82. 


5 1 3 1 
r'^5 r Z 




33. 


i + ? + ?=6. 

1/ 1/ y 




-7- 


5r-l 21 
8r 5 


6 

r 
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Equations having denominators with several terms are 
solved in the same way as those having denominators with 
one tenn. 

36. Solve the equation 

3x+2 5 9__ 

x+1 "^x-1 x2-l"^' 

Solution. Multiplying both sides by x«-l, the L. C. M. of the 
denominators, gives 

3 x^-x-2+5 jr-f-5-9=3 a;»-3. 
Canoeling the 3 x* and transx>osing, 

~a;-f-5a;= 2-5+9-3. 
Collecting like terms, 

4a;=3, or, x=}, Ana, 

Check. Placing x=} in the given equation, we obtain 



or, 



or, 



3iJ±2 _5 9 






which is seen to be correct. 



V-20+H^=3, or,V=3, 



37. :rio=2. 42. 1^-1=0. 
x+3 3x— 5 

38. — - = — . 43 1 , ^+1 r-2 

x+1 3(x+l) 12 *3- r^-i-2^7^^7+1 

89. 3 4 2 ^ x+2 x-2 20 



5(x-l) 3x-3 15 ' x-2 x+2 x2-4 

40 _i L»4.?:-n 4B ^+1 x+3_8 

4-62/ 2-32/'^6''"- x-1 x+3~x' 

r-4 _r-9^ <+2 ^ 2 
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__3_^J^ 2_, 

*^' r-2 r+2 2-r 

[hint. Write - ;r^ in the form +- ^ (See § 93.)] 
L 2-r r-2 J 

r+3 r+2 6 



48. 
49. 



r+2 r+3 r^+Sr+B 
x+2 x-Z 3x+8 



a;-4 a:-8 a;2-12x+32 



EXERCISES — APPLIED PROBLEMS 

1. Divide 64 into two parts such that if one part is divided 
by 5 and the other by 7, the sum of the quotients shall be 10. 

Solution. Let x be one part. Then, 64— x= the other part. 
From the statement of the problem, we have 

5+6^=10. 
7 5 

Clearing of fractions, 

5x+448-7aj=350. 

Transposing, 



Combining, 
Dividing by —2, 



5a;-7a;-350-448. 
-2x=-98. 



a;«49, one part. 
0^—49=15, other part, Ans, 

2. If 18 be subtracted from a certain number, three 
fourths of the remainder is 30. What is the number? 

3. The difference between | and ^ of a certain niunber 
is 16. Wliat is the number? 

4. Divide 78 into two parts whose quotient is f . 

6. Divide 96 into two parts such that } of the greater 
shall exceed f of the smaller by 24. 
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6. The sum of two numbers is 179. If the larger is 
divided by the smaller, the quotient is 3 and the remainder 
11. Find the numbers. 

[Hint. Let x=the larger number; then, 179— a;=the smaller 
number. The equation becomes 

"" :=3+T^. (Why?)] 



179-x 179-x 

7. Separate 286 into two parts such that the greater 
divided by the smaller gives a quotient 2 and a remainder 28. 

8. One number is 222 greater than a certain other one. 
If the larger is divided by the smaller, the quotient is 3 and 
the remainder is 18. What are the numbers? 

9. What number added to the numerator and denomina- 
tor of f will change the value of the fraction to |^? 

Hint. The equation is r^^= -• Explain. | 
L 5-f X 7 J 

10. What number added to the numerator and denomina- 
tor of a will change the value of the fraction to -J^? 

11. What number added to the numerator and denomi- 
nator of i^ will change the value to f ? 

12. What number added to the numerator and subtracted 
from the denominator of |^ will change the value to |4"? 

13. Two sevenths of a certain angle is 23° less than f of 
its complement. How large is the angle (in degrees) ? 

[Hint. The complement of an angle is the difference between 
90** and that angle, i.e. the complement of any angle x is 90''— x.] 

14. If ^ of the supplement of a certain angle equals f 
of its complement, how large (in degrees) is the angle? 

[Hint. The supplement of an angle is the difference between 
ISO** and that angle, i.e. the supplement of any angle x is ISO**— x.] 

16. The complement of a certain angle is ^ of its supple- 
ment ; find the angle. 
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16. A 14-foot piece of timber must be cut into two parts 
one of which is f the length of the other. Find the lengths 
of the two parts. 

17. A teacher asked a class to divide one half a certain 
number by 4 and the other half by 12. Instead of doing so, 
one member of the class divided the entire number by half 
the sum of the two divisors. His answer was too small by 
4. What was the number? 

18. A man started on a journey with a certain sum of 
money. He spent ^ for car fare, i of the remainder for 
hotel bills. When he returned home he found that he had 
$25.00. How much did he start with? 

19. A man lost f of his money in speculation, lent i of the 
remainder to a friend, and spent the rest for a home, pay- 
ing S5460 for it. What was his original capital? 

20. The difference between two numbers is 22 and f of 
the greater exceeds | the smaller by 19. Find the numbers. 

21. A tank can be filled by one pipe in 10 hours, and by 
another pipe in 15 hours. How long will it take to fill the 
tank if both pipes are open together? 

Solution. Let x= the number of hours. 

Then - = the part of the tank both can fill in one hour. 

X 

tV =the part of the tank the first pipe can fill in 

one hour. 
^ = the part of the tank the second pipe can fill 

in one hour. 



Therefore, 



X 10 15 



Clearing of fractions, 

dO^Sx-\-2x. 
Transposing and combining, 

5rc=30. 
Therefore, aj=6 hoxirs, the required time. Arts. 
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22. How long will it take two pipes to fill a tank if one 
can fill it in 5 hours and the other can fill it in 12 hours? 

23. Two pipes are connected with a tank. The large 
one can fill it in 7 hours; the small one can empty it in 
9 hours. How long will it take to fill the tank if both pipes 
are open? 

24. A plows a field of com in 4 days, and B plows it in 
6 days. How long will it take to plow the field if they work 
together? 

JHiNT. If x=the number of hours it will take both, we get the 

equation - = 7+ r« Compare Ex. 21.1 
X 4 5 J 

25. A does a piece of work in 4 days, B in 6 days, and C 
in 8 days. How long will it take them working together? 

26. A can do a piece of work in 16 hours, and B can do it 
in 20 hours. If A works for 10 hours, how many hours 
must B work to finish? 

27. A brick mason can build a wall in 10 days ; if another 
mason helps him, they can build it in 3^ days. How long 
will it take the second mason alone? 

28. It takes 5 hours for a railroad tank to be filled with 
water. Locomotives draw out and use a tank full every 
8 hours. How long will it take to pump the tank full? 

29. A's age is two fiifths of B's ; ten years ago one fourth 
of B's age equaled A's. What is the age of each? 

30. A son's age is one third that of his father's. 12 years 
ago he was ^ as old as his father. How old is each now? 

31. Five gallons of 80% alcohol are to be made 60% 
alcohol. How many gallons of water must be added ? 

[Hint. The equation is .50(a;+5) = 5X .80. Explain.] 
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32. How much water must be added to 65 lb. of a 10% 
solution of salt to make it an 8% solution? 

33. 18% of the weight of wheat is lost in grinding it into 
flour. How many bushels of wheat, 60 lb. each, must be 
used to make 984 lb. of flour? 

34. Separate 169 into two parts such that if one part is 
divided by 21 and the other by 14, the sum of the quotients 
is 11. 

36. If a certain number is subtracted from the numerator 
and added to the denominator of the fraction J, the fraction 
is diminished by IJ. What is the number? 

36. The fare from St. Louis to Chicago and back is $15.00. 
A special rate was made in connection with a convention 
so that I made the trip, paid my expenses which were equal 
to 2i times my fare, and spent all together only $2.50 more 
than the regular fare. What was the special rate? 

37. Democritus lived J of his life as a boy, ^ as a youth, 
^ as a man, and spent 13 years in his dotage. How old was 
he when he died? (From a collection of problems by 
Metrodorius.) 

38. An aviator flew 75 miles and back in 4 hours. His 
rate when returning was 40 miles per hour. What was his 
rate going ? 

[Hint. If one travels 8 miles at the rate of r miles an hour, 
the time t occupied is given by the formula t= s/r hours.] 

39. An aviator made a trip of 95 miles. After flying 
40 miles he increased his speed 15 miles an hour and made 
the remaining distance in the same time as it took him to 
fly the first 40 miles. What was his rate during the first 40 
miles of the trip? 

For further exercises on this topiCy see AppendiXy p, 303. 
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106. Literal Equations. Equations in which some, or 
all, of the known numbers are represented by letters are 
called literal equations. 

Thus, x—a=bj -+a = c, 2 ax— 6 = 3, are literal equations. 

X 

Here the first letters of the alphabet, a, 6, c, etc., represent 
(as usual) the known numbers, while x represents the un- 
known number. 

Literal equations are solved by the same methods as the 
equations in § 105. 

Example 1. Solve for x in the equation 

ax — b = 2h—2(ix. 
Solution. Transposing, we find 

ax-\-2 ax=2 6+6. 
Combining like terms, 

3 ax-3 6. 
Dividing by 3 a, 

x^— Ana. 
a 

Check. Substituting - for x in the given equation gives 

6-6=2 &-2 6. 

0«0. 

Note. Observe carefully that the solution - is in terms of the 

a 

known letters ; that is, it contains only the a and the 6. This must 

be true of the solution of every literal equation. 

Example 2. Solve for x in the equation ax = 6a;+7 c. 

Solution. Transposing, we find 

ax—hx^7 c. 
Combining, 

(a— 6)a;=7c. 
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Dividing by a— 6, 

a;= -^. Ana. (See Note on p. 174.) 

Check. Substituting the answer for x in the given equation 
gives 

or, 7 ac=7 hc+7 ac-7 he, 

or, 7 ac—7 hc=7 ac—7 he, 

which is seen to be true. 

ORAL EXERCISES 

Solve for x in each of the following equations. 

1. x—a = b, 6. 2+cx = r. t, ^ it 

2. ax = cd. 6. -=6. ^ , . 



3. ax—l = c. 



10. ac2bx = aV62. 



7 ^ = ?. 

4. aa;+fer = c. ' a c 11. {a+b)x = c. 

12. (a — c)a: = (a— c)d. 14. ax+ca: = 0. 

13. ax+cx = 5. 16. -^=2. 



WRITTEN EXERCISES 

In the following equations the first letters of the alphabet 
are the known letters. Solve for x. Remember that in 
each case it is necessary to get the value of x in terms of the 
known letters. (See Note, § 106.) 

1. 3x+b=x-3b, 2. 3(a-a:)^12d. 

3. {a+xy = a^+x\ 
[Hint. Use Formula V, § 59, to simplify the first member.] 
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4. 4(3 6-0;) =3(2 6+0;). 
6. (o+6)(o;+6)=(a+6)2c. 

6. {x—a){x—b)==x{x+c). 

7. (x-6)(o-c) = (6-c)(x-a). 

2o;+3 4x+2 1 



= a. 14 



l+x 3 a a S 

a h [Hint. See § 92.1 

Q ---I-—- =2 

a; X .. 2x,3x, X , 

16. — r+T — — — '■• 
ab be ac 

10. ^+1=2. 3._c 

c 

11. -+b=~+a. .„ x+6 4 x-6 
a t> 17. 



« ■ ^ x-a x-2 



4 x+6 

12. -+i-=e. ig x-o_a;-2 

13. ^-1^ = -1. 19. f^+^=2. 

a; X— c a;— o a;+2 

2x+fc__r^_ 
"• r»-fc»"r+Jfc 



21. 



x+a^/2x+aV 



X- 



H 



+b \2x+bj- 



[-- (ISf)'-(ISf)(ISf)-§S&" ^'>"°-] 

--ao;c6ctr ««3;^ctr,„,^ 

22. -r-j= • 23. --1 h3a6 = 0. 

b a a c a c 

^, 26 , c 6 2 60; 

24. h- 



a X 2— a; o(2— x)* 

26. a(6+x)-(6+a;)(a-x)=x2+^. 
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107. Fonnulas. If a person travels for 10 hours at the 
rate of 15 miles an hour, we know from arithmetic that the 
total distance he goes will be 15X10 = 150 miles. Stated 
in general (algebraic) language, we can say in the same way 
that if a person travels t hours at the rate of r miles an hour, 
the distance s which he will go is given by the formula 
(called the law of uniform motion) 

s=rt 

This is a hteral equation which expresses the value of s in 
terms of r and t. If we wish, we can solve this equation 

for if giving t=-. and what we now have is t expressed in 
r 

terms of s and r. Or, we can solve the original equation for 

r, which gives r= - and this expresses r in terms of s and L 

This illustrates the very important fact that in nearly all 
branches of knowledge, especially in engineering, geometry, 
physics, and the like, there are general laws which express 
themselves in mathematical formulas. Such formulas are 
really nothing but hteral equations in which two or more 
letters appear, and it is often desirable to solve such equa- 
tions for some one letter in order to find its value in terms 
of the others. 

EXERCISES — APPLIED PROBLEMS 

1. The area -4. of a rectangle whose dimensions (length 
and breadth) are a and b is given by the formula A = a6. 
Solve this for a. Also, solve for b. In each case state what 
letters your answer is in terms of. 

2. The formula for the area A of a triangle whose height 
(altitude) is h and whose base is a is A = iah. 

Solve for a and solve for A, and state in each case what 
letters your answer is in terms of. 

N 
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3. Solve for r in the formula C = 2 nr . (This is the formula 
for the circumference of a circle in terms of its radius. See 
Ex. 22, p. 22.) 

4. Solve for B in the formula A = ^h(B+b). (This is 
the formula for the area of a trapezoid whose bases are B 
and b and whose altitude is h. See Ex. 28, p. 88.) 

6. The interest / which a principal of p dollars will yield 
in t years at r per cent is determined by the formula 
I=prt/100. Solve this for r and use your result to answer 
the following question : What rate of interest is necessary 
in order that $50 may yield $6 interest in two years' time? 

Solution. Solving for r gives 

pt 

We now have only to see what this becomes when we put 7=6, 
p=40, and t-2. The result is 

r^m<^^e%, Ans. 
50X2 

6. Using the interest formula of Ex. 5, solve it for p and 
use your result to answer the following question: How 
great a principal must be invested at 5% in order that it 
will have yielded $90 in interest by the end of three years? 

S 7. It is shown in solid geometry 

/jN that the volume V of any pyramid 

/ 11 \ is equal to one third the product of 

/ l\ \ the area B of its base multiplied by 

/ \\ \ the height h. That is, we have the 

p4:— — -4|— ^R formula F=i Bh. Solve this for h 

^^^'^^^^^ly^ and use your answer to find how high 

Pj^ ^q a pyramid must be to contain one 

cubic foot, provided its base contains 

1 square foot. Answer the same when the base contains 

only 12 square inches. 
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8. The formula for converting degrees Fahrenheit to 
degrees Centigrade is 

C=i{F'-32). 

Solve for F and use your result to answer the following 
questions : 

(a) How many degrees Fahrenheit correspond to 0® Cen- 
tigrade? 

(6) How many degrees Fahrenheit correspond to 100** 
Centigrade? 

9. The figure represents a body (of any material) sub- 
merged in a Uquid. If the base of the body contains A 
square feet and is every- 
where at a depth of h feet 
from the top of the liquid, 
then the upward pressure 
P on the base (due to the 
liquid) is given by the for- 
mula P = wAh, where w rep- 
resents the weight of 1 cubic 
foot of the liquid. 

Find the pressure per square foot of surface near the 
bottom of a standpipe in which the water is 40 feet high, it 
being given that fresh water weighs 62.5 lb. per cubic foot. 

10. Find by the formula in Ex. 9 the pressure per square 
foot at the bottom of the ocean at a depth of 3000 feet, it 
being given that sea water weighs 64 pounds per cubic foot. 

11. The bottom of a rectangular cistern is 6 feet square. 
For what depth of water will the total pressure on the bottom 
be 18 tons? [Hint. Solve the formula of Ex. 9 for h.] 

12. How deep in the ocean can a diver go without danger 
in a diving ermor that can safely sustain a pressure of no 
more than 140 pounds per square inch? 







Fig. 41. 



CHAPTER XI 
RATIO AND PROPORTION 

108. Ratio. The quotient of one number divided by 
another of the same kind is called their ratio. 

Thus, the ratio of 12 inches to 6 inches is the fraction -y, or f . 
The ratio of 2 feet to 3 feet is the fraction i. The ratio of 10 cents 
to $1 is ^, or ^. Note that in every case a ratio is simply a 
fraction of the kind studied in arithmetic. 

The first number, or dividend, is called the antecedent; 
the second number, or divisor, is called the consequent. 

Thus, in the ratio f , the antecedent is 6 and the consequent is 7. 
EXERCISES 

1. What is the ratio of 5 quarts to 8 quarts? of 5 quarts 
to 10 quarts? 

2. What is the ratio of 18 inches to 3 inches? of 18 inches 
to 1 foot? 

3. What is the ratio of a foot to a yard? of a yard to an 
inch? 

4. A stick was divided into two parts one of which con- 
tained 2 units and the other 7 units. What was the ratio 
of the two parts? 

6. State (as a fraction in simplest form) the value of 
each of the following ratios. 

(a) 8 to 12. (c) 72 to 36. (e) 30 to 10. (g) 60 to 15. 
(6) 15 to 8. (d) 80 to 75. (/) 18 to 24. (A) 7.5 to 2.5 

180 
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6. Find the value of each of the following ratios. 

(a) i to i. (6) f to |. (c) li to 2f . 

7. Give (as a fraction) the simplest form for each of 
the following ratios. 

(a) 2 a to 2 6. (6) 3 aHo 6 bK (c) a'-V to a+b. 

8. State which is the antecedent and which the conse- 
quent in each of the parts of Exs. 5, 6, and 7. 

9. What is the ratio of one side of a square to any other 
side? 

10. What is the ratio of the circumference of any circle 
to its radius? 

Solution. Call the radius r. Then the circumference (see Ex. 
22, p. 22) will be 2 vr. Therefore, the ratio of the circumference 
to the radius will be 2 irr/r, or 2 ir. Ans. 

11. The figure shows a circle surrounded 
by a square which it just touches on all 
four sides. Find the ratio of the area of 
the circle to that of the square. 

[Hint. Let r be the radius. Then a side of 
the square will be 2 r. Now proceed as in the 
solution of Ex. 10, using Ex. 25, p. 22, and remembering that the 
area of the square here will be (2 r)*, or 4 r*.] 

The circle in Fig. 42 is said to be inscribed in the square ; 
the square is circumscribed about the circle. 

12. Find the ratio of the volume of any 
cube to that of the sphere that will just fit 
inside it. 

[Hint. Let r be the radius of the sphere and 
use Ex. 28, p. 23.] 
FiQ. 43. 

The sphere of Fig. 43 is said to be inscribed in the cube. 




Pig. 42, 
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13. It is shown in geometry that the volume of a right 
circular cylinder is equal to the area of its base multiplied 
by its height. By means of this result show 
that when a sphere is completely surrounded 
by a cylinder in the manner shown in the 
figure (that is, the cylinder and sphere just 
touching each other above and below and 
on the side) then the ratio of the volume of 
the cylinder to the volume of the sphere is 
simply f . 




Fio. 44. 



[Hint. Let r represent the radius of the sphere. Then the 
radius of the base of the cylinder will be r, and the height will be 2 r.] 

14. Show that the circmnferences of any two circles have 
the same ratio as their radii. 

[Hint. Let R be one radius and r the other.] 

16. Show that the areas of any two circles have the same 
ratio as the squares of their radii. 

16. In the figure are two circles, each surrounded by a 
square which it just touches on all four sides. Show that 




the areas of the two circles have the same ratio as the areas 
of their surrounding squares. 
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17. What is the ratio of the areas of two squares if the side 
of one is double the side of the other? Answer the same 
question for two circles if the radius of one is double that 
of the other. 

18. What is the ratio of the volumes of two cubes if the 
edge of the one is double that of the other? Answer the 
same question for two spheres if the radius of the one is 
double that of the other. 

19. Mr. A's automobile travels at the rate of 25 miles 
an hour, while Mr. B's travels at 20 miles an hour. What 
is the ratio of the time it will take A to make any given 
journey as compared to the time it will take B ? 

109. Proportion. A proportion is an expression of 
equality between two ratios, or fractions. 

For example, since f is the same as |^, we have the pro- 
portion f = t- Likewise, we may write i^ = f , and ^ = fi> ^^^ 

1 2 

— - = -=^ ; hence these are all true proportions. But J = | 
3 —6 

is not a true proportion since the two fractions here are 

unequal. 

Every proportion is thus seen to be an equality of the 
form a/h = c/d where a, 6, c and d stand for numbers. These 
four numbers are called the terms of the proportion. The 
first and fourth numbers (that is, a and d) are called the 
extremes, while the second and third {b and c) are called the 
means. 

Besides writing a proportion in the form a/6 = c/d, it may be 
written in the form a:b = c:d, or also in the form a:b:: c:d. 
In all cases it is read " a is to b as c is tod,^^ and it means that 
the fraction a/b is equal to the fraction c/d. 

Note. Every proportion is thus a fractional equation of the kind 
studied in Chapter X. 
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EXERCISES 

1. Using the language of proportion, read each of the 
following proportions. 

(a) f=«. (c) -l:2::2:-4. 

(6) 3:4=6:8. (d) i:i::2:l. 

2. State what are the extremes and what the means in 
each part of Ex. 1. 

3. State any proportions that you can make out of the 
following four quantities: 2 inches, 8 inches, 4 inches, 
16 inches. 

[Hint. 2 inches is to 8 inches as . . .] 

4. State any proportions that you can make out of the 
following four quantities : 1 inch, 3 inches, 1 foot, 1 yard. 

[Hint. First express all the quantities in inches.] 

6. State any proportions you can make out of the fol- 
lowing four quantities : 1 pint, 1 quart, 1 gallon, 2 gallons. 

6. Proceed as in Ex. 5 for the following quantities: 
1 second, 1 minute, half an hour, a day and a half. 

7. Proceed as in Ex. 5 for the following quantities: 
1 cent, 1 dollar, 1 centimeter, 1 meter. 

[Hint. Compare money ratio with distance ratio.] 

8. Proceed as in Ex. 5 for the following quantities: 
8 ounces, 1 pound, 1 pint, 1 quart. 

9. Proceed as in Ex. 5 for the following quantities: 
25 miles an hour, 30 miles an hour, 10 gallons of gasoUne, 
12 gallons of gasoUne. 

For further exercises on this topicy see Appendix, p. 306. 
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110. Algebraic Proportions. If we consider the algebraic 
fraction {a%)/{ab^) we see (upon dividing both numerator 
and denominator by ab) that it reduces to a/b. In other 
words, we have 

a^b _ a 
ab^ b 

This is an example of an algebraic proportion. Similarly 

2 x^y x_ 

4 xyz ^ 2z 
is an algebraic proportion, and it may be written also in the 
form 

2x^y:4:xyz=x:2z. 
Likewise, since 

g^-y ^,1, a+b 
a—b 1 

we have 

(a2-62):(a-fe) = (a+6):l. 

111. Principle. Let a/b = c/d be any proportion. By mul- 
tiplying both sides of this equality by bd (Axiom III, § 9) 
we obtain 

^Xf(d=-yXb/, or ad = bc. 

This result may be stated in words as follows : 
Principle. In any proportion the product of the means 

(see § 109) equals the product of the extremes. 
This principle is often useful in testing the correctness of 

a proportion. 

Thus, 6 : 9= 14 : 21 is a true proportion because the product of 
the means, which is 9X14. is equal to the product of the extremes, 
which is 6X21; but 6:9=8:15 is not a true proportion because 
9X8 is not equal to 6X15. Similarly x*:x*y^x:y because 
sfiy . x-x' • y. 
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£X£RCIS£S 

By means of the principle in § 111 test the correctness of 
each of the following proportions. 



1. 


f = H. 


6. 


19:21=42:105. 


2. 


6:7 = 18:21. 


6. 


18:19 = 93:94. 


3. 

4. 


5:-l = 10:-2. 
i:i=10:5. 


7. 
8. 


-4:-5: :16:20. 
2.5 _ 75 
1.2 36' 



9. 6xy:13x^=42f:91xy. 

10. (x'-y^) : (2 x+2 y) : : {2 x-2 y) : 4. 

11. (a^-b^) : (o+6)« : : (o-6) : (o+6). 
[Hint. See Formula V, p. 101.] 

12 ^±10£±16^«+2 
35^+4 a;-32 a;-4* 
By means of the principle in § 111 find the value which 
X must have in each of the following proportions. 



13. ^ = 1. 
21 3 


19. ?i = A. 
26 13 


[Hint. We must have 


20. 14:a;=28:21. 


I2 1=x- 3.] 


21. (a;-5):4: :2:3. 


14. i = i. 
6 10 


[Hint. We must have 
4. 2=(a;-5)- 3.] 


16. 16:x = 12:8. 


22. a;:(a;-6) = 9:14. 


16. 9:15 = 18:a;, 

17. 25 = 8 
32 X 

18. x: 31 = 33: 68. 


_, x-3 5 
^^- x-4 6- 

24. £. = ^. 
20 8ir 



26. What number bears the same ratio to 2 as 8 does to 3 ? 
[Hint. Let x represent the unknown number and form a pro- 
portion. Solve for x.] 
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26. What number bears the same ratio to 7 as 2 does to 3 ? 

27. Divide 35 into two parts whose ratio shall be f . 
[Hint. Let x be one part. Then 35— x will be the other part.] 

28. Divide 25 into two parts such that the greater in- 
creased by 1 is to the lesser decreased by 1 as 4 is to 1. 

29. Two men divide $6300 between them so that the 
parts are to each other in the ratio 3 : 4. How much does 
each receive? 

30. A man's income from two investments is $850. The 
two investments bear interests which are in the ratio of 6 
to 8. What income does he receive from each? 

31. Concrete for sidewalks is a mixture made of two 
parts of sand to one part of cement. How much of each 
is required to make a walk containing 500 cubic feet? 

32. Find the number which, when added to each of the 
numbers 1, 2, 4, and 7, will give four numbers in proportion. 

33. Prove that no four consecutive integers, as n, n+1, 
w+2, n+3, can form a proportion. 

34. A bubble of air of volume v units when rising from 
a depth of d feet below the surface of the water gradually 
expands imtil it reaches a volume of V units at the surface 
such that 

V _, d+34 

V 34 

Whence, find the volume at the surface of a spherical 
bubble which starts at a depth of 100 feet with a radius of 
1 inch. [Hint. See Ex. 28, p. 23.] 

36. Solve for d in the formula of Ex. 34 (see § 107) and 
use your result to answer the following question: From 
what distance below the surface must a bubble rise in order 
that its volume may increase from 3 cu. in. to 20 cu. in. ? 
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24 inches 



u(ui{iiuu{t{U({U((( (in 



^ 



12 inches 



X 



2 lbs. 



FiQ. 46. 



112. The Lever. If a 2-pound weight be attached to 
one end of a yardstick and a 1-pound weight to the other 
end, and the whole be then exactly balanced, as shown in 

Figure 46, we have 
an example of a 
lever. The point 
(pivot) around 
which the balance 
takes place is called 
the fulcrum. 
If this experiment be tried (and it easily can be at home 
or in the classroom) it will be found that when the balance 
is ex(icty the fulcrum is just 24 inches from one end of the 
stick, and 12 inches from the other end. Thus the ratio of 
these two distances is ff , or f , which is therefore just the 
same as the ratio of 

the two weights to each • -j yr g 1 

other. (4) ll [^ 



(O 

Fig. 47 



This experiment illus- 
trates a general law as 
follows : 

Law op the Lever. // tv)o weights W and w are balanced 
at the ends of any uniform bar at distances D and d respec- 
tively from the fulcrum (Fig. 47), we have 

^ = i, or WD = wd, 

EXERCISES — THE LEVER 

1. In the figure above suppose TF=4 poimds, w = 2 
pounds, and D = 6 inches. What must be the value of d? 

[Hint. By the law stated above, we have 4/2 = d/6. Solve for d,] 

2. Fill in each of the following question marks (?) in such 
a way that the balance will be perfect in the above figure. 
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(a) W = 9 pounds, ty = 3 pounds, d = l inch, Z)= ? 

(b) W = 8 ounces, ty = 4 ounces, d= ?, D = l foot. 

(c) TF = ?, ty = li pounds, d = ^ foot, D = 10 inches. 

(d) TF = 3 ounces, ty = l pound, d = 12 centimeters, D=? 

3. Where must we place the fulcrum under a 12-foot 
plank in order that a 56-pound boy at one end may balance 
a 112-pound boy at the other end? 

[Hint. Let x be the distance from one end. Then the distance 
from the other end will be 12— x.] 

4. Two boys balance at seesaw on a 12-foot plank. The 
fulcrum is 5 feet from the heavier boy, who weighs 105 
pounds. How much does the other boy weigh? 

6. Sometimes, instead of having two weights balanced, 
we have a single weight balanced by a force, or, as it is 
usually called, a power. This may happen in several ways 
as indicated by the following figures. 

^ Fig. a ^ 

P P 

I <f F ^ d W 

Fia. B [w] [w] 

Fig. 48. 



D 
Fia. C 



Note that in the last two figures the fulcrum is at one 
end of the bar. 

In all these cases, if we let W represent the weight, p the 
power, D the distance of the weight from the fulcrum, and 
d the distance of the power from the fulcrum, we have 

^ = ^, or WD=pd. 

This is called the general law of the lever. 
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By means of this law, answer the following question. 
If the fulcrum of a 5-foot crowbar is placed 1 foot from the 
end, what weight can be lifted by a man weighing 160 
pounds? 

[Hint. Here we have Fig. 48A with W^ ? p=160 lb., D=l ft., 

d=4: ft.] 

6. Figure 49 represents a simple form of pump. Sup- 
pose that the pimip-handle AF is 1^ ft. long, while the 
piston-arm FC is 5 inches long. What will be the upward 




Fig. 49. 



pull on the piston at C when there is a downward pressure 
of 10 pounds at A ? 

7. Figure 50 represents another common form of pump. 
With AF and FC measuring the same as in Ex. 6, what will 




Fig. 50. 



be the upward pull at C when there is a 10-pound upward 
pull at A? 

[Hint. See Ex. 5, Fig. 48B.] 
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8. The drum (on which the strmg winds) of a windlass 
has a radius of 3 inches, and is turned by spokes 2 feet long. 
If we wish to raise a weight of 100 pounds, 
what force must we exert at the end of a 
single spoke? 

9. Figure 52 illustrates the ordirfary 
form of safety valve on a steam engine 
boiler, consisting of a bar of iron hinged 
at one end F and weighted at the other 
end, and resting at some point between on 
a piston which sits upon the steam. If 

the area of the end of the piston (where it rests on the steam) 
is 16 square inches, what weight W must be hung on the end 




Fia. 61. 




Fig. 52. 



SO that when the steam pressure p has risen to 100 pounds 
per square inch the piston will rise so as to let some of the 
steam escape? 

10. In any of the levers illustrated in Ex. 5, the distance 
D from the weight to the fulcrum is called the weight arm, 
while the distance d from the power to the fulcrum is called 
the power arm. Show that the general law of the lever 
(see Ex. 5) may be stated in the following form, which 
is the way it is usually remembered by engineers: The 
weight times the weight arm equals the power times the power 
arm. 
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113. Gear Wheels. In the figure one gear wheel is turn- 
ing another in the usual way. If T is the number of teeth 
on the larger wheel and N is the number of turns this wheel 
is making per minute, whiles is the niunber of teeth on the 
smaller wheel and n is the number 
of turns this wheel is making per 
minute, then we have the following 
law of gear wheels: 




Fio. 53. 



I = ^, or TN^tn. 



EXERCISES— GEAR WHEELS 

1. If the large wheel in Fig. 53 has 60 teeth and is making 
100 revolutions per minute, how many revolutions per min- 
ute is the smaller wheel making if it has 20 teeth? 

[Hint. By the law stated above, we have 60/20 = n/100.] 

2. A wheel of 90 teeth that is making one revolution 
per second, fits into a smaller wheel which is revolving twice 
as fast. How many teeth are therein the smaller wheel? 

3. In order that the small wheel may always revolve 
just twice as fast as the large one, how should the wheels 
be made? Why? 

[Hint. The example supposes simply that n=2 N.] 

4. A certain gear wheel of T teeth is making N revolutions 
per second. It fits into another similar wheel having t teeth. 
Show that if the latter wheel be replaced by one having r 
more teeth, the new one will revolve slower than the old one 
by the amount 

TNr 
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114. Belts. In Fig. 54, one wheel is turning another by 
means of a belt in the usual manner. If D is the diameter 
of the larger wheel and N is the number of turns this wheel 
is making per minute, while d is the diameter of the smaller 
wheel and n is the number 
of turns this wheel is making 
per minute, then we have f j 
the following law of belts: ^ 

5 = J, ovDN^dn. 

a ^ Fig. 64. 



EXERCISES — BELTS 

1. Show that if the two wheels are of the same size, each 
makes the same number of turns per minute. 

[Hint. This supposes D=d.] 

2. Show that if the diameter of the small wheel is one 
third that of the large one, it will make three times as many 
turns per minute. 

3. A wheel whose diameter is 10 inches is revolving at 
the rate of 1 turn per second and is belted to a smaller wheel 
whose diameter is 3 inches. By how many turns per minute 
will the smaller wheel be slowed down if its diameter be in- 
creased by 2 inches? 

4. A wheel of diameter D is making N revolutions per 
minute, and is belted to another wheel whose diameter is d. 
Show that in order to increase the speed of the latter wheel 
by q revolutions per minute, it would be necessary to diminish 
its diameter by 

DNq 
n{n+q) 
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116. Similar Figures. When two geometric figures have 
exactly the same shape (though not necessarily the same 
size) they are called similar figures. Thus, any two circles 
are similar figures, as likewise any two 
squares, or spheres, or cubes. 
C* Two triangles may be similar, as illus- 
trated in the figure. Note that, though not 
of the same size, these triangles have exactly 
the same shape. 

The following facts are shown^in Geometry 
to be true of any two similar figures : 

(o) Corresponding lines are proportional. 

Thus, in the two similar triangles above, if the side ABot the one 
triangle is twice as long as the corresponding side A'B' (read A 
prime, B prime) of the other triangle, then EC is twice as long as 
B'C; that is, ^^ ^^ 

In the same way, we have also 

AB CA 




A'B' CA' 

(6) Areas are proportional to the squares of corresponding 
lines. 

Thus, if one circle has a radius of length R and another circle has 
a radius of length r, the area A of the first circle is to the area a of 
the second as £* is to r* ; that is, we have the proportion 

a r«' 
Compare Ex. 16, p. 182. 

(c) Volumes are proportional to the cubes of corresponding 
lines. 

Thus, if one sphere has a radius of length R and another sphere 
has a radius of length r, the volumes V and v of the spheres are 
such that we have the proportion V/v = R*/r*. 
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EXERCISBS — SIMILAR FIGURES 

1. In the two similar triangles shown in § 115 suppose 
Afi = l foot, A'fi' = 8 inches, and 80 = 1^ feet. How long 
mustfi'C'be? 

[Hint. Meaefiire all lengths in inches and let x be the length of 
B'C\ Then by (a), § 116, we have 12/8 = IS/x.] 

2. If a tree casts a shadow 50 feet long when a post 4 feet 
high casts a shadow 5 feet long, how high must the tree be? 







5 ft. 



3. A triangle has its sides 3 inches, 4 inches, and 5 inches 
long. Another triangle of the same shape has its shortest 
side 2 inches long. What are the lengths of the other sides 
of this triangle? 

4. Of the two triangles in Ex. 3, the first has an area of 
6 square inches. What is the area of the second? 

[Hint. Let x be the area of the second. Then, by (6) of § 116, 
we have 

6_3«. 
x"2i' 
that is, 

X 4* 

6. Compare the areas of two city lots of the same shape 
if a side of the one is twice as long as the corresponding side 
of the other. Does your answer apply no matter what the 
shape is so long as it is the same for each lot? 
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6. What is the effect upon the area of a circle of trebling 
its diameter? 

[Hint. Let D be the first diameter. Then 3Z> will be the 
second diameter.] 

7. Compare the volume of a sphere whose diameter is 
1 inch with that of a sphere whose diameter is 2 
inches. 

8. If a bottle of a certain shape holds 1 pint, how much 
,will a similar bottle half as high hold? 

9. A man whose eye is 5 ft. 6 in. above the ground sights 
over the top of a 12-foot pole and just sees the top of a tree. 
If he is 7 ft. from the pole and 63 ft. from the tree, how high 
is the tree? 

[Hint. First draw a fi^rure.] 

10. The figure represents a kind of compasses used by 
draftsmen. By adjusting the screw at 0, the lengths OA 

and OC, and the corresponding lengths OB and 
OD, may be changed proportionally. If 0A = 3 
in. and 0C = 5 in., what part of the opening CD 
Wo will the opening AB be? 




D 
Fig. 67. 



116. Mean Proportional. If the means of a 
proportion are equal, either mean is called the 
mean proportional between the extremes. 

Thus, in the proportion 1 : 2 » 2 : 4, we have 2 as the 
mean proportional between 1 and 4. Likewise, in the proportion 

18 : 6 = 6 : 2, 
6 is the mean proportional between 18 and 2, and in the proportion 

X* : x' «= X* : x\ 
we have x* as the mean proportional between x* and x». 



XI, § 116] 



RATIO AND PROPORTION 



197 



EXERCISES — MBAN PROPORTIONAL 

1. Find the mean proportional between 6 and 24. 

Solution* Let x be the mean proportional. Then, 6/a; = a;/24. 
Whence, 7^- 144, and x= 12. Ans. 

Find the mean proportional between the two numbers 
given in each of the following exercises. 

2. 3 and 27. 4. 4 a and 9 o. 6. 1 and (o+6)«. 

3. 50 and 1. 6. 2 r^ and 2 r. 7. 4 mn and 9 m*n. 

8. In the semicircle ABC, suppose a line CD drawn per- 
pendicular to AS. Then (as shown in geometry) the length 
of CD will be a mean proportional 
between the lengths AD and Dfi. 

If AD = 2 inches and D5 = 18 
inches, find CD. 

9. In Fig. 58, suppose AB = 29 
feet, and AD =4 feet. What is 
CD-i 

10. The figure shows a circle and a point P outside it 
from which are drawn two lines FT and PS. The first 
of these lines just touches the circle 
and is called a tangent, while the 
second line cuts through the circle at 
two points R and S and is called a 
secant. In all such cases, the tangent 
PT is a mean proportional be- 
tween the whole secant PS and its 
external part PR (as shown in ge- 
ometry). 





FiQ. 69. 



Find the length of PT if P/2 = 9f, and /2/S=50f. 



CHAPTER XII 
GRAPHICAL REPRESENTATION 

117. Use of Diagrams. A few examples will show how 
diagrams are often used in everyday life to bring facts 
cleariy before the eye. 

Example 1. A branch of the Y. M. C. A. wished to let 
people know of its progress in collecting money for a new 
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Fig. 60. 

building. It placed a large signboard on the street and after 
ten dajrs the board had the appearance shown in Fig. 60. 

Explanation. Two lines XX and YY had been drawn perpen- 
dicular to each other and each had been divided into equal units, 
beginning at the point where the lines cross. The points of division 
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were numbered 1, 2, 3, etc., as on a yardstick. Each unit on XX 
represented one of the days during which the money had been 
coming in, while each unit on YY represented $100. Starting 
at the point marked 1 on XX j the secretary of the Y. M. C. A. had 
drawn a heavy line extending upward imtil its end was on the 
level with the point marked 2 on YY. This indicated that on the 
first day just $200 was received. Similarly, he had drawn a heavy 
line beginning at the point marked 2 on XX and extending upward 
2i units as measured on YY. This indicated that on the second 
day the amount received was $250. In the same way, he had 
drawn a heavy line upward corresponding to each of the 10 days. 
Read for yourself (from the scale on YY) the amoimt received on 
each day after the second. 

Example 2. Figure 61 shows the home expenses of a small 
family for a period of twelve months, beginning with January. 
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Fig. 61. 



Each imit on XX represents 1 month, while each unit on 
YY represents $1. Read for yourself the amount spent 
during each of the twelve months. 
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Example 3. Figure 62 shows the number of miles of rail- 
way built in the United States from 1881 to 1890. Each unit 

on XX represents a year (begin- 
ning with 1881), while each unit on 
YY represents 500 miles. Read 
off (as near as you can) the number 
of miles built during each of the 
nine years. 

EXERCISES t 

In the three Examples of § 117 a 
diagram was given each time and you 
were asked to read off from it the facts 
which it expressed. In the Examples 
below this is reversed; that is, the 
facts are given first in a table and you 
are asked to draw the corresponding 
diagram yourself. 

1. The table below shows the 

money spent each month of the 

year by a small family for clothing. 

Fig. 62. Draw a diagram (similar to Fig. 61) 

to represent the facts here given. 
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Jan. 


Feb. 


Mar. 


Apr. 


May 


June 


July 


Aug. 


Sept. 


Oct. 


Nov. 


Dec. 


120 


110 


$12 


120 


115 


18 


$9 


$20 


17 


120 


$28 


$10 



2. The miles of railway built in the United States from 
1891 to 1900 is shown in the table below. Draw a^ diagram 
(similar to Fig. 62) to represent this table, indicating clearly 
the numerical values in the margin, as in Fig. 62. 

t The pupil will find it to his advantage to secure at this point paper 
ruled in small squares. Such paper is called squared paper, or co&rdinate 
paper. It may be found at most stationery stores. 
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Year 


1891 


1892 


1893 


1894 


1895 


1896 


1897 


1898 


1899 


1900 


MUes 


4000 


4600 


2600 


2000 


1500 


1600 


1800 


2200 


3800 


3500 



3. Draw a diagram to represent the temperature record 
given in the table below. Each unit on XX should represent 
1 hour, beginning with 7 a.m., while each unit on YY 
should represent 1**, beginning with 22**. 



Time 


7 a.m. 


8 a.m. 


9 a.m. 


10 a.m. 


11 A.M. 


12 m. 


1 P.M. 


2 p.m. 


8 p.m. 


4 p.m. 


h P.M. 


6 P.M. 


Temper- 
ature 


22° 


240 


26° 


290 


840 


380 


420 


41*3 


89° 


86° 


80" 


25° 



4. Draw a diagram similar to that for Ex. 3 to represent 
the temperature record below. Observe that some of the 
temperatures here are negative. Wherever this happens, 
draw the corresponding heavy line downward^ instead of 
upward. 



Time 


7 a.m. 


8 a.m. 


9 a.m. 


10 A.M. 


11 A.M. 


12 m. 


IP.M. 


2 p.m. 


8 P.M. 


4 p.m. 


5 p.m. 


6 p.m. 


Temper- 
ature 


+2" 


+9P 


+60 


+ T«> 


+90 


-HS^ 


+6- 


-1-30 


00 


-40 


-8<^ 


.-120 



6. The table for dry measure as learned in arithmetic is 

2 pints = 1 quart, 8 quarts = 1 peck, 4 pecks = 1 bushel. 

Draw a diagram for this, placing the words pinty quart, peck, 

bushely each one unit apart, along XX, and letting each unit 

on YY represent 1 quart. 

6. Draw a diagram for the table learned in arithmetic 
for liquid measure. Proceed as in Ex. 5, taking each unit 
on YY to represent 1 quart. It is interesting to compare 
the two diagrams. 
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118. The Graph. Thus far we have considered diagrams 
consisting of a series of heavy upright Unes. In practice, 
we do not always draw in the full length of such lines, but we 
simply mark (by a cross or a dot) their end points, and then 
draw a smooth Une or curve through all such points. This 
gives what is known as a graph. It will be illustrated by 
the following examples. 

Example. The average weight of bojrs at different ages 
beginning at 6 years and cootinuing up to 15 years is given in 
the table below. 



Age 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


Weight 


50 


53 


57 


62 


67 


72 


78 


85 


93 


105 



Draw the graph of this table. 

Solution. We beg:in just as in preparing the diagrams in § 117, 
letting each unit on XX here represent a year, beginning with 6, 
and letting each unit on FF represent 10 pounds, beginning with 50. 
But instead of drawing in the heavy upright lines, we simply mark 
(by the cross) their upper end points, and then draw, free hand, a 
smooth curve through all these points, giving the result shown in 
Fig. 63. This curve is the graph of the above table. 

119. Use of the Graph. The graph in Fig. 63 not only 
gives us a picture of the weight of bojrs at exactly 6 years, 
7 years, etc., but also at intermediate ages such as 7.5 years, 
8.75 years, etc. For example, at 7.5 years the weight is seen 
to be about 55 pounds, because when we are at the point 
7.5 on XX the height of the curve (as measured on YY) is 
seen to be about 55. Likewise, for any age whatever between 
6 and 15 years the graph gives us instantly a good idea of the 
corresponding average weight. By the use of such a curve 
it is easy to tell whether a boy is under or over average 
weight. 
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Fig. 63. — Average Weight of Boys. 

Note also that the graph grows steeper as it goes to the 
right, thus indicating that the rate of growth steadily increases 
as the boy gets to be near 15 years of age. 

EXERCISES — GRAPHS 

1. The table below shows the average weight of girls 
between the ages of 6 and 15 years. Draw the graph for this 
table similar to that for boys shown in § 118. 



Age 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 
106 


Weight 


43 


47 


52 


57 


62 


69 


78 


89 


98 



2. On the figure which you have drawn for Ex. 1 sketch 
in also the curve for boys (as given in Fig. 63). In other 
words, draw hoth graphs on the same sheet, using the same 
lines XX and YY for both. Upon comparing the two 
curves you will see that they cross each other at a certain 
point, owing to the fact that the curve which starts lowest 
rises fastest. What is thus brought out about the compara- 
tive growths of bojrs and girls? 
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3. Draw the graph showing how one's savings increase if 
he saves $1.00 a month for 12 months. 

[Hint. Each unit on XX represents a month and each unit on 
YY represents $1.00. The graph turns out to be a straight line.] 

4. Draw a graph showing how one's savings increase if he 
saves $1 the first month, $2 the second month, $3 the third 
month, and so on for a year. Compare your result with 
that for Ex. 3 and state what facts are thus brought out to 
the eye. 

5. The water in a glass tube was at 60°. Heat was applied 
and the temperature of the water was then measured at 
intervals of five minutes, giving the results shown in the table 
below. 



Minutes 





5 


10 


15 


20 


25 


30 


35 


40 


Degrees 


60 


68 


76 


83.2 


89.6 


95.5 


101 


106 


110 



Draw the corresponding graph and from it answer (approx- 
imately) the following questions: (a) What was the tem- 
perature at the end of 12 minutes? (6) At the end of 27 
minutes? 

6. Below are given the times of sunrise at intervals of 15 
days for a certain period of the year. Draw a curve (similar 
to that in § 118) to show its change during that period. 
Represent the dates along the line XX with 1 unit for 
every 15 days. Take each unit on the line YY equal to 
25 minutes. 



Date 


Nov. 17 


Dec. 1 


Dec. 16 


Dec. 31 
7:30 


Jan. 14 


Jan. 29 


Feb. 13 


Time of 
Sunrise 


6:54 


7:09 


7:24 


7:27 


7:16 


6:59 




DESCARTES 

{Reni Descartes, 1596-1650) 

Profound student and ranked as one of the greatest leaders of all time in 
both mathematics and philosophy. He invented representation by graphs 
and was thus led to the discovery and development of the branch of mathe- 
matics called Analytic Geometry. He was also much interested in medicine 
and surgery. 
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120. The Graph of an Equation. If $100 be invested 
at 3% simple interest, the interest amounts at the end of 
1 year to $3, at the end of 2 years to $6, at the end of 3 years 
to $9, etc. This leads to the table below. 



Year 


1 


2 


3 


. 4 


5 


6 


7 


Interest 


$3 


$6 


$9 


$12 


$15 


$18 


$21 



Figure 64 shows the graph drawn from this table as in 
§ 118, with the years indicated on the horizontal Une XX and 
the total interest on the vertical line YY. 

There is another way of considering 
this matter. Since the interest amounts 
at the end of 1 year to $3, at the end 
of 2 years to $6, at the end of 3 years 
to $9, and so on, we see that if i stands 
for the interest at the end of t years, we 
have always the equation 

t = 3«. 

This equation gives in condensed form 

all that the above table and graph 

really say, for if we put ^ = 1 in the 

equation we get (as we should) i=3, 

likewise, if we put ^ = 2 in the equation 

it gives i = 3 • 2, or 6, which agrees with 

the graph, etc. Thus, we have here 

an equation and a graph which correspond to each other. 

Whenever this happens the graph is said to be the graph 

of the equation. 

In such a case, the graph and the equation represent the 
same facts, but in two entirely different ways. 
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EXERCISES — GRAPHS OF EQUATIONS 

1. Draw the graph like that of § 120, showing the interest 
on $100 at 2%, and write the corresponding equation. 

2. Draw the graph Uke that of § 120, showing the interest 
on $100 at 4%, and write the corresponding equation. 

3. Draw the graph of the equation i = 5 ^ 

[Hint. First let t take the values 1, 2, 3, etc., and form a table. 
Then proceed as in § 120.] 

4. A man leaves a certain place and walks at the rate of 
2J miles per hour. Construct a graph to show how far he 
has walked after any given length of time, and find the 
corresponding equation. 

[Hint. Let s stand for the distance walked in i hours, and see 
§ 107.1 

5. If a small heavy body, as a bullet, is dropped vertically 
downward from some high place, as a tower, the distance 
8 (in feet) which it has passed over by the end of t seconds 
is determined by the equation s = 16 t^. Draw the graph of 
this equation, letting a unit on the line XX represent 1 sec- 
ond, and a unit on the line YY represent 16 feet. 

[Hint. The graph is not a straight line.] 

121. Definitions. Two lines perpendicular to each other 
(such as the lines XX and 77 of § 117) are called a pair 
of axes. The horizontal line XX is called the axis of x, 
while the vertical line YY is called the axis of y. The point 
where the two lines meet (or cross) is called the origin. 

Just as in Figure 18, page 34, we used the + sign with 
numbers to the right of the origin (or zero point) and the — 
sign with numbers to the left of that point, so we shall 
hereafter regard all distances on the a:-axis {XX in Fig. 65) 
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as + if measured to the right of the origin, and as — if 
measured to the left of that point. Moreover, we shall carry 
out this same idea along the y-axis {YY in Fig. 65), thus 
considering as + all distances upward from the origin, and 
as — all distances downward from that point. 

Suppose we now think of a point which is not on either 
axis, as the point P in Fig. 65. The distance from P to the y- 
axis is seen to be 4 units (as meas- 
ured along the x-axis below), and 
the distance from P to the x-axis 
is seen to be 3 units (as measured 
on the 2/-axis). More exactly, 
these measurements are +4 and 
+3 respectively, since the first is 
to the right, while the second is 
upward. In this way we may 
describe the location of P very 
briefly by calling it the point 

(+4, +3). In the same way, the point marked Q in the figure 
is the point ( — 5, 4) because it is located 5 units to the left of 
the y-axis and 4 units upward. Again, fi as it appears in the 
figure is the point (—4, —4) (Why?), while S is the point 
(6, -2) (Why?). 

Observe carefully that the symbol for a point thus becomes 
in all cases (x, y) where x and y are numbers (positive or nega- 
tive) the^rs^ of which gives the distance of the point from the 
2/-axis, while the second gives the distance from the x-axis. 
The numbers x and y are called the codrdinates of the point ; 
the first is sometimes called the '^ x of the point " and the 
second is called the ^' y of the point J ^ 

Note. If the point is on the a;-axis its distance from that axis 
is 0, hence such a point is represented by (a;, 0). Similarly, a point 
on the 2/-axis becomes (0, y). 
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EXERCISES — COORDINATES 

1. Locate on squared paper (plot) the points (—3, — 1) ; 
(2,-4); (-1,2); (3,4); (-3,7). 

2. Plot the points (2^, -3) ; (4, -5) ; (-3, -6) ; (-4, 2). 

3. Plot the points (2, 1), (-8, 1), and (1, - 6). Join these 
points by straight lines. What sort of figure is formed? 
Find the coordinates of the middle point of the horizontal 
side. 

4. A certain street runs due east and west. It is met by 
another street which runs due north and south, thus forming 
a " four corners." Taking the meeting point as origin and 
the east and north directions as the + XX and + YY axes, 
respectively, what are the coordinates of a flagpole which 
stands due southeast from the origin at a distance of 100 
feet from each road? Answer the same question when the 
pole stands 100 feet due south of the crossing point. 

5. Plot each of the following points and then see if it is 
possible to draw a straight line passing through all of them : 
(1,2); (2,4); (0,0); (-1,-2); (-2,-4); (-3,-6); 

(-i, -1). 

122. The Complete Graph of an Equation. The graph of 
an equation, as explained in § 120, becomes much more 
complete when we use a pair of axes such as we have in § 121. 
This will appear from the following example. 

Example. Plot the graph of the equation 2 x+y = 6. 

Solution. First draw a pair of axes. Now give x any 
value in the equation ; for example, let x = 1. The equation 
then becomes 2 X 1 + 1/ = 6, or simply 2 + 1/ = 6, from which, 
upon solving for y, we get y = 4. Thus, the pair of values 
(x = 1, y = 4) when used together satisfy the given equation. 

We now plot the point (1, 4) since it is what corresponds 
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(as regards the axes) to the pair of values just found. The 
point (1, 4) is thus said to '* belong to" the given equation. 
See Pi in the figure. 

Next, give x some other value ; for example, x = 2. When 
this is done in the equation we find that i/ = 2. Explain 
this. Therefore, the point (2, 2) is another point which 
belongs to the equation, and is now to be plotted. See 
P2 in the figure. 

We proceed to plot several points in 
this way, first giving x a value in each 
case and then getting the correspond- 
ing y from the equation. In doing this 
it is to be observed that x may be 
given negative as well as positive 
values and y also may become nega- 
tive, but we can plot the point in 
every case, as shown in § 121. The 
table below shows a variety of values 
of X and the corresponding value of 
y for each value of x. Note the signs. 
For example, when x=4, 1/=— 2; 
when x= — 1, i/ = 8; etc. 
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Fig. 66. 



X 


1 


2 


3 


4 





-1 


-2 


-3 


-4 


y 


4 


2 





-2 


6 


8 


10 


12 


14 



The graph of the given equation is now obtained by draw- 
ing the straight line which passes through all the points thus 
plotted (see Fig. 66). This line may be extended indefinitely 
in either direction (see the arrows in the figure) and when so 
extended it constitutes the complete graph of the equation 
2x+i/ = 6. 
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123. Linear Equations. Any equation which contains 
two letters (usually x and y) is called linear if these letters 
occur to no higher power than the first. Thus, the equation 
2 x+i/ = 6 considered in § 122 is a linear equation in x and y ; 
so also are the equations 6x— 32/ = 2, ix = 3i/— 1, etc. ; but 
x2— 1/2 = 1 jg ^^^ Unear. 

The graph of every linear equation is a straight line. It 
can be shown that if we take any point on this line its 
coordinates will satisfy the given equation. 



EXERCISES — GRAPHS OF LINEAR EQUATIONS 

Draw the graph of each of the following linear equations. 
In each case a table should be formed as in the Example of 
§ 122. Plot at least three points in each case. 

1. x+2/ = 4. 3. x+2y = 6, 6. x+Sy = Z, 

2. x-i/ = 3. 4. 2x+32/=l. 6. 4x+Zy=12. 

124. Plotting an Equation by Means of Two Points. We 

need find only two points to plot the line through them. 
Any two points will do, but it is usually most convenient 

to use the two points where the line 

crosses the axes. 

Example. Plot the equation 

5x-4 2/ = 20. 

Solution. Placing x=0 in the equation, 
gives 2/=— 5. 
Placing 2/=0 in the equation, 
gives a; =4. 

Plotting the two points thus obtained, 
namely (0, —5) and (4, 0), (which, by the 
Note in § 121 are the points where the graph crosses the axes) and 
drawing (with a ruler) the line through them, we get the graph 
required, as shown in Fig. 67. 
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EXERCISES — PLOTTING STRAIGHT LINES BY TWO POINTS 

Draw the graph of each of the following Unear equations 
by plotting two points on it. 

1. 3x-22/=-6. 3. 3x-2t/-6 = 0. 6. 2x-5y = 10. 

2. 3x+2i/=-6. 4. 3x = 2y, 6. 4x^7 y-U. 

126. Simultaneous Equations. When we draw the graphs 
of the equations 

x+y=6, 
and 

3x-2.y=-2, 

we find that the lines intersect (cut each other) in one point, 
namely (2, 4). Since this point is thus 
onboth lines, it follows that the corre- 
sponding values, a; = 2, and 2/ = 4, must 
satisfy both equations. Test this and 
see that it is true. A set of values, 
such as (2, 4), that satisfies both of the 
two equations is said to be a solution of 
the equations. 

Any two equations considered to- [^ 
gether in this way are called simul- 
taneous equations. 

126. Inconsistent Equations. If we draw the graphs of 
the simultaneous equations 

'x+i/ = 3, 
[x+i/ = 6, 
we find that the lines do not intersect; 
in other words, the lines are parallel 
Thus, the equations have no pair of 
values in common. Such a pair of 
simultaneous equations is called incon- 

Fig. 69. sistent. 
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EXERCISES — SIMUl^TANEOUS EQUATIONS 

Draw the graphs of each of the following pairs of simulta- 
neous equations. Determine which have a solution and 
which are inconsistent. Whenever there is a solution, find 
(from the graph) what it is and test your result in the equa- 
tions. 



1. 



x+2 2/=3, 
2x+2/ = 3. 

fx-22/ = 6, 
\2x-4y = 8. 

3x+22/ = 6, 
3x-22/ = 6. 

|3x+22/ = 6, 
l3x+22/=-6. 



5. 



f3x+2i/ = 6, 3 .f2x-4i/=-5, 
l3x-22/=-6. ' \4x+2y = 5. 

\4x-y = 0y 
Ux+y = 7. 

fx+2i/-3=0, 

12X-2/+1-0. 



2/= -3, 
3x-22/=-6. 

2x-2/ = 4, 
4x-22/=12. 

2/= 13, 



f2x+3 2/ 

lx=-2. 



10. 



11. 



12. 



*127. Graphical Study of Motion. The way in which motion 
may be studied graphically is best seen from one or two examples. 

Example 1. An automobile starts out and travels at the rate 
of 20 miles an hour, and two hours later another starts from the 
same place and goes in the same direction at 30 miles an hour. 
How long before the second overtakes the 
first? 

Solution. Take each unit on XX to 
represent 1 hour and each unit on FF to 
represent 20 miles. The motion of the first 
automobile is then represented by a straight 
line starting at the origin and rising 1 unit 
for every unit it goes to the right ; that is, it 
is represented by the line AB. 

As for, the second automobile, it does not 
start until 2 hours have elapsed and then 
Fig. 70. g^^g g^^ ^j^g j.g^^g Qjp 3Q miles an hour. This 

means that its motion is represented by a straight line starting 



"~" 




[71 


"^ 


^ 


1^^ 






^ 


— 1 

^ 

s 


49 




























B 












J 












A 


7 












/ 


/ 








6Q 






/ 


/ 








x" 


40 




/ 


i 


f 








/ 




/ 








X 




A 







ic 


^ 




\ ^ 






Y 






H 


jur* 







XII, § 127] GRAPHICAL REPRESENTATION 



213 



at the 2-hour mark on XX and then rising IJ units for every unit 
it goes to the right ; that is, it is represented by the line CB. 

The point B where these two lines meet corresponds graphically 
to the meeting of the automobiles, because at this point both have 
traveled the same distance as measured off on YY. The time that 
goes with this point, as measured off on XX, is seen to be 6 hours. 
Therefore, the second automobile will overtake the first one 6 hours 
after the first one starts, or, 4 hours after the second one 
starts. Arts. 

Example 2. Two automobiles start from two towns that are 110 
miles apart and travel towards each other, the one at 20 miles an 
hour and the other at 30 miles an hour. How long before they will 
be 10 miles apart ? 

Solution. Take the same units as in Example 1. Then the 
two motions will be represented by the two lines in Fig. 71. Note 
that the line representing the machine travel- 
ing at 20 miles per hour starts at hours and 
rises 1 unit for every unit it goes to the 
right ; while the other line, which represents 
the machine traveling at 30 miles per hour, 
starts at the hour also, but at the 110 mark, 
and it descends IJ imits for every unit it goes 
to the right. . 

Now, the question is, "When will the two 
machines be 10 miles apart?" Graphically, 
this means **What is the point on XX where 
the difference between the distance measured 
up to the lines will be 10 miles ; that is, i a unit ? '* This difference 
is represented by PQ, The point on XX is seen to be 2. Hence, 
the answer to the example is 2 hours. 
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♦^EXERCISES — MOTION 

1. A boy starts from home at noon and rides on a bicycle 10 
miles an hour toward a certain town. At 3 o'clock in the afternoon 
a man starts out from the same place in an automobile and travels 
the same road at 30 miles an hour. Determine graphically how 
soon the boy will be overtaken, and also how far he will then be 
from home. 

2. Answer the following question graphically : In a bicycle race 
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A goes 22 yards per second, and B goes 12 yards per second. B 
has a start of 50 yards. Who will win the race? 

[Hint. Let each unit on XX represent 1 second, and each unit 
on yy represent 10 yards.] 

3. Solve the following graphically : A man can row 18 miles per 
hour downstream, and 2 miles per hour returning. How far down- 
stream can he go if he wishes to be back home in 10 hours from the 
time he starts out? 



CHAPTER XIII 

SIMULTANEOUS EQUATIONS SOLVED BY 
ELIMINATION 

128. Solution of Simtdtaneous Equations by Elimination. 

The solution of two simultaneous equations (such as those 
considered in § 125) may be readily found by a process called 
elimination. As there are several kinds of elimination, we 
shall first consider that which is called elimination by sub- 
stitution. 
Example 1. Solve the simultaneous equations 

(1) x+y = e, 

(2) 3a;-2y=-2. 

Solution. From equation (1) we have (by transposing the x) 

If we substitute (or place) this value of y in equation (2), we 
obtain the equation 

3a;-2(6-a;) = -2, 

which is an equation containing only the one letter, x ; in other 
words, we have obtained from (1) and (2) an equation in which the 
y has been removed or eliminated. 

This last equation (being like those considered in the earlier 
Chapters) may be at once solved. Thus, it reduces to 

3a;-12+2a;=-2, orSx^lO, 
which gives x=2. 

To get y, substitute the value a;=2 in (1). The result is 
2+y=6, or 2/= 4. 

The required solution of (1) and (2) is therefore (a;=2, 2/= 4). Ans. 

Check. When x=2 and 2/=4, the first member of equation (1) 
becomes 24-4, which reduces (as this equation demands) to 6. Simi- 
larly, when x—2 and 2/= 4 the first member of (2) becomes 
.3x2-2x4=6-8= -2, as required. 
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. Example 2. Solve the simultaneous equations 

(1) 2a:+3 2/ = 4, 

(2) 5x-2y=-9. 

Solution. From (1) we have 

3 y«4-2 X, 
and therefore 

^ 3 
Substituting this value of y in (2) gives 

This is an equation for the one letter x, and may therefore be solved. 
Thus, clearing it of fractions we obtain 

15a;-2(4-2x)^ — 27, 
or, 

15x-8+4a;=-27, 
which gives 

19a;=-19, 
and hence 

x=-l. 

Placing x= — l in equation (1) gives 

-2+3 2/=4, 
or, 

3y=6. 
Hence, 

2/=2. 

The required solution of (1) and (2) is therefore (a;= — 1, y—2), 

Ans. 

Check. When x- — l and y=2, the first member of (1) becomes 
2x(— 1)+3X2, which reduces (as this equation demands) to 4. 
Similarly, when x= — l and y=2, the first member of (2) becomes 
5X(— 1)— 2X2, which reduces to —9, as required. 

Note. Observe that the way which we have just used for solv- 
ing two simultaneous equations gives their solution without re- 
quiring us to draw the graph. For this reason it is usually shorter 
than the method studied in § 125, though the latter is very valuable 
in making clear what the solution means. 
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Prom the two examples worked above we obtain the follow- 
ing rule. 

Rule for Solvin'g Two Simultaneous Equations by 
Substitution. Solve the first equation so as to get y in terms oj 
X. Place the result in the second equation^ which may then he 
soloed to get the desired value of x. After x has been found, 
put its valve in the first equation, which may then he soloed to 
get the desired value of y. 

Note. This rule may be stated in a more general form as fol- 
lows : Solve either equation for one of the letters in terms of the 
other one. Place the result in the other equation and solve. Hav- 
ing thus found the value of one of the letters, the value of the other 
may be found by substituting the known value into either of the 
given equations and solving the resulting equation. 

EXERCISES 

1. Solve Example 1 of § 128 by the method of § 125 and 
compare the solution you thus obtain with that already 
worked out in § 128. They should agree. 

Solve each of the following pairs of simultaneous equations 
by substitution and check your answers. 

lx+y^7, Q f3r-7s = 40, ^^ /9Z-4r=3,. 



f3r-7s = 40, 
\x-y = l, ""' \4r-3s = 9. *"* l7Z+2r=33. 

{; 

/x+j/ = 12, 
\3x+y=2 



, /x+3j/=ll, _ f3p+2g=26, .. f2s-3<=12, 

■ \3x+y=9. ' l5p-2g=38. ' l3s+5<=8. 

g f5«+7«;=125, j2 j2x-Zy=0, 

24. ■ \7M-t;=13. ■ \3x+j/=ll. 

. fa;+y=30, . J 2r»-3n=-14,jg Ux+3y=l, 

' I3a;-2y=25. ' I3m+7n=48. ' i3x-2y=J^. 

For further exercises on this topic, see Appendix, p. 308. 
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129. Elimination by Addition or Subtraction. Suppose 
that we have the simultaneous equations 

Sx-2y=2. 

Here the coefficients of y in the two equations are numeri- 
cally equal, but opposite in sign, so that if we add the equa- 
tions together we obtain an equation containing only x. 
Thus, 

a:+2 2/ = 4 

Sx-2y=2 

Adding, 4x =6. 

This example illustrates what is called elimination by 
addition. 
Again, suppose that we have the simultaneous equations 

4x+2 2/ = 10, 

x+2y=4. 

Here the coefficients of y are the same numerically and in 
sign so that if we subtract the second equation from the first 
we obtain an equation containing only x. Thus, 

4a;+2 2^ = 10 
x+2y=4 
Subtracting, 3x =6. 

This illustrates eUmination by subtraction. 

The way in which elimination by addition or subtraction is 
used to solve any two simultaneous equations will be seen 
from the following examples : 

Example 1. Solve the simultaneous equations 

(1) 3x-2y=-l, 

(2) 2x+ 2/= 11. 

Solution. First multiply both members of (2) by 2, obtaining, 

(3) 4a;+2y^22. 
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Adding (1) and (3) 

4 x+2 y=-22 
7x =21; 

henoe 

x=3. 
Substituting x^S in (1) gives 

9-2 2/=-l, 
or, 

-2 2/=-10; 
whence, 

It follows that the desired solution is {x-3j ^=5). Ans. 

Check. When x=3 and ^-5 the first member of (1) becomes 
9—10 which, as the equation demands, is equal to —1. Similarly, 
the first member of (2) becomes 6+5, which equals 11, as required. 

Example 2. Solve the equations 

(1) 3x-2 2/ = 8, 

(2) 4a:-3y = 10. 

Solution. Multiplying (1) by 3 gives 

(3) 9x-6 2/=24. 
Multiplying (2) by 2 gives 

(4) 8j-6i/=20 . 
Subtracting gives 

x=4. 

Substituting a;=4 in (1) gives 

12-2 2/= 8, 
or, 

-2 2/= -4, 
or, 

y=2. 

The desired solution is therefore (a;=4, 2/= 2). Ans, 

Check. When x=4 and y=2, the first member of (1) becomes 

12—4, which is 8 as required. Similarly, the first member of (2) 

becomes 16—6, which is 10 as required. 
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A careful study of the examples above leads to the follow- 
ing rule : 

Rule for Solving Two Simultaneous Equations by 
Addition or Subtraction. First multiply one or both of the 
equations by such numbers as wiU make the coefficients of one 
of the letters (say, y) numerically equal. Then eliminate by 
addition if the resulting coefficients have unlike signs, or by 
subtraction if they have like signs. Proceed from this point 
to get the value of one Utter, after which the other letter may be 
obtained by substitution. 

exercises 

Solve each of the following pairs of simultaneous equa- 
tions by the method of addition or subtraction, and check 
your answers. In the first five it is not even necessary to 
multiply through in order to get suitable coefficients ; hence 
these may be done mentally. 

x+y = 3, ^ /2r-h3 5 = 13, 



x-y = l. ' lr-t-2s = 8. 



\r- 



2. 



x+2y=9, 
x-y = 0. 



lx+y = 9, 
\x-'y = l. 



1 5^+3 7=8, 
^* l7iiC~3r=4. 

[x+y = 8, f8t^+9t; = 99, 

\x-y=-2. l5t^-7t; = 24. 

jx+^y = S, ^^ /5m-4n=7, 



' \2x+iy = 7. ' l2m+3n = 12. 

f3x+ 52/ = 4, [5x-22/ = ll, 

\9x+10y = 10. \Sy+x = 9. 
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p+2(z = 7, f5r+2s = 214, 

3p-2g=7. lr = 21s. 

f2a:+3 2/=41, Ux*+i2/ = 2, 

^*- l2 2/+3x=39. Ua;+fy = 2. 

f3x-22/ = 0, L5x+.2y = 66.1, 

^''- l5x+22/ = 8. •'^- \x-y = 9. 

For further exercises on this topic, see Appendix, p. 308. 

130. Simtdtaneous Equations Containing Fractions. If 

the equations contain fractions, it is usually best to clear of 
fractions and reduce to the forms found in §§ 128, 129. 
Example. Solve the equations 

12 8 



(1) 
(2) 



a:-2"y-5' 

10 ^ 15 
a;-4 2/-3' 



Solution. Simplifying (1) by clearing it of fractions (as in 
Chap. X) gives 

12y-60=8x-16, 
which reduces to 

(3) 8aj-.12y — 44. 
Simplifying (2) gives 

10 2/-30=15x-60, 
which reduces to 

(4) 15 x- 10 2/= 30. 

Thus, the equations (1) and (2) are now in the forms 

8 x- 12 2/— 44, 
15a;-10 2/=30. 

Hence they can be solved by methods given in §§ 128, 129. 

Solving, we find aj=8, and 2/= 9. Ana, 

Check. When a;=8 and y=9, equation (1) becomes y= i, which 
is seen to be true. Likewise, equation (2) becomes J^= Y", which is 
also true. 
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EXERCISES 



Reduce the following equations to the fonns found in 
§§ 128, 129 and solve by either of the methods there ex- 
plained. Check your answers for Exs. 1-6. 



1. 



3. 



r7r-15 
l2r-8=3. 



x_y 
8 9' 
.5x-3y=13. 



2a:-3y 



3 

4a;+y 
5 



-x+y=5, 



=2. 



[3 r+s= 13, 
2r-s , r+s 



5 
6 



+ 



7 
18 



=3. 



x+y x-y' 
10 30 



2x-3y 9y 

x^y 
7 6' 

'-±y=x+y-26. 



""" 2 ■ 



9. 



2x-ld^=64, 



2y-x 



-7=0. 



6. 



\ x+2y ^ 2y-3 



3 ■ 3 
3^ 3 • 



= 2, 



10. 



x+y x+y 



= -5. 



7 "^ 5 ~ • 



11. 



2x-y , x-2y 



= 12. 



2 ' 
5^-3x-2y=-28. 
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12. 



r-s+10 s-r-10 



=22, 



r—s , r-hs 



= 14. 



\Sx+2y 2x-y 



= 0, 



' r+8 ■ r— 3 _46 



2 

x+y=28. 



7 
r— 7 s 



6 
r-6s 



46 
3' 



=0. 



13. { 10 2 ^' 14. 

"8 14 

For further exercises on this topic, see Appendix, p. 308. 

131. Reciprocal Equations. The simultaneous equations 
thus far considered have been linear in x and y ; that is, each 
equation has contained x and y to no higher power than the 
first (see § 123). Sometimes we have to solve equations 
which are linear, not in x and y, but in their reciprocals, 1/x 
and 1/y. Such equations are called reciprocal equations and 
they may be solved without clearing of fractions, as appears 
from the following 

Example. Solve the equations 



(1) 


i+?=2. 
X ^y 




(2) 


2 3 7 
x^y 2 




Solution. 
we find 


Multiplying (1) by 3, and (2) by 2 and su 




XX X 


-1, or i=l. 

X 


Therefore. 


x=l. 




Substituting 


'x=l in (1) gives 

14--=2, or ?=1. 

V y 




Therefore, 


y^2. 




The desired solution is therefore (x=l, 


2/=2). Ans. 



224 



FIRST COURSE IN ALGEBRA IXIII, { 131 



EXERCISES 



Solve each of the following pairs of simultaneous equations, 
and check your answers in Exs. 1-5. 



1. 



1 1 1 



2. 



3. 



[X y 4: 
'8_5^1 
X y 6' 

X y 6 

[Hint. Miiltiply the first by 

3 and the second by 5.] 

5_3^_1 

X y 6' 

3_1^J_ 
[X y 30' 
{5 10_9 

r'^ s ~2' 

r s 

y z 

2 2 
- + -=0. 

[y 2 

5s^2t '' 

.!+!-»■ 

[Hint. Multiply the first by 

4 and the second by 5.] 



6. 






25 
f 5 



i = l 

2m n 



3p^5«/ '' 



J 1_ 

.6p lOg 

1 , 1 



=3. 



9. 



x-l 
2 



y+1 
3 



x-l ' y+l 



= 5, 
= 12. 



LHiNT. Solve as if — t- and 
x—1 



bers.n 
10. 



11. 



were the unknown num- 



x-1 y-1 

2 _ 1 
x—1 y—1 



= 14, 



= 6. 



3 



1 

X 2-y' 
5^ 6 
X 2-y' 



\-9. 
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EXERCISES — APPLIED PROBLEMS 

1. Find two numbers whose sum is 32 and whose difference 
is 6. 

[Hint. Let x represent one of the numbers, and y the other. 
Then, from the statement of the problem, we must have x+y=32 
and a;— y=6. Solve as in this Chapter, and check your answer.] 

2. B had three times as much money as A. A then earned 
$5 and B spent $15, after which A had twice as much as B. 
How much did each have at first? 

[Hint. Let x=«the number of dollars A had, and 2/= the number 
of dollars B had. Then the two equations are Zx-y and a;-|-5= 
2 (y-15). Explain.] 

3. The sum of two numbers is 36, while their difference 
is '30. What are the numbers ? 

4. Find two numbers whose sum is —55 and whose dif- 
ference is —5. 

6. Find two numbers whose sum is 84 and such that the 
larger one is 48 more than three times the smaller one. 

6. One half the sum of two numbers is 16, while one 
fourth their difference is —2. What are the numbers? 

7. The sum of two numbers is zero, and their difference 
is 26. What are the numbers? 

8. The perimeter (distance around) of a certain rectangle 
is 2 inches more than three times the base, and 
the base is 1^ times the height. What are the 
base and height? 

9. An isosceles triangle is one which has two 
of its sides equal to each other. If one of the 
equal sides is 3 inches longer than the base, 
and the perimeter is 21 inches, what is the 
length of each of the three sides? Fiq. 72. 

Q 
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10. A BCD is a parallelogram whose sides AB, BC, CD, 
and DAf are all equal to each other. The perimeter is 25 
inches more than the altitude, and four 
times the altitude is 2 inches less than 
twice the base. Find the base and alti- 
tude. 



11. A father is twice as old as his son. 

^ S Ten years ago he was three times as old 

as the son. Find the present age of each. 

[Hint. Let x^ the number of years in the father's age, and y = the 
number of years in the son's age. Then, their ages 10 years ago were 
a;-10and2/-10.] 

12. In 10 years B will be | as old as A, and in 20 years 
B will be f as old as A. Find the age of each. 

13. A part of $2500 is invested at 6% and the remainder 
at 5%. The yearly income from both is $141. Find the 
amount in each investment. 

14. A part of $5000 is invested at 7% and the remainder 
at 3^%. If the 7% investment brings each year $193.75 
more than the 3^% investment, what is the amount of 
each? 

16. A has a certain sum invested at 6% and B has another 
sum invested at the same rate. Their combined interest for 
one year is $300, but it takes B 8 years to receive as much 
as A receives in one year. How much has each invested? 

16. I have $1.20 and I want to go to the moving picture 
exhibition as many times as possible. If I pay my trolley 
fares and entrance fees and ride both ways each time, I can 
go 6 times ; if I walk one way every time I can go 8 times. 
What is the trolley fare and what is the price of admission? 
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17. A and B together can do a piece of work in 12 dayB. 
After A had worked alone for 5 days, B finished the work in 
26 days. In what time can each alone do the work? 

[Hint. Let x=the number of days in which A can do it alone, 
and y^ the number of days in which B can do it alone. Then the 
part A can do in one day is 1/x, and the part B can do in one day 
is 1/y. (Compare Ex. 21, p. 171.) So the equations become 

i+l = X, and 5-h??=l. Explain. 
X y 12 X y 

Now solve as in § 131.] 

18. A and B can do a certain piece of work in 16 dayB. 
They work together for four days, when B is left alone and 
completes the work in 36 days. In what time could each 
do it separately? 

19. If 4 boys and 6 men can do a piece of work in 30 days, 
and 5 boys and 5 men can do the same work in 32 days, how 
long will it take 12 men to do the work? 

20. Two weights just balance on a lever 13 feet long when 
the fulcrum is 8 feet from one end. If their positions be 
reversed, it is necessary to add 78 pounds to the lesser weight 
to restore the balance. What are the weights? 

[Hint. See § 112.] 

PROBLEMS ON SPECIAL TOPICS 

I. Numbers and Digits 

21. If 1 is added to the numerator of a certain fraction, 
the value of the fraction becomes J; if 2 is added to the 
denominator, the value becomes ^. What is the fraction? 

[Hint. Let x/y be the fraction.] 

22. A certain fraction becomes equal to ^ if If be added to 
both numerator and denominator, and it becomes equal to 
^ if 2\ be subtracted from both numerator and denominator. 
What is the fraction? 
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23. A certain number of two digits equals four times the 
sum of the digits. What is the number? The digit in units' 
place is 3 greater than the digit in tens' place. 

[fflNT. Let a:=the digit in tens' place, and y-the digit in units' 
place. Then the number itself is 10 x-\-y, (Why?) 

24. The sum of the digits of a certain number of two figures 
is 5, and if three times the units' digit is added to the number, 
the order of the digits is reversed. What is the number? 

II. Bills and Coins 

25. An errand boy went to the bank to deposit some bills, 
some of them being $1 bills and the rest $2 bills. If there 
were 38 bills in all and their combined value was $50, how 
many of each kind were there ? 

26. I have 15 coins, all silver dollars and quarters, whose 
value is $9.00. How many of each denomination are there ? 

27. The receipts from the sale of 300 tickets for a musical 
recital were $125. Adults paid 50 cents each, and children 

25 cents each. How many tickets of each kind were sold? 

III. Mixtures 

28. A grocer wishes to make 50 pounds of coffee worth 
32 cents per pound by mixing two other grades, one worth 

26 cents per pound and the other 35 cents per pound. How 
much of each must he use? 

[Hint. Let x= the amount to be used of the 26-oent grade, and 
2/= the amount to be used of the 35-cent gjade. Then x+y^SO and 
26 X4-35 2/=50x32. Why?) 

29. A grain dealer wishes to sell feed consisting of a mixture 
of corn and oats for $1.25 per hundred. Corn is worth $1.30 
per hundred and oats $1.00. How many poimds of each must 
he put in each hundred of the mixture? 
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30. One cask contains 18 gallons of wine and 12 gallons 
of water ; another, 4 gallons of wine and 12 of water. How 
many gallons must be taken from each cask so that when 
mixed there may be 21 gallons, half wine and half water? 

IV. Problems on Motion 

31. A and B run a race of 500 yards. In the first trial, A 
gives B a start of 80 yards and wins by 5 seconds. In the 
second trial, A gives B a start of 140 yards and B wins by 
10 seconds. Find the rates of A and B in yards ner second. 

[Hint. Let a;=A's rate, and y^B's rate. Then, the time it 
takes A to run the whole 500 yards is 500/x seconds (see § 107). In 
the first trial B runs but 420 yards and the time it takes him to do 
this is 420/y. In the second trial B runs but 360 yards and the time 
it takes him to do this is 360/2/. Now form two equations which 
express the facts about the times as given in the problem.] 

32. Two cities are 40 miles apart. To travel the distance 
between them by automobile takes 3 hours less time than by 
bicycle, but if the bicycle has a start of 24 miles, each takes 
the same time. What is the rate of the automobile, and what 
the rate of the bicycle? 

33. A boy can row 10 miles downstream in 2 hours, and 
the same distance upstream in 3^ hours. What is his rate of 
rowing in still water, and what is the rate of the stream? 

[Hint. Let a;= his rate of rowing in still water, and y= the rate of 
the stream. Then, his rate of rowing downstream is x+y, and his 
rate of rowing upstream is x—y.] 

34. A boy rows 18 miles down a stream and back in 12 
hours. He finds that he can row 3 miles downstream while 
he rows 1 mile upstream. What is his rate, and what is the 
rate of the stream? 
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36. A man rows for 4 hours down a stream which runs at 
the rate of 3 miles an hour. In returning it takes him 14^ 
hours to reach a point 3 miles below his place of starting. 
Find the distance he rowed downstream and his rate in still 
water. 

132. Literal Simultaneous Equations. Literal simulta- 
neous equations are those in which letters are used to repre- 
sent one or more of the known numbers. The letters used 
for this purpose are usually the first ones in the alphabet, 
a, 6, c, etc. Such equations may be solved like those already 
considered in this Chapter, but it must be remembered that 
the solution must always be in terms of the known letters. 
(See § 106.) 

Example. Solve the equations 

(1) ax+by = my 

(2) cx+dy = n. 



Solution. 
(l)Xd gives 



(3) 
( 
(4) 



(5) 
( 
(6) 



(2)X& gives 
) 
(3)- (4) gives 

Hence 

(l)Xc gives 

) 
(2)Xo gives 

) 
(5)- (6) gives 

Heirce 



adx-\-bdy—dm. 

hcx+hdy = hn 
(ad— bc)x — dm— bn 
dm—bn 
ad- be ' 

a>cx-\-bcy—cm, 

acx-\-ady= an 



Ans, 



(bc—ad)y = cm— an 
cm— an 



y= 



be— ad 



Ans. 



Note. In solving literal simultaneous equations it is usually 
best to perform all eliminations by addition or subtraction, thus 
avoiding substitution. 
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EXERCISES 

Solve each of the following pairs of equations for x and y. 



, \ax—by = m, 
\cx—dy = n. 



[See if your answer is correct 
when 0=2, 6= 1, c=3, d=4, w=2, 
n= 1, and thus check your work.] 

ax+by = mj 
bx — ay = n. 

g lax==by, 

\x+y = ab. 
Check when a=2, 6=1. 



7. 



8. 



9. 



\bx+ay = a+b, 
\ab(x'-y)=-a^'-¥. 

a b 
b a 2 



X y a 



4. 



6. 



6. 



\ax+3y = 10a, 
|4a;~2t/ = 6a. 

fa(x-2/)=5, 

{x-y = 2n, 
\7nx — ny = m^+n^ 



1-1 = 1. 

{X y b 

[Hint. See § 131.] 



10. 



— ^> 
X y 



11. The sum of two numbers is a, and their difference is 6. 
Find the numbers. 

12. One half the sum of two numbers is g, while one fourth 
their difference is h. What are the numbers? 

13. I have c coins, all silver dollars and quarters, whose 
value is $d. How many of each denomination are there? 
(Compare Exs. 25, 26, 27 p. 228.) 

14. A grocer has two Icinds of sugar, one worth a cents 
and the other b cents per pound. How many pounds of each 
must he take to make a mixture of c pounds worth d cents 
per pound? (Compare Exs. 28, 29, 30, p. 228.) 
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16. A and B run a race of a yards. In the first trial A 
gives B a start of b yards and wins by 8 seconds. In the 
second trial A gives B a start of c yards and B wins by t 
seconds. Find the rates of A and B in yards per second. 
(Compare Exs. 31, 32, 33, 34, p. 229.) 

16. If A gives $d to B they have equal sums. If B gives 
$e to A, then A has 3 times as much as B. How much has 
each? 

* 133. Simultaneous Equations in Three Unknown Letters. Some- 
times we meet with three linear equations containing three 
unknown letters, instead of two equations in two letters. Such 
equations may be solved by the process of elimination, as will 
appear from a study of the following : 



Example. Solve the three simultaneous equations 


(1) 


x+y+z^6. 


(2) 


2a;-2/+3 2!=9, 


(3) 


x-\-2y-z^2. 


Solution. Eliminate one unknown, say y, from (1) and (2) 


Thus, 




(l)+(2) gives 


. 


(4) 


3a;-f4 2=15. 


Eliminate the same 


unknown, y, from (2) and (3), thus : 


(2)X2 gives 




(5) 


4a;-2y-f6 2=18 


From (3) 




(6) 


x+2 y-z=2 


(5)+ (6) gives 


5x4-5 2=20, 


or 

(7) 


a:-h2=4. 



Equations (4) and (7) contain only x and z and hence may be 
solved for these letters, as in § 129. Thus, 
from (4) 

(8) 3a;+4 2*15 
(7)X3 gives 

(9) 3x4-3 2=12 
(8)- (9) gives 2=3. 
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Substituting 2=3 in (7) gives 

x+3=4. 
Therefore x=l. 

Substituting z-S and x=l in (1) gives 
l+2/+3=6. 
Therefore, y=2. 

The desired solution is therefore x=l, y=2, 2=3. Ans. 

Check. 1+2+3=6, as required by (1). 

2x1-2+3X3=2-2+9=9, as required by (2). 

1+2x2-3=1+4-3=2, as required by (3). 

An examination of the preceding solution gives the following rule. 

Rule for Solving Three Simultaneous Equations. First 
eliminate one of the unknown letters from two of the given equations; 
then eliminate the same unknown from another two of the equations. 
This gives two new equations which contain only two of the unknown 
letters, and hence these two letters can then he found as in the solution 
of equations with two unknowns. The third letter can now he found hy 
suhstitution of the two letters already obtained into one of the three 
original equations, 

EXERCISES 

Solve for x, y, and z in the following and check your answers in the 
first four. 





rx+2 2/+3 2=14, 




rx+2/-2=o, 


1. 


2a;+2/+2 2=10, 


6. |a;-2/=2 6, 




.3a;+4y-3 2=2. 


,x+2=3a+6. 




ra;+3y-2=10, 


[Hint. See § 132.] 


2. 


{2a;+5 2/+4 2=57, 




[i+i + i = 2. 




l3x-y+2 2=15. 




X y z 




ra;-2/+2=30, 


6. 


X y z 


8. 


{3y-x-2=12, 
l7 2-2/+2x=141. 




3 + 3^5^14 

,X 2/ 2 




rx+2/=9. 


Hint. Solve first for i, 1 


4. 


2/+2=7. 

l2+X=5. 


f 


1 -^ X y 
md :!^ as in § 131. 
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X y z a* 

y z X b* 

1-1^1 = 1. 

z X y c 



'<M!H-6y-fcz=3, 
ah 



9. The sum of three numbers is 20. The sum of the first and 
second is 10 greater than the third, while the difference between the 
second and third is 6 less than the first. What are the numbers? 

10. Three towns, A, B, and C, are connected by straight roads, 
which form a triangle. From A to B by way of C is 25 miles ; 
from B to C by way of A is 30 miles ; f rom C to A by way of B is 
35 miles. How far apart are the towns? 

11. A, B, and C have certain sums of money. B would have the 
same as A if A gave him $100 ; C would have twice as much as A 
if A gave him $100 ; and C would have four times as much as B if B 
gave him $100. How much has each? 

12. I have 35 coins, all nickels, dimes, and quarters, whose com- 
bined value is $3.75, and there are half as many dimes as nickels. 
How many are there of each denomination? 

13. A and B can do a piece of work in 10 days ; A and C can do it 
in 8 days ; and B and C can do it in 12 days. How long will it take 
each to do it alone? 

[Hint. Let x, y, 2 = the number of days in which A, B, ^C, re- 
spectively, can do the work. Then find the part that each can do 
in one day. Compare Ex. 17, p. 227, and Ex. 21, p. 171.] 

14. I have $90 on deposit in the First National Bank, $51 in the 
State Savings Bank, and $75 in the Postal Savings Bank. If I have 
$144 more to deposit, how shall I distribute it among the three 
banks so as to make all three deposits equal ? 

16. If I have $a in bank A, $& in bank B, and $c in bank C, 
how should I distribute $d more among them so as to equalize the 
accounts? Check your answer by seeing if it gives (in particular) 
the answer you have found for Ex. 14. 
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EXERCISES— REVIEW OF CHAPTERS XII-XIU 

1. What is meant by the solution of a pair of simultaneous 
equations? 

2. Draw the graphs of the following simultaneous equations, 
using the same axes for both. State any conclusions you thereby 
reach regarding their solution. 

l2x+2/=-16. 

3. If we have three simultaneous equations between the two 
letters x and t/, and their three graphs all pass through one and the 
same point (point of intersection), then there will exist a certain 
value of X and a certain value of y that will satisfy all three equa- 
tions at the same time. Why? Try this for the three equations 

x-2j/=-3, 
3x-y=l, 
a;-t/=-l. 

4. In Ex. 3 what can be said if the three graphs do not all 
have the same point of intersection? Try this for the equations 

x-2 2/=-3, 
2x-3t/=-5. 

Solve each of the following pairs of equations by any method. 



6. 



j2x+2/=12, 
kX+j/=3. 

r3x+i/=16, 
\3j/+x=8. 



7. 



8. 



5X+3r=8, 
X-3!r=4. 

99, 
24. 



r8ii;+9t; = 



2x-32/-8 = 0, 
X— t/— 5=0, 



10. 



11. 



12. 



x±v 



x-y 



6 

[r+s 
7 
r-ls 



fy=0. 



r--s 



+ ^ = ^, 



46 
6 3 
r-6 3 



8 14 

2x-f3v-fl5 



=0. 



7 
10 



= 10, 



= 3. 
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13. Solve the reciprocal equations 
3 + 2^13. 



14. Solve by elimination 






6- 



h ' 1-a b 

♦ 16. What is meant by the solution of three simultaneous equa- 
tions between three unknown letters, x, y, and z? Describe how, in 
general, it is obtained. 

♦ 16. Solve for x, y, and z in the following 

X+2/+2 2=2(a+6), 
x+z+2y = 2(a+c), 
,y+z+2x = 2(b+c). 

♦ 17. In a race of 500 yards, A can beat B by 20 yards, and C 
by 30 yards. By how much can B beat C in a good 500 yard race ? 

For further exercises on ^is chapter, see Appendix, pp. 307-308. 



CHAPTER XIV 
SQUARE ROOT 

134. Definitions. The square root of a number is one of 
its two equal factors. 

Thus, 2 is the square root of 4 because 2x2»4. likewise, 3 is 
the square root of 9, etc. 

The square root of a number is denoted by the radical 
sign V placed over it. 

Thus, V4«2, V9=3, Vl6=4, etc. 

To find the square root of a number is called extracting 
its square root. 

136. Extracting Square Roots in Arithmetic. Many times 
we can pick out the square root of a number by inspection. 
Thus, Vl44 is seen to be 12, because 144 = 12X12. Simi- 
larly, Vl96 = 14. But in finding such a root as V74529, 
we cannot get the answer by mere inspection. Here we may 
follow the process studied in arithmetic, which is indicated 
below and which should now be reviewed by the pupil. 
^^ocE8s. 7/45,29 |273 Arts. 

4 
Trial divisor =2X20 =40 
Complete divisor =40 +7 =47 



345 
329 



1629 
1629 



Trial divisor = 2 X 270 = 540 
Complete divisor = 540+3 = 543 



Explanation. We first separate the number into periods of two 
figures each, beginning at the right. That is, we write it in the form 
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7'45'29. Find the greatest square in the left-hand period and write 
its root for the first figure of the required root. This gives the 2 
appearing in the answer. 

Square this root (giving 4), subtract the result from the left-hand 
period and to the remainder annex the next period for new dividend. 
This gives the 345 apx)earing in the process. 

Double the root already found, with a cipher annexed (giving 
40) for a trial divisor and divide the last dividend (345) by it. The 
quotient (or, in some cases, the quotient diminished) gives the 
second figure, 7, of the root. 

Add to the trial divisor the figure last found (7), giving the com- 
plete divisor, 47. Multiply this complete divisor by the figure of 
the root last found (7), giving the 329 appearing in the process. 

Subtract this from the dividend, and to the remainder annex the 
next period for the next dividend. This gives the 1629 of the 
process. 

Proceed as before, and continue until a final new dividend equal 
to is obtained. In the example above, this happens at once, giv- 
ing 273 as the required root. 

This process is usually studied in elementary arith- 
metic, and is stated here as a review of the arithmetic 
method. We shall see in § 136 that a similar process may 
be used in extracting square roots of algebraic expressions. 
A thorough mastery of the process for numbers will assist 
materially in understanding the algebraic case. 

In the example just worked the root comes out exactly 
because 74529 is a perfect square; that is, it is like one of the 
numbers 1, 4, 9, 16, 25, 36, etc. If, on the other hand, we 
had started with a number which was not a perfect square, 
the process would not be different except that we should not 
finally reach a new dividend which was equal to 0. For such 
a number, in fact, the process goes on indefinitely, but if we 
stop it at any point we have the desired root correct (deci- 
mally) up to that point. For example, in getting the square 
root of 550 correct to two places of decimals, the process is as 
follows : 
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Process. 

5'50.'00'00 23.45 Ans. 

4 (Correct to two deci- 
2X20=40 150 mcd places) 
40+3=43 129 


2X230=460 
460+4=464 


2100 
1856 


2X2340=4680 
4680+5=4685 


24400 
23425 



975 . 

Note. In the x^rooess above we have first written 550 in the form 
550.0000. If, instead of this, we had written it with six ciphers, 
that is, 550.000000, and then carried the process forward until all 
these were used below, we should have had the root correct to three 
places of decimals instead of two. In general, half the number of 
ciphers added in this way at the beginning is the number of decimal 
places to which the root obtained is correct. 

The square roots of decimal numbers, like 334.796, are 
obtained like those for whole numbers except that in the 
beginning the separation of the number into periods of two 
figures each must be carried out both ways from the decimal 
point. 

Thus, 334.796 would first be written as 3'34.79'60. Similarly, 
3.67893 would be written 3.'67'89'30. The extraction of the root 
is carried out from this point on just as shown in the process above. 



EXERCISES 

Find (by inspection or by the process shown in § 135) 
the square root of each of the following numbers. 

1. 49. 3. 64. 6. 625. 7. 3844. 

2. 81. 4. 225. 6. 529. 8. 2209. 
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9. 4761. 


11. 42025. 


13. i. 


1*. M. 


10. 67121. 


12. 95481. 


[Hint. |=iXM 


16. if, 



Find the square root correct to two decimal places, for each 
of the following numbers : 



16. 


382. 


20. 11. 23. i. 


17. 


671. 


[Hint. Writeasll.'OO'OO.] [Hint. Write as .75.) 


18. 


1211. 


21. 7. 24. H- 


19. 


12.96 


22. 26. 26. .08 



136. Extracting Square Roots in Algebra. In extracting 
square roots in algebra we distinguish between several cases, 
according to the number of terms in the given expression. 

Monomials. The square root of a monomial can usually 
be seen by inspection. 

Thus, 

V36mW = 6m2n, 
because 

6 m^nxe m2n = 36 mW. 
Similarly, 

Trinomials. If a trinomial is a perfect square, its square 
root can be obtained by what has been said in §§63 and 64. 

Thus, suppose we wish to find the square root of 
9 x*+l2 xy-\-4 yK 
This trinomial is a perfect square, because its terms 9 x* aad 4 y* 
are squares and i)ositive, while its remaining term, 12 xy, is equal to 
2xSxX2y (see §63). 

Being a perfect square, it can be expressed as the product of the 
two equal binomial factors (3 x+2 y){S x-\-2 y), as explained in § 64. 
Whence, the desired square root of 9 x*+ 12 xy-\-^ y^ is 3 x-f 2 y. Ana, 
Similarly, 

v'4s»-.4«4-X==25-l, because 4s«-4s-hl«(2 8-l)(2«-l). 
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Polynomials. To find the square root of a polynomial 
(other than a trinomial) we use a process much like that fol- 
lowed in obtaining square roots in arithmetic. (See § 135.) 
This process is illustrated below. 

Example. Find the square root of 

4x*+12x»-3x2-18x+9. 

Process. 

4a:4+12x»-3x2-18x+9 |2x^+3x-3 

4a;^ Ans, 

Trial divisor, 4 x^ 



Complete divisor, 4x^+3x 



12x3- 3x2 
12x3+ 9x2 



Trial divisor, . 4 x^ + 6 x 
Complete divisor ,4x2+6x- 



-12x2~18x+9 
-12x2-18x+9 





Explanation. We first arrange the terms of the polynomial 
in th« descending (or ascending) powers of some letter. In the 
example, the arrangement is in descending powers of x. 

Extract the square root of the first term, write the result as the 
first term of the root (giving the 2 x* in the answer), and subtract 
its square from the given polynomial (giving the 12 x'— 3 x* in the 
second line of the process). 

Divide the first term of the remainder by twice the root already 
found, used as a trial divisor, and the quotient, 3 x, is the next term 
in the root. Write this term in the root, and annex it to the trial 
divisor to form the complete divisor (giving the 4 x*+3 x). 

Multiply the complete divisor by this term of the root, and 
subtract the product from the first remainder (giving —12 a;*— 
18 x-f 9). 

Find the next term of the root by dividing the first term of the 
remainder by the first term of the new trial divisor. This gives 
the —3 of the answer. 

Form the complete divisor and continue in this manner until a 
remainder of zero is obtained. 
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EXERCISES 



Find (by inspection or by the process shown in § 136) the 
square root of each of the following expressions. Square 
your answer in each case, and see if it gives (as it should) the 
given expression. 



1. 


9a%«. 6. 225 xV- 9. 529r«««. 


2. 


16a*V. 6. 625 m<nV- 10. a^a**. 


3. 


36xV2«. 7. 196p">5« 11. 9mV. 


4. 


81o«6«. 8. a%*<?d\ 12. m^'n*'. 


13. 


a;»+2x+l. 18. 9m^-6mx+x\ 


14. 


a5*-2a;+l. 19. x«+a;j/+i j/«. 


16. 


4a«+12o6+9 6«. 20. 4a^-52x«+169. 


16. 


4x'+4xy+yK 21. (o+6)*-4(o+6)+4. 


17. 


c*— 4oc+4o^ 


22. 


x*+2x»+3x^+2x+l. 


23. 


9a^-12x»+10x«-4x+l. 


24. 


x«-2 x'+3 x^-4 x»+3 x''-2 x+1. 


25. 


x*-Q x^y+l3 xV-12 xy»+4 y*. 



[Hint. This Example differs slightly from the one worked in 
§ 136 because we here have two letters, x and y, in the polynomial. 
The process, however, remains as before.] 

26. a:«+2a«x2-aV-2a2x«+o8. 

[Hint. First arrange in descending powers of x. That is, 
x^-2 a^x^-a^x* . . .] 

27. 9x^-^xy+y^+12xz-4yz+^z^. 

28. 9x^+25y^+9z^-30xy+l8xz-30yz. 

29. x8-f4 x7+68 a:3-20 x«-2 x«+15 0:^-50 x^-SS x+121. 

30. Find the first four terms of the square root of 1+x. 
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Solution. 

l-fa; |l+ig~ia;'+Ag' Ana. 

1 (Correct to four terms) 

X 



2-\-x-ixi 



^ix^ 



2+x-ix^+j\,x^ \ ix^-^x* 

Note. We are here extracting the root of an expression, l-\-x, 
which is TMt a perfect square. As with arithmetic numbers that are 
not perfect squares, the process leads to an answer which is correct 
up to the i)oint where it is stopped and which afiPords an approxima- 
tion that approaches more closely the exact result the farther the 
process is continued. Compare § 135. 

31. Find (as in Ex. 30) the first four terms of the square 
root of the following expressions : 

(a) 1-x. (6)x2+l. (c) x«-l. 

For further exercises on. this topic, see Appendix, p, 308. 

137. The Double Sign of the Square Root. We know 
that 3 is the square root of 9 because 3X3 = 9. But we also 
have (— 3)X(— 3)=9. Therefore, —3 can also be regarded 
as a square root of 9. In other words, 9 has two square roots, 
+3 and —3, which are opposite in sign, but otherwise the 
same. Similarly, 16 has the two square roots, +4 and ^4. 
In general, a^ has the two square roots a and —a. 

The double sign ± is sometimes used. Thus, we say that the 
square root of 9 is ±3. This is merely a way of saying briefly that 
the two roots are +3 and —3. 

In order to avoid all confusion, it is to be understood that 
the radical sign y/ when placed over a number means the 
positive square root of that number. If it is desired to 
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indicate the negative square root, it is done by the symbol 
-V"". 

_Thu8, Vie means +4, while — Vl6 means —4. Similarly, 
'^a*-a and —'^a^^—a, 

138. Equations Containing Radical Signs. Equations 
containing radical signs are often solved by squaring each 
member. This is equivalent to multiplying each member 
by the same quantity, and hence is justified by Axiom I (§ 9). 

Example 1. Solve the equation Vx — 2 = 6. 
Solution. Squaring both members gives 

Whence, x=38. Ana. 

Check. V38^=V36=6. 



Example 2. Solve the equation Vx— 1— Vx— 4 = 1. 
Solution. First, transpose the — Vx— 4 to the right, giving 

Vx^=l+Vii:4. 

Sq uare both members, using Formula V, p. 101, for finding 
{lWx^)\ This gives 

a:-l = l-f2 . 1 ' y/x^-\-{\/x^)\ 
or, a;-l=l+2Vx-4-|-a;-4. 

Canceling x from both sides and transjwsing the 1 and —4 to 

the left side, gives 

2=2Vx^, or Vj;~4=l. 
Whence (squaring again), 

a:-4=l«=l. 
Therefore x = 5 . Ans. 

Check. \/5^-V5^=V4->/I=2~l = l. 

Note. It is especially important to check all answers as above 
for equations containing radicals, since the process of squaring both 
members sometimes leads to a new equation whose roots do not all 
belong to the first one. Thus, if we square both members of the 
equation a; =5 we get a;*=25, and this last equation has x=~5 as a 
root as well as x=5. 
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EXERCISES 

Solve each of the following equations, and check your 
answer in each case. 



1. V^c-l6=5. 

2. 4= Vx-3. 

3. V2x+1 = 3. 

4. Vx2+5 = 3. 

6. Vx+5-Vx = l. 

6. V^^+Vx+3 = 5. 

7. V2x+5-v^H^ = l. 

8. V3lc+7-V2x+10 = 0. 

9. Vx+a= Vx+a. 



10. 
11. 



V2x-3a2+V2i = 3a. 
Vx+8 ^ Vx+3 
V2X+7 V2X+2 



[Hint. Square both sides, 
remembering^ that the square of 
a fraction equals the square of its 
numerator divided by the square 
of its denominator.] 

Va-3x 2Vx 



12. 



2V^ Va+S: 



[Hint. This being a literal 
equation (see § 106) we are to 
find X in terms of a.] 

13. If 10 be added to 2 times a certain number, the square 
root of the result is 4. What is the number? 

[Hint. Form an equation and solve it.] 

14. If 9 be Jadded to the square of a certain number, the 
square root of the result is 5. What is the number? 

16. The difference between the square root of a certain 
number and the square root of 11 less than that number is 1. 
What is the number? 

For further exercises on this chapter^ see AppendiXj pp^ 
308-309. 
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RADICALS 



139. Radicals. Suppose we have a square (see Fig. 74) 
which we know contains exactly 2 sq. ft. How long is each 
of its four sides? In order to answer this, we let x represent 
the desired length. Then, we must have 



or. 
Hence, 



X •x = 2, 

x=V2ft. Ans. 



This number, V2, cannot be found exactly y as explained in 
§ 135, because it is the square root of a number, 2, which is 
not a perfect square. Still, V2 measures a perfectly definite 
length, as indicated in Fig. 74. The value of it, correct 
to two decimal places only, is, by the process in § 135, foimd 

to be 1-.41. 

D \^ C 




Such a number as V2 is called a radical number, or briefly, 
a radical. It is an indicated root whose value cannot, in 
general, be exa^y determined. 
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LEIBNITZ 

{Gottfried WUhdm von Leibnitz, 1646-1716) 

Celebrated for his interest and ability in all branches of learning, especially 
in the fields of mathematics and philosophy. A contemporary of Newton 
and regarded as sharing with him the honor of inventing the Calculus. 
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The word radical is used in_connection with other roots 
than square roots. Thus, ^5^10 means the cube root of 10 ; 
that is, the niunber which when used as a factor three times 
gives 10. Similarly, v^ means the fourth root of 6, etc. 
All such niunbers represent perfectly definite magnitudes, 
as did V2 in Fig. 74, yet we cannot express them exactly 
by means of decimals. 

In general, the nth root of any number a is written Va, 
and this is known as a radical of the nth order. The number 
n is here called the index of the root, and the nimiber a itself 
is called the radicand. 

When no index is expressed, the index 2 is understood. Thus, 
VS means VS. 

These defin itions a pply also to algebraic expressions. 
Thus, VSxy^ and V9 x^y^ are both radicals, although 
9 xV_is a perfect square, thus making it possible to write 
\/9xV = 3xi/. 

EXERCISES 

In the following list, pick out those values that can be 
expressed exactly without radicals, and those that cannot. 
For each state the index and the radicand. 



1. 


V7. 


7. A^-8. 




12. "v^. 


2. 


V9. 


[Hint.— 8=(- 


-2)'.] 


13. </32. 


3. 


Vl7. 


8. <^. 




14. VSr^yS. 


4. 


Vf. 


9. <^. 




18. V64a«6^ 


6. 


Vi. 


10. v^6. 




16. ^8o«6». 


6. 


v:3 


11. <^. 




17. -^5 x*y\ 



140. Value of Radicals. Use of Tables. To get the value 
of a radical correct to two or more places of decimals usually 
calls for a rather .long process, as we have seen in § 135, 



248 FIRST COURSE IN ALGEBRA [XV, § 140 

where we found the value of 550. For this reason, the 
radicals which are needed most in ordinary life (that is, 
those coming from square roots and cube roots) have been 
carefully worked out and placed together in a Table at 
the end of this book, on p. 314. For the sake of complete- 
ness, the squares and cubes of the numbers are also shown, 
thus making the table very convenient for all kinds of 
mathematical work. Just how to use the table is described 
on page 311, which the pupil should now read carefully. 
Below are a few illustrative examples : 

Example 1. Find V7 from the table. 

Solution. By the top number in the third column of p. 326 
(Table) we see that V7= 2.64575, this value being correct to 5 deci- 
mal places. 

Example 2. Find'^ from the table. 

Solution. By the top number in the sixth column of p. 326 
we have "^7=1.91293, this value being correct to 5 decimal places. 

Example 3. Find VtO. 

Solution^ By the top number in the fourth column of p. 326 
we have V70=8.36660+. The sign + which we have placed over 
the last digit indicates that the number is correct only up to the 
last decimal place. 

Example 4. Find -^70. 

Solution. v^70= 4.12129+ from 7th column top of p. 326. 

Example 5. Find -^^^700. 

Solution. ^1^^00=8.87904+ by top of 8th column, p. 326. 

141. Artisan's Method for Finding Square Root. The 
square root of a number may be easily calculated correct to 
several places of decimals in case one knows its value 
correct merely to the first or second decimal place. For 
example, knowing that V2=1.41+, suppose we wish to 
calculate V2 to a greater degree of accuracy. We first 
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divide the 2 by the 1.41, carrying out the work to several 
places of decimals, as indicated below. 

1.41 1 2. |1 .41851 

1.41 
590 
564 



260 
•141 



1190 
1128 



720 
705 



150 
141 



Now, since 1.41 was known to be slightly less than the 
true root, it follows that our quotient, 1.41851, is slightly 
greater than the true root. In other words, the true root 
itself lies somewhere between these two numbers. So we 
now calculate the niunber which lies halfway between them 
(their average) by taking half their sum. Thus, 

1.41 

1.41851 



2 2.82851 



1.41426 
This average, or 1.41426, gives us a very close approxima- 
tion to the true root. In fact, our answer in the present 
instance is the correct value of V2 to four places of decimals, f 

t In general, if the number whose square root is to be found is greater 
than one, the new result will be correct at least to tyyice as many 
decimal places as the first estimate. The first estimate need not be at 
all exact, however. If any arbitrary number is taken as the first estimate, 
the process will give accurate answers after a sufficient number of repeti- 
tions. 
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Similarly, this method may be used to secure a good 
approximation for the square root of any number in case 
the value of the root is already known correct to only one 
or two decimal places. If still greater accuracy is desired, 
simply repeat the same process. 

Because of the convenience and simplicity of this process, 
especially in rapid calculations such as are made by 
engineers, mechanics, or other workmen, it is conmionly 
known as the " artisan^ s method.^^ 

EXERCISES 

Using the tables, find the approximate values of each 
of the following quantities. 

1. Vs. 2. V50. 3. V5. 4. V50. 6. ^500. 

6. Vbl, 

[Hint. 51=5.1x10. So use the information given for 5.10 on 
page 322 of Table.] 

7. </bi. 8. V82. 9. V820. 10. Vfjj 11. VtjI 

12. VttI 13. VttT. 

Solution. 771=7.71x100. Therefore VttI is the same as 
V7.7I except that the decimal point in the root must be moved one 
place farther to the right. (See p. 311.) Now, VTtT* 2.77669+ 
so it follows that V771= 27.7669+ Am. 

14. V552. 

[Hint. See solution of Ex. 13.] 

15. V367. 16. V984. 

17. -^^TlIO. 

[Hint. 7110=7.11X1000. See Ex. 13.] 

18. -^^^560. 

19. V:55 

[Hint. .55= iVX5.5. Now see p. 312.] 

20. V.0676 
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EXERCISES — APPLIED PROBLEMS 

In answering the following, use the tables on pp. 314-331. 

1. Figure 75 represents a right-angled triangle, whose 
short sides AB and BC measure 3 inches and 2 inches re- 
spectively. What is the length of 
the long side AC (hypotenuse)? 

Solution. Let x represent the length 
of AC. Then a;« = 3« + 2« = 9 + 4 = 13. 
Therefore, x = Vi3 = 3.60555+ inches 
(Table). Ans. 

2. A baseball diamond is a square 
90 ft. on a side. What is the distance from home plate to 
second base? 

3. The diagonal of a square is 12 feet long. What is the 
length of each side? 

4. The dimensions of a certain rectangular field are 100 
feet by 230 feet. In going from one corner to the opposite 
comer how much shorter is it to go by the diagonal than to 
go aroimd ? 

6. If the area of a circle is 10 square inches, how long is 
the radius? 

[Hint. See Ex. 25, p. 22. Take ir=3f ] 

6. If the volume of a cube is 235 cubic inches, how long 
is the edge? 

7. If the volume of a sphere is 672 
cubic inches, how long is the radius? 

[Hint. See Ex. 28, p. 23. Take ir=3f ] 

8. In the accompanjdng figure, how 
long should the radius of each semicircle 
be in order that the entire area inclosed 

Fio. 76. may be 200 square feet? 
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9. Figure 77 represents a triangle each 
of whose three sides is 2 inches long. What 
is the area? 

[Hint. Here it is necessary to find the altitude h. 
Note that it is a side of a right triangle whose hy- 
potenuse is 2 inches and whose other side is 1 inch.] 

10. Find the ratio between the radius of a sphere and the 
radius of a second sphere whose volume is 7 times that of the 
first. 

[Hint. The volumes of any spheres are to each other as the 
cubes of their radii. See § 115.] 

142. Simplification of Radicals. We know that the square 
root of the product of two numbers is th e same as the product 
of their square roots. For example, V4X25 is the same as 
V4xV25 becau se bo th are equal to 10. (Explain.) In 
the same way, v^SXS may be written '^X '^, or simply 
2>J^. In fact, we have the following general formula : 

Formula X. Vab = Va • Vb. 

/— \/4 

Again, v ^ is the same as — because both are equal to f . 

(Explain.) Similarly, v | may be written -— , or -— • So 

V 8 ^ 

in general we have the following formula : 

Formula XI. ^^^^^ 

Formulas X and XI enable us to simplify many radical 
expressions, as is illustrated by the following examples : 

Example 1. Simplify VgS. 

Solution. V63=V9"^=\/9 • V7=3\/7. Am. 

Example 2. SimpUfy v^. 

Solution. \^=\/8"rri=^ . ^=3^. Ans. 
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Example 3. Simplif y \/^. 

^27 V27 V9 . 3 V9 • V3 3V3 
Example 4. Simplify V20 a^ 
Solution. V20 a«=V4 a« • 5= Vfo* • V5=2 0V5. Ana. 

Example 5. Simplify yj'^^^' 
Solution. 

143. Note. It should be observed that in each of the examples 
above the process of simplification consists in removing from imder 
the radical sign the largest factor of the radicand that is a perfect 
square, perfect cube, etc. Thus, in Example 1, the radicand, 63, 
is first broken up into factors in such a way that 9 (which is a perfect 
square) appears clearly. Similarly, in Example 2 (where we are 
dealing with a cube root) we first write the radicand, 32, in a form 
which brings out to the eye its factor 8, which is a perfect cube. 
The first step in all such examples is, therefore, to get the radicand 
broken up into factors. This requires good judgment, but becomes 
very easy after slight practice and exp erienc e. The pupil is 
especially warned that one cannot write Vo+ 6== V^+ VS. Thus, 
when 0=4, 6=9 this would give VT3=2+3, which is clearly /oZse. 

EXERCISES 

1. By Formula X we may write V20= V4 • 5 = 2V5. 
By looking up V20 and Vs in the tables, show that V20 
is the same as 2y/5. 

2. Show by the tables (as in Ex. 1) that ^54 = 3^61 
Simplify each of the following expressions. (See § 143.) 

3. V45. 4. VSO. 5. V^. 6. Vh. 
7. -^^. 8. V98. 9. VI6 a^bK 
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' ^ Sxyz ' ' ^ 243 xyz ' 

/ 3(a+b)Vd 15 /32a:3(;,,)2 

Put each of the following in a form withoiU a number 
written outside the radical sign : 

16. 2 Vs. 

Solution. 2V3=Vi • V3= Vl2. Ans, (Formula X.) 

17. 3V2. 

18. iVs, 

[Hint. Write as —4: and apply Formula XI. 1 
V4 J 

19. iV7. 25. 2xVa2-62. 31. (a-6)V2c. 

iVs. 26. m>^n__ ^^^ ??^V^^::^. 



a fb^ 27. 2aV^a-6. * ^ 

?i ^ /I r» A.//1.3 9 /• »/- 



6^a 28. ^^. 33. ^ 

22. 2xV3^. xv^ » 

23. abVScd. 29. fV2. «. a+6 



^ — 34. ^^ J^ 



24. SafeVcd. 30. fV^. ^ 

144. Similar Radicals. Addition and Subtraction of 
Radicals. Whenever two radicals with the same index 
have the same radicand, or can be given the same radicand 
by simplification, they are called similar radicals. 

Thus, 2V2 and 3V^ are similar radicals ; so also are V2 and V32, 
si nce t he last of t hese may be simplified into 4V2. Likewise, 
Vs o^x and Vs b^x are similar, being equal respectively to oVslc 
and hVSx. 

Whenever similar radicals are added or subtracted the 
result may be expressed in a single term. 

Thus, __ 4V3+5V3=(4+5)V3=9V3. Ana. 

Again, 3V32-2V8=3 • 4a/2-2 • 2V2=12V2-4V2 

= (12-4)V2=8V2. Ana, 
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Likewise, 2vT^+vTa«6-Vl6 a^h--2 • 2 aV5+3 aV6-4 aVb 

= (4 o-h3 a-4 a)Vb 
= 3oVF. Ans. 
EXERCISES 

Combine the radicals in the following exercises whenever 
possible. Check your answer in Exs. 1-4 by use of the 
tables. 

1. V8+V18+V32. 5, Vf+Vlf+v^. 

2. Vl2+V27~V75. 6 V8+VI2+VI6. 

3. \^+<^-\^. 7. VW^^-Vs^+VlSa^. 

4. VI28-VT8+V72. 8. \^16a'b'+<^^5ian\ 
9. V32a-V8a+Vl8a. 

10. V2{x'-y y+VS{x-yy+VlS{x'-yy. 

11. V2{x-y)+VS{x-y) + VlS{x-y). 

12. Vi + vT2j+Vi + v^. 

13. 2V3-iVT;2+3V27. 14. ^+^+>J^. 

^x2 ^2/2 >f22 ^5c ^ac ^afe 

146. Definition of Surds. A square root which cannot 
be extracted exactly is commonly called a quadratic surd, 
or more briefly, a surd, 

A surd is thus merely a radical whose index is 2 (see § 139) whose 
v alue ca nnot b e expressed exactly. Fo r example, V 3, V|, V63, 
Va+6, Va;«-2^ are surds, but V9, V25, Va;«-|-2x2/-h2/* are not. 

146. Multiplication of Surds. To multiply one surd, 
Va, by another, Vb, we have the principle 

Va. Vb=:Vab. 
This principle is, in fact, what Formula X gives when n = 2. 
Example 1. Find the product of V2 and VlS. 
Solution. V2"- Vl8=V2 • 18=V36=6. Ans. 
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Example 2. Multiply V3+ Vs by 2 Vs-Vs. 
Solution. Vs+VE 

2V3-V5 
2 . 3+2VT5_ 

-V15-5 

6+VT5-5=l+Vl5. ilns. 

Example 3. Multiply Va+ Va-b by Va- Va-b. 

Solution. Va+V a—b 
Vo-Va-6 



a+O — (a— 6)«a— o+fe=fe. An«. 

EXERCISES 

Simplify each of the following expressions as far as possible. 

1. V3-\/27. 3. >/6 V4. 6. V| -Vf. 

2. V8-VT;2. 4. V^-Ve. 6. V5-Vi. 

7. VT-V^OOi 9. (2V3-V2)(2V3+V2). 

8. (V3-V2)(V3+V2). 10. (V5~V2)2. 

11. (V5-2)2. 12. (2V5+3V3)(4V5-5V3). 

13. (V2+V3+V5)(V2-V3). 

14. Vx-V^. 17. (Vx+v^)(Vx-Vy). 

16. Vofc-Vo^. 18. (V^+Viy, 

16. V^'Vxy. 19. (V3~x+V4^)2. 

20. (3V^+4V^)(2Vx-5V^). 

21. Find the value of x^ if x= V3+ V2. 

22. Find the value of x^-A x- 1 if x = 2+ VE, 

23. Find the value of x^+S x - 2 if x = ( VT? - 3)/2. 

24. Does Vs-'r V2 " satisfy '' the equation x^-i x+ 1 = ; 
that is, is this equation true when x= V3+ V2? 
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147. Division of Surds. To divide one surd, Va, by 
another, Vb, we have the principle 

Vb ^b 
This principle is simply what Formula XI gives when n = 2. 

EXERCISES 

Express each of the following quotients as a fraction under 
one radical sign, and reduce to simplest form. 

. Vl5 

3. ^. 4. ^. 5. X. 

Vs V5 ^ 

Va-b ' Vl2{x+yy 

148. Rationalizing the Denominator of a Fraction. If the 

denominator of a fraction consists of a single surd, or is a 
binomial containing surds, the fraction may be changed into 
one which has surds only in its numerator. The process of 
doing this is called rationalizing the denominator, and is 
illustrated below. 

Example 1. Rationalize the denominator in the fraction 

V3 

vb' 

Solution. Here the denominator consists of the single surd V^. 
To get this surd out of the denominator it is merely necessary 
to multiply both numerator and denominator of the fraction by 
V5, giving V15/5. Ans, 
s 



1. 


V3 


Solution. 





^24 




V6 


6. 
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Example 2. Rationalize the denominator in the fraction 

1 

V3+V2 

Solution. Multiplying both numerator and denominator by 
V3— V2, the given fraction takes the form 

V3-V^ VS-y/2 y/S-V2 _ VS-V2 

(V3-V2)(V3-hV2)~(V3)«-(V2)«" 3-2 " 1 

=V3-V2. Ans. 

Example 3. Rationalize the denominator in the fraction 

3>/5+2V2 
V5- V2 
Solution. Multiplying both numerator and denominator by 
V5+V2, we obtain 

(V5H-v^)(3V5-h2V2) _ 3 • 5-^3ViO-f 2vl0H-2 - 2 _ 19-f 5VlO ^^ 
(V5)2-(V2)« 5-2 3 

A careful examination of the examples above shows that if 
the denominator is of the form Va; that is, consists of a 
single surd, the fraction may be rationalized by simply 
multiplying both numerator and denominator by y/a. If, 
on the other hand, the denominator has either of the binomial 
forms y/a+Vb, or Va— Vfe, the fraction should have its 
numerator and denominator multiplied by Va— Vb in the 
first case and by Va+ Vb in the second. 

EXERCISES 

Write each of the following expressions with rationalized 
denominators. 

1. y^. 3. "^. 6. ^+^ 

' Ve Vb V3- V2 

2 Vj_^ 4 VWbx ^ _1 

VlO V2ax ' V3-I 
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,7 2 ^ 3>/3-2v^ ^^ 3V^-4V6 



V6-V3 * 2V3+3V2 * 2V^-3Vfe 

3. 3d^. 10. ^±^. 12. ^^±3. 

3-V5 2V7 Vx+1+2 

* 149. Finding the Value of Fractions Containing Surds. Suppose 
we wish to find the value of the expression 

1 

V3-I-V2 
We begin by rationalizing the denominator, thus making the 
fraction take the form (V3 - V2)/l, or V3- V2. All we now need to 
do is to look up in the tables the values of Vs and y/2 and sub- 
tract the latter from the former. The entire work may be written 
in the form 

—^:-— = V3-\/2= 1.73205+- 1.41421+=0.31784+. Am. 

If we had not first rationized the denominator, we should have 
had to find the value of 

1.73205++1.41421+' °^ 3.14626+ ' 

which would thus compel us to divide 1 by 3.14626''". Note how 
much more difficult this would be than the above, where all we 
needed to do in the end was to subtract 1.41421 from 1.73205, which 
is very simple. 

This illustrates the general fact that in finding the value of afrac^ 
tion, its denominator (if it contains surds) should first be rationalized, 

* EXERCISES 

Find (by rationalizing denominators and then using the tables) 
the approximate value of the following expressions. 

1 3 9 1 

1. — -. 8. __ — . 

V2 V2-I 

2. ?^. 4. ^+^g 
3V2 * 2-V3 "* 4V3-5 




CHAPTER XVI 
QUADRATIC EQUATIONS 

PART I. PURE QUADRATICS 

160. Quadratic Equation. An equation which contains 
the imknown letter to the second (but no higher) power is 
called a quadratic equatioriy or briefly, a quadratic. 

Thus, 3 x*—2 a: =4 and x*H-2 a:+l=0 are quadratics, but 3 x— 1=0 
and 2 a:*— 4 x*-\-x=6 are not. 

161. Pure and Affected Quadratics. When the quadratic 
contains the second power only of the unknown letter, it is 
called a pure quadratic. 

Thus, x»=25, 6 X*— 24=0 and ax*=hc are pure quadratics, but 
x'— x=25 is not. 

When the quadratic equation contains both the first and 
second powers of the unknown letter, it is called an affected 
quadratic, or a general quadratic. 

Thus, x*+2 X— 15=0 is an affected quadratic, but 2 x*— 27=0 is 
not. 

162. Solution of Pure Quadratics. The following two 
examples sufiice to show how the solution of any pure quad- 
ratic may be obtained. 

Example 1. Solve the equation 
a:2-25 = 0. 

Solution. x*— 25=0. 

Transposing, we find 

x«=25. 
260 
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Taking the square root of both members of the last equation 

gives a;=st5. Ana,^ 

The meaning of this answer is that x may have either the value 
+5 or -5. That is, the given equation has the two different.roots 5 
and -5. See § 137. 

Check. Substituting 5 for x in the given equation gives 5>»25, 
which is correct. Similarly, if we substitute —5 for x we have 
(— 5)«=25, which also is true. 

Example 2. Solve the equation 

2x2-30 = 0. 

Solution. Transposing and dividing by 2 gives 

x«=15. 

Taking the square root of both members gives 

x= ^VlB, Ans, 

It should be carefully noted that these answers are dijfferent in 
character from those in Example 1 because we are here asked to 
extract the square root of 15, and this can be done only approxir 
matdy. (See § 139.) Since the tables give Vl5=3.87298, our 
answers, correct to five decimal places, are x^ ^3.87298. 

Check. 2(Vl5)a-30=2x 15-30=30-30=0, as required. 
2(-Vl5)«-30=2x 15-30=30-30=0, as required. 

An examination of the examples above shows that we have 
the following rule. 

Rule for Solving a Pure Quadratic. Solve forx^, then 
take the square root of the result. 

There will always be two roots, the one being the negative of 
the other. 

t Strictly speaking, when we extract the square root of both members 
of the equation x*=26 we get ±a;=±5 instead of a;— ±6. But to say that 
— £=±5 is the same as to say that a;=d:5, so it suffices to write simply 
a!«"±5 to cover all possible cases. 
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EXERCISES 

Solve and check your answers in the following. If you 
meet with a surd, find its approximate value by use of the 
tables. 

1. a?- 121=0. ^ , „ 3^-4 6 a;*- 10 

6. x'-3 J — = = 

2. 6a^-72=0. 4 7 

8. 12a?-64=4a;H8. 7. (11 a!)*=513+(8x)*. 

4. 2a:*-6=0. _« _2 

o ± ± on 

6. 22x*-352=0. 5 ~4 

9. 2(a;-6)+3a;(x-l) = 17-a:. 
in 2a:+7 3a;+15 . .. 4a;«+18 . _ 

"• r^+r^.=^^- ".a.-c=l. x=^VI±i. Ans. 

14. x^-a^O. 2a+x 2o~g ^, 

2 a— X 2a+x 
16. 2x^-a{x+b)=x{x^a). ^g V2¥+i=t+h. 

1 1 b+x^ [Hint. See § 138.] 

^^* o^"^o+x"a2-x2' 19. V2(x2+aa;)=a:+a. 

EXERCISES — APPLIED PROBLEMS 

If surds occur in the answers, get their approximate values 
by means of the tables. 

1. If three times the square of a certain number be di- 
minished by 52, the result is 20 more than the square of the 
number itself. What is the number? 

2. One side of a certain right triangle is 9 inches long, and 
the hypotenuse is 15 inches long. How long is the other 
side? 

[Hint. Wprk by algebra, using the principle in Ex. 20, p. 21.1 
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3/ How far apart are the two diagonally opposite corners 
of a room that is 12 feet wide and 15 feet long? 

4. What is the length of the longest umbrella that can 
be placed in the bottom of a trunk the inside of which is 32 
inches by 20 inches? 

6. A square field contains 5f acres. How many rods 
of fence will be required to inclose it? 

6. The sides of a 90-acre field are to each other as 2§ is 
to 4. Find the length and breadth. 

[Hint. Let a;=the length and 2/= the width. Then we must 
have a;/y=(2i)/4. Solving this for y gives y^\x. The area of 
the field, or xy, thus becomes { x^. Now find x.] 

7. Find the mean proportional between 27 and 12. 

[Hint. Let x be the number desired. Then we must have 
27/x=a;/12. See § 133.] 

8. Find the mean proportional between 16 and 21. 
State any essential difference between your answer and that 
obtained for Ex. 7. 

9. In the semicircle ABC the 
line PQ is perpendicular to the base 
and divides it into parts which are 
6 inches long and 8 inches long 
respectively. How long is PQt 

[Hint. See Ex. 8, p. 197.] 

10. From a certain point P outside 
a circle a secant is drawn cutting the 
circle at the points Q and R, If PQ 
is 6 inches and PR is 11 inches how 
long is the tangent PT1 

[Hint. See Ex. 10, p. 197.] 




tr 



Fig. 79. 
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E 
Fio. 80. 



11. If you have a board 20 inches 
square how wide a strip must be taken 
from all sides so that the remaining 
square shall have one half the area of 
the original piece? 5(2 — V2)in. Ans. 



B 



12. We know that a window whose 

lower part is a rectangle and whose upper 

part is a semicircle admits the most 

light when the width and height are the same. If the area 

of such a window is 414^ square feet, what is the width? 

[Hint. TakeT=3f.] 

13. An 8-inch square was taken from each corner of a 
square piece of tin. The sides were then turned up so as to 
form a box containing 1152 cubic inches. How long was the 
piece of tin? 

14. What is the formula for the length of the tangent 
from a point to a circle if the secant from that point is divided 
by the circle into segments (parts) equal respectively to a 
and 6? 

16. What is the formula for the radius of the circle whose 
area is A ? Apply your answer to find the radius in case the 
area is 37i square inches? 

16. One of the sides of a certain triangle is a units long. 
What is the formula for the corresponding side of a triangle 
which is similar to the first one, but whose area is b times as 
great? 

[Hint. See § 115.] 

17. Find the formula for the radius of the sphere whose 
surface is n times as great as that of the sphere whose radius 
is r. 
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PART II. SOLUTION OF AFFECTED QUADRATICS 

163. Solution of Affected Quadratics by Factoring. An 

affected quadratic may often be solved by factoring. This 
was explained in § 68, which the pupil should now read 
again, but the following examples will further illustrate the 
method. 

EXERCISES 

Solve by factoring and check your answers for Exs. 1-10. 
1. x^+Sx-4S = 0. 

Solution. x*'\-S x-48= (x-4) (x+12). (See § 58.) 

The desired solutions are therefore those obtained by solving 
the simple equations x— 4=0 and xH-12=0. (See § 68.) 

Hence, the solutions are x-4: and x= — 12. Ans. 

Check. Substituting 4 for x in the given equation gives 
4*+8x4-48, which reduces to 16+32-48, and this =0 as required. 
Similarly, if we substitute - 12 for x we obtain (- 12)«-|-8X (- 12)-48 
which =144—96—48=0, as required. 

2. a?-x-12 = 0. 

8. x2-12x+35=0. 

[Hint. Remember to transpose the 8 so as to have the right-hand 
member zero. See § 68.] 

6. 3-x^=-2x. ^^ 2 1, 

6. 6-a;2 = x. ' a:*+2a:+l 2 

7. 18x2+18=-36x. x^ _ -4 

8. 6a:2-12a:=0. ' x-2"x-2 * 

^ ^' , o 11 iQ X-2.X+S . 

^- 3+^="T^- ^^- i+2+^i:3 = "^- 

10. -^=0. 14. ^=x. 
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16. (x+4)(x-^2) = ll(x-2). 

[Hint. Write as (x— 2)[(a;-|-4)— 11]=0 and apply the principle 
in §68.] 

16. 3(x+l)(x-4)+4(x-4)=0. 

17. (x+2)«+3(x+2)+2=0. ^^ i^?+20 = 0. 
[Hint. Solve first for (x+2).] ' x^ x 

18. (a:-l)2-6(x-l) = -8. ^^^^'^' Solve first for l/x.] 

20. (x+a)(x+6)+4(a;+a)=0. 

164. Solution by Completing the Square. We often meet 
with quadratics, such as 

x2+7x-5 = 0, 

which we cannot solve by factoring, as in § 153. The dif- 
ficulty here is that we cannot factor x'^+7 x—5. However, 
this quadratic and all others (whether they be solvable by 
factoring or not) can be solved by a process called complet- 
ing the square. How this is done will be best understood 
from a careful study of the following examples. 

Note. At this point the pupil should review f 68. 

Example 1. Solve the equation 

x2+6x = 16. 

f Solution. The first member^of this equation, or a^-}-6 x, would 
become a perfect trinomial square if 9 were added to it (see § 58). 
Our first step, therefore, is to add 9 to both sides of the equation, 
thus ** completing the square" on the left side and at the same 
time not destroying the equality of the two members. This gives 
the equation 

a;2+6a;+9=25, 
or, 

(a:+3)»=25. 



XVI, f 154] QUADRATIC EQUATIONS 267 

Taking the square root of both members of the last equation 
gives 

x-f 3« *5. 

Therefore, we must either have x+3=5 or x-|-3=— 5. 

Solving the last two equations separately gives as the desired 
solutions X = 2 and a: = — 8. Ana. 

Check. Substituting 2 for x in the first member of the given 
equation gives 2*+6x2 or 4-|-12 which is 16 as required. Similarly, 
when x=— 8 the first member becomes (— 8)*+6X(— 8), or 64—48, 
which is 16 as required. 

Example 2. Solve x^ - 8 x+ 14 = 0. 
Solution. Transposing, we find 
x«-8a;=-14. 
Completing the square by adding 16 to both sides gives 

x«-8x+16«2, or (x-4)«=2. 
Taking the square root of both members, 

a;-4= =fcV2. 
Solving the last two equations gives 

a;=4H-v^ and a;=4-v^. Ans. 

Check. Wijth a;=4H-V2, the first member of the given equation 
becomes (4-|-V2)2-8(4-|-V2)+14. By Formula V, p. 101, this may 
be written 

(16+8v^+2)-8(4+v^)+14, or 16+8v^+2-32-8>/2+14. 

Here the 8V5 and —SV2 cancel, while the rest of the expriBssion 
(namely, 16+2-32-1-14) reduces to 0. Whence, if x=4-}-V^ the 
first member reduces to 0, as required. 

Likewise, when x has its other value, namely 4-V2, the first 
member of the given equation may be shown at once to reduce to 
as required. 

Note. Since the solutions obtained above for Example 2, 
namely a;=4-fV^ and x=4— V2, contain the surd v^, they cannot 
be expressed exactly (see § 135), but we can express them approxi- 
mately. Thus, the Tables give V2= 1.41421, so that the two solu- 
tions are approximately 4+1.41421 and 4-1.41421, which reduce 
to 6.41421 and 2.68579. Ans. 
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Example 3. Solve 3 a^+S a; = 15. 

Solution. Dividing through by 3, we find 
x^+i x=5. 

Completing the square by adding (|)*, or (V) to both members 
gives 

or, 

Taking the square root of both members gives' 

Therefore the two solutions are 

x=-i+iVEi, and x=-|-iV6T. Ans. 

Note. These two answers may be written together in the con- 
densed form 1(— 4=fcV6i). By looking up the value of V6i in the 
Tables, the value of each answer may be determined approximately, 
as explained in the Note to Example 2. 

155. Summary of Results and Rule. It is now to be care- 
fully observed that in each of the three examples worked 
in § 154 the first step consisted in reducing the given equation 
to the type form 

where p and q are certain known numbers. 

Thus, in Example 3 we first put the equation in the form x*+} «« 
6. Here p=} and g=5. 

The next step was to complete the square by adding to 
both members the square of half the coeflBicient of x ; that is, 
we added (p/2y to both members. 

Thus, in Example 3, where p=8/3, we have p/2=4/3 ; hence the 
number added to both sides to complete the square was (4/3)*. 

After this, the equation was always such that we could 
extract the square root of the left member. When we did so 
and equated (placed equal to each other) the results, we had 



XVI, f 155] QUADRATIC EQUATIONS 269 

two simple equations from which the two solutions could be 
found at once. 
This may now be summarized into the following rule. 

Rule for Solving any Quadratic by Completing the 
Square. 

1. Reduce the equation to the form 

x^+px = q. 

2. Complete the square by adding (p/2y to each member. 

3. Extract the square root of both members of the equation 
thus obtained and equate the results. This yields two simple 
equations from which the two desired values of x may be found. 

EXERCISES 

Solve the following equations, and check your answers in 
the first five. 



1. a5*+4a;=12. 


14. 


(3«-2)«=6a; + ll. 


2. a:»-6a; = 16. 
8. x»-20a;=21. 


16. 


X 


4. x«-18a;=-80. 


16. 


^f-Zx^-l. 
4 

x*-24_io 


6. x*+3a;=i. 
6. i»-7a;=-10. 


17. 


7. X = l-3?. 

8. x»-fa; = l. 

9. 3a:»-4a;=l. 
10. 5«*+25«=-9. 


18. 
19. 


x 

72 ^ 
— T = a;. 
x-6 

x-3 6-x 

x+5 x-2 


11. 6x*=3a5+45. 


20. 


—2a^ = ax—x^. 


12. ««-4a5=6(a;+4). 




x = 2a,x——a. Ans, 


18. 2«(a;+4)=42. 


21. 


12a:2-3ax=3a2. 



For further exercises on this topic, see the review exercises^ 
p. 285, and Appendix, p. 310. 
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166. Quadratics of Special Fonn. Suppose we wish to 
solve the quadratic 4a:2+4a; = 15. Here the coeflBicient of 
x^ is 4, or 2^, and is therefore a perfect square. In such a case 
we do not need to first divide the equation through by 4, 
as the Rule of § 155 would require, but we can complete the 
square immediately in the equation as it stands. Thus, by- 
adding 1 to both members we have 

4 x^+A x+1 = 16, which is the same as (2 x+l)^^ 16. 

Extracting the square root of both members of the last 
equation gives 2 x+1 = =4=4, so the two solutions are those of 
the simple equations 2a:+l=4 and 2x+l = — 4; that is, 
they are a: = 3/2 and x— —5/2. Ans. 

All quadratics such as the one just mentioned are of the 
type form 

nV+bx = fc, 

where n, 6, and k are certain determinate numbers, and we can 
imm^ediately complete the square by adding (6/2 n)^ to both 
members. 

Thus, in the quadratic 25 x*— 30 a;=72 we have n=5 (because 
n*=25) and we have 6=— 30, fc=72. So the square can be imme- 
diately completed by adding ( - 30/10)*= (—3)*= 9 to both members. 
This gives 25 x«-30 a;+9=81, or (5 a:-3)*=81, from which we find the 
solutions x=V and x=— |. This amounts to the same thing as 
the process of f 155, as can be seen in this example by first dividing 
both sides of the given equation by 25. 

It should be observed that if n= 1 the type form we have 
just been considering reduces to the one employed in § 155. 

EXERCISES 

Solve the following by the method of completing the square 
explained in § 156. Check your answers in the first five. 

1. 4x2+4x = 8. 2. 4a:2-4x=16. 8. 9«*-12x=5. 
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4. 16x2+8a;-l = 0. 6. 16x2-10x= - fj. 

K-l=*=v^). Ans. 6. 36x2+6x=f. 

7. 2x2+6x = l. 

[Hint. First multiply both members by 2 so as to get a perfect 
square for the eoefi&cient of a;*.] 

8. 3x2-2x = 5. 

[Hint. Multiply both members by 3.] 

9. 5x2-20x+14=0. 10. 8a:2-5x-l = 2. 

*167. Solution by fhe Hindu Method. A simple way, pre- 
ferred by many, for completing the square in any quadratic is the 
one called the ''Hindu Method.'' It consists of two steps: 

1. Multiply both members by four times the coefficient of x^. 

2. Add to both members of the new equation the square of the 
original coefficient of x. 

Example. Solve 3x'— 2a;=l. 

Multiplying through by four times the coefficient of a?, that is 
by 12, gives 

36a;*-24a;=12. 

Adding the square of the original coefficient of x to both sides, 
that is, adding (—2)* or 4 to both sides, gives 

36a;«-24a;H-4=16. 

The first member is now a perfect square, being equal to (6 a;— 2)2. 
Therefore, upon extracting square roots, we obtain 

6a;-2=4, and 6x-2=-4. 

Solving the last two equations, gives a:=l, and x=— J. Ana, 

EXERCISES 
Solve each of the following equations by any method. 

1. a:«-|-10x-|-21-0. 4. x2-4aj=117. 

2. x«-5x«24. 6. 8x=x«-180. 
8. 2x»-|-7x=60. 6. 5a;«-3a;-2=0. 
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7. 8a^-10x=3. 15 a:+i-^.a 

8. 2a;«-lla;+12-0. * 2 

9. 2x«+3x«27. j^ g ^x-2 

10. 4x»-3x-3-0. * 9(x-l)* 6 • 

11. 3x«+x~200=0. 17 ^_2x 2ft 

12. 2x«+5x+2=0. 4 3 ° 

13. l-3x=2x«. • ^_ 1 ^4^ 
U. 4=x(3x+2). • x+2 2* 2« ' 

19. x*-ax=6x-o6. x«a or x=6. Ans. 

20. x'+ax«oc+cx. 

21. x»«4ax-2a». a(2*v^). An«. 

22. _£---^=m. i(l*VI+w?). Ans. 
x-1 x+1 w» 

23. -L-=l-.^^^=i. 
ax+4 16 

EXERCISES — APPLIED PROBLEMS 

1. The square of a certain number is 24 more than twice 
the number. Find the number. 

[Hint. Remember that there should be two solutions.] 

2. The square of a certain number is i less than f of 
the number. Find the number. 

3. The diflference between the cube of a certain number 
and three times the square of the number is equal to four 
times the number itself. Find the number. 

[Hint. After forming the equation, divide both sides by x.) 

4. The sum of the squares of two consecutive numbers is 
1013. What are the numbers? 

[Hint. For the definition of consecutive numbers, see Ex. 36, 
p. 62.] 

6. The product of two consecutive numbers is 272. 
What are the numbers? 
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6. The hypotenuse of a right triangle is 10 inches long 
and the sum of its sides is 14 inches. Find the lengths of the 
sides. 

7. One side of a right triangle is 4 in. longer than the 
other. If the hypotenuse is 20 in. long, how long are the 
sides? 

[Hint. If x represent the shorter side, the equation here becomes 
af*4-(a5— 4)*=400 and in solving this one of the solutions turns out to 
be negative. But a negative number can have no meaning in such 
an example as this, so we keep only the positive solution. This 
frequently happens in applied problems containing quadratics, so 
the pupil must always be on his gfuard to keep only such solutions 
as can actually fit a given example.] 

8. An ordinary gable roof has the form (cross section) 
indicated in the figure. Suppose the " run " is 8 feet and the 
" rafter " 10 feet. How much 
greater would the " rise " be if 
an 11-foot rafter had been used ? 

V57-6, or 1.54983-^ ft. Ans. 

9. A gardener spades a bed ^^ 

40 feet long and 20 feet wide. ^^^ ° 

Fig 81 

He then decides to make the 

bed three times as large by adding to all sides a strip of 

the same width throughout. How wide must the strip be? 

10. A rectangular plot of ground measures 160 feet by 40 
feet. By how many feet must the length and breadth be 
equally increased so that the area becomes increased by 
10,000 square feet? 100 V2- 1, or 41.421+ ft. Ana. 

11. A coach wishes to increase the length and breadth of a 
certain athletic field by the same amount in such a way that 
the diagonal line across the field will become increased by 
60 feet. The field is now 400 feet by 300 feet. How many 
feet mujst be added to each dimension? 35.68+ ft. Ans. 

T 
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12. A circular swimming pool is surrounded by a walk 
6 feet wide. The walk contains half as much area as the 
pool. Find (approximately) the radius of the pool. 

13. If a train had its speed increased by 5 miles an hour, it 
could shorten its time for running 180 miles by 30 minutes. 
What is the rate in miles per hour? 

14. The switchboard in a telephone office is an arrange- 
ment by which any one person who has a telephone may be 
connected with any other person in the system. If the 
number of persons in the system is n, it is known that the 
total number N of connections possible on the switchboard 

is given by the formula iV'=n(n— 1)/2. 
If 53,628 connections are possible, how 
many telephones are there in the 
system? 




Fig. 82. 



16. Figure 82 represents the gable end 
of a house with a circular window in it. 
The two points on the under side of the 
roof that are nearest the window are 
each 1^ ft. from the outer circumfer- 
ence of the window frame ; and they are 6 ft. from the imder 
edge of the peak. If the diameter of the window frame is 6 ft., 
how far is its center beneath the under edge of the peak? 

16. Figure 83 represents a pattern frequently used in 
window designs, consisting of a square A BCD with a semi- 
circle EFG mounted upon it, the diameter ^ 
GE of the semicircle being slightly less than 
one of the sides of the square. If the shoul- 
ders AG and DE are to be each 1 foot long 
and the total lighting surface is to be 88 
square feet, find how long each side of the 
square must be made. 8^ ft. Ana. Fig. 83. 



B 
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17. Solve Ex. 16 when the lower part of the window, 
instead of being a square, is to be a rectangle 3 feet higher 
than wide (other conditions remaining the same). 

18. As the radius of a certain sphere was lengthened out 
2 feet, the surface of the sphere became exactly double its 
original value. What was the original radius? 

2(l+\/2)ft. Arts. 
[Hint. The area of the sphere whose radius is r is 4 irr*.] 

19. The figure represents a familiar form of pendant, or 
watch charm, consisting of a circular (or sometimes spherical) 
disk supported by two equal metal strips soldered 
to the circumference and meeting in a point 
above. Placing Pr=iand calUng the diameter 
of the circle d, show that the formula for the 
length of PS is 

PS = K-d+V^+4^). 

Observe that by means of this formula the ^iq, 84. 
small length PS (which it is usually difficult to 
measure accurately) can be determined by measuring the 

larger and more accessible distances t 

and d. Explain how. 

20. The figure shows a rectangle whose 
base is 2 feet longer than its height. 
The rectangle is surrounded (circum- 
scribed) by a circle. What must the 
dimensions of the rectangle be if the 
shaded area is to be 20 square feet? 

[Hint. The diagonal of the rectangle is a diameter of the circle.] 





Fig. 85. 



l+V^^ft.and-l+\/^^ft. Am. 
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PART III. SUPPLEMENTARY TOPICS t 

168. The Graphical Solution of Quadratic Equations. 

Suppose we have the quadratic equation x*— 3 a:— 4 = 0. 

Let us represent the left member by the letter y ; that is, let 

us write . 

2/=x2— 3x— 4. 

Now, if X is given some value, this equation determines a 
corresponding value for y. For example, if x = 0, then 
2/ = 02-3X0~4 = ~4. Again, if x = 1, 2/ = P- 3X1 -4 
= — 6. The table below shows a nimiber of x values with 
their corresponding y values determined in this way : 



X 





1 


2 


3 


4 


6 


-1 


-2 


y 


-4 


-6 


-6 


-4 





6 





6 



This table is at once seen to resemble those in §§ 122, 124. 
Like them, it has a certain graph to correspond to it. This 
graph is obtained by first drawing 
axes XX and YY and then plotting 
(in the sense explained in § 122) each 
of the points x, y which the table con- 
tains and finally drawing the smooth 
curve which passes through all such 
points. The curve thus obtained is 
the graph of the given quadratic 
x2-3x-4 = 0. 

It is to be observed that the graph 
as thus determined is not a straight 
Une and is therefore much different in 
character from the graph of a Unear 
Fig. 86. equation (compare § 123). And it is 

t This part contains a brief introduction to several topics which are 
considered in further detail in Vol. II. 
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especially important to notice that it cuts the XX axis in 
two points whose x-values are a;= — 1 and x =4 respectively. 
The two values of x determined in this graphical way are 
really the two solutions of the given quadratic equation, 
x^— 3x— 4 = 0, for they are those values of x that make 
2/ = 0; that is, which make x^—3 x~4 = 0. 

In view of what we have just seen regarding the graph of 
the special quadratic x^— 3x— 4 = 0, we may now state the 
following general facts : 

To obtain the graph of a quadratic equation, first place 
y equal to the left member of the equation (it being understood 
that the right member is 0). Then assign various valves to x 
and determine the corresponding values of y. Plot the points 
{x, y) thu^ obtained and draw a smooth curve through them, as 
in § 118. 

The x-^alues of the two points where the graph cuts the XX 
axis mil be the roots of the given quadratic, 

EXERCISES 

Draw the graph of each of the following quadratics, noting 
especially where it cuts the XX axis. State any con- 
clusions you obtain in this way regarding the solutions of the 
given equation and check the correctness of your statements 
by actually finding the solutions by one of the methods 
explained in §§ 153-157. 

1. x«-7x+6=0. 

2. x2-2x-3 = 0. 

3. x«-5x=-6. 

[Hint. Remember to write as a;*— 5 a;4-6=0.I 

4. x«+5x=-6. 6. 2x2+3x^9 = 0. 
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* 169. Quadratics Having Imaginary Solntions. Suppose we have 
the quadratic x*— — l. This is a pure quadratic (§ 150) and hence 
we can immediately solve it by taking the square root of both 
members, which gives as the desired solutions x= =*= V^. But V^ 
means the number whose square is —1 and there is no such number 
among aU those (positive or negative) which we have thus far met in 
algebra. In fact, the square of any number, positive or negative, 
we know to be positive (see § 26). Therefore, in any such case as 
this we say that the solutions of the given quadratic are imaginary 
and we speak of the numbers themselves which, like V^, enter 
into algebra in this way as imaginary numbers. Such numbers are 
"imaginary*' only in the sense that we have not met with them 
before. 

As an example of an affected quadratic having imaginary roots 
we may consider the equation x*— 6 a;+15=0. If we proceed to 
solve this by completing the square, as in § 154, the work is as 
follows : 

Transposing, 

0^.-6 a;«-15. 

Adding 9 to both sides to complete the square gives 
a;«-6a;4-9=-6 or (x-3)«=-6. 

Extracting the square root of both sides. 

Therefore 

aj^S+vCrg, or a;=3-vC:6. Ans, 

Both of these roots are seen to be imaginary because they contain 
the expression V— 6. 

All numbers such as we have been dealing with in the Chapters 
before this (including the surds and radicals) are called real numbers 
in distinction to the imaginary numbers just mentioned. 

EXERCISES 

Find (by solving) whether the solutions of each of the following 
quadratics are real or imaginary. 

1. a;2-f4=0. 6. a;*-f4x+2=0. 

2. 2a;«+6=10. 6. x*-\-5x=6, 

8. 2x2+11=10. 7. 3a;«-a;+l=0. 

4. 3a;«+2=0. 8. 6 x«+4 x-f 3-0. 
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* 160. Determining Graphically whether Solutions are Real or 
Imaginary. If we take the equation a;*— 6a;= — 15, which was 
shown in § 159 to have imaginary roots, and ask what the graph 
of such an equation resembles, there is no difficulty in answering. 
We proceed, as stated in § 158, to put 2/= a;*— 6 x+lS and form a 
table of X values with their corresponding y values such as given 
below: 



X 


-2 


-1 





1 


2 


3 


4 


5 


6 


y 


31 


22 


15 


10 


7 


6 


7 


10 


15 



Plotting the points x, y of the table in the usual way and drawing 
the curve through them gives a graph such as shown in the diagram 
at the right. Thus the graph is in no essential 
different from those met with before in § 158 
except that it does not cut the XX axis at all 
(instead of cutting it in two points, as was 
always the case when the roots of the given 
quadratic were real). 

What we have thus seen for the special 
quadratic x*— 6x+15=0 is true in general; 
that is, whenever the roots of any quadratic are 
imaginary y the graph does not cut the XX axis 
at all. 

It follows that one way to tell whether the 
solutions of a given quadratic are real or 
imaginary is to simply draw the graph and see 
whether or not it cuts the XX axis. 
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EXERCISES 



Fig. 87. 



Find by drawing the graph whether the 
roots of the following quadratics are real or imaginary. 



1. a;«-6a;+12=0. 

2. a;«4-6 x+12=0. 

3. x«+4x-5=0. 

4. a;2-f4 x-f 9=0. 



6. a;2-2x-8=0. 

6. a;2-2x+6=0. 

7. 3x2+4x4-1=0. 

8. 3x2+4x+2=0. 
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* 161. Soltttion of Quadratics by Formula. Every quadratic may 
be regarded as an equation of the form 

(1) ax«+6x+c=0, 

where a, &, and c are known numbers. 

For example, in 2 a;*+3 x+5=0 we have 0=2, 6=3, c=6; again, 
in 3^- Jx-3 wehavex*— i x— 3=0 so that a=l, 6=— i, c=— 3. 

Since (1) thus represents all quadratics, it follows that if we can 
solve it as it stands.j(that is, regarded as a literal equation contain- 
ing the known letters a, 6, and c) we shall thereby arrive at general 
formulas for the solutions of any quadratic whatever. This can be 
done as follows : 
TransxK>sing c, 

ax*+6x=— c. 
Multiplying through by 4 a, 

4 a*x*-|-4 abx— —4ac. 
Adding h^ to both members, 

4 a^x^+4: a6x+62=62-4 ac, or (2 aa;+6)2=6«-4 ae. 
Extracting square roots, 

2 ax+6= =fcV62-4ac. 

Whence (solving for z) the two solutions, which we will now call 
Xi and xs, are seen to be 

-6+V62_4ac , -6-Vb«-4ac 



8 a * ^ 8 a 

These, then, are the general formulas sought, and the way in 
which they may be used in solving any particular quadratic is 
illustrated in the following examples : 

Example 1. Solve the quadratic 2 x*— 11 x+12=0. 

Solution. Here we have a=2, 6= — 11 and 0=12. The two 
solutions, as obtained by merely substituting these values of a, 6, c 
into the above formulas, are therefore 



11+V (-11)8-4 -212 , ll-V(-ll)*-4-2- 12 
which reduce to "^ and — ^, or 4 and f- Ana. 
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Example 2. Solve 4 x^+S a;-2=0. 

Solution. Here a=4, 6=3, c=-2. Substituting these values 
into the general formulas for the solutions gives in the present case 

,.= -3+V^ ^,d 0.= -3-/9+32 ^ „, ^3d^ ^^ ^3:^. 

^ * 4 ia ' 4 O O 

Ans, 
Example 3. Solve 5 x«+4 x+l=0. 

Solution. Here a=5, 6=4, c=l so that the solutions become 

10 • '''' 10 ^'''• 

It is to be observed that these solutions are imaginary (§ 159). 

EXERCISES 

Solve by formula the following equations. 

1. 2 x«-f 6 a;4-2=0. 6. 3x«-f2x=4. 

2. 6aj»-7aj=-2. 6. 3x»-6a;=-2. 

3. a;(2x+3) = -l. 7. a;«--6 a;=-10. 

4. 2a;2+3a;-l=0. 8. a;«4-4(a;+3)=0. 

*162. Simultaneous Quadratic Equations. In Chapter XIII 
we saw how to solve two simultaneous equations containing the 
unknown letters x and y in case each of the given equations is 
linear; that is, in case no higher power otxory than the first occurs 
in either equation. However, we often meet with simultaneous 
equations that are not linear. While there is no general rule for 
solving such equations, a great many are reducible in such ways that 
we can solve them if we can solve quadratics. 

Example 1. Solve the simultaneous equations 
f 4 a;*— X2/=2/, 
I a;+y=3. 

Solution. Here the second equation is linear, so we can at once 
find y in terms of x; that is, we have 2/=3— x. Substituting this 
value of 2/ in the first equation gives 

4x2-a;(3-a;)=3-a;, 



which reduces* to 



4 a;*-3 a;+x*=3-aj, 
6 x«-2 x=3. 
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Solving this quadratic in the usual way, we find 

x=l or a;=— J. 

Substituting these values in the second of the given equations 
gives 

2/=2 or 2/=V- 

The solutions of the equations are therefore iz'=^l, i/=2) and 
{X — f,y=V). Ana. 

Check /4x1*-1X2=2, f 4(-»)»-(-»)(V)=«+«= V. 
CHECK. 1 1^2=3. l-i+V=.V-=3. 

Example 2. Solve the simultaneous equations 
f3a;«-f2/*=13, . 

Solution. These equations may be first solved for z* and yK 
Thus, adding the equations gives 4x*=16, and therefore x'=4. 
Whence, from the second equation we have y^-1. 

Since a;*=4 and y*=l it follows that x= ±2 and y= :^1. 

Thus,taking into account all the possible combinations of signs, 
we get four solutions as follows : 

(a;=2,2/=l); (a;=-2,2/=l); (x=2,2/=-l); ix—2,y 1). Ana. 

Check. Substitution of any one of these pairs of values in the 
given equations shows at once that the equations are then satisfied. 

EXERCISES 

Solve 

J r a;«-f 2/«=25, ^ nO x-S xy+y=0. 



2. 



1 3x2+2/2=43, - lx^-{-xy=12, 

\x+y=7. ' lx-y=2. 



'-9 2/2=36, 3 lxy(x-2y) = 10, 

+9^2=36. • 1x^=10. 

:(y+l) = 12, 



f4x2 
I4a;2- 

Ja;2-4 2/2=4, . ^ f3a;(y+l) 

1x2+2/2=4. I3a;=2 2/. 

fa;-2/=2, * -q J 3 a;2/-10 x-2/=0. 

1x2/= -1. l2-2/+x=0. 
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EXERCISES — APPLIED PROBLEMS 

1. The sum of two numbers is 3 and the sum of their squares is 
6. What are the numbers? 

2. A piece of wire 24 inches long is bent into the form of a right 
triangle whose hypotenuse is 10 inches. What are the lengths of 
its sides? Work by using two unknown letters, x and y, 

3. It takes 52 rods of fence to inclose a rectangular garden con- 
taining 1 acre. How long and how wide is the garden? 

4. The area of a right triangle is 150 square feet and its hypote- 
nuse is 25 feet long. How long are the sides? 

6. The area of a rectangular garden is 1200 square feet and the 
diagonal across it measures 50 
feet. What are the length and 
breadth? 

6. The mean proi)ortional be- 
tween two numbers is V2i and the 
sum of their squares is 58. Find 
the numbers. 

7. Figure 88 shows two circles 
just touching (tangent to) each 
other, the smaller one being out- ^^* ^* 

side the larger one. If their combined areas (shaded in the figure) 
are 22 sq. ft. and the line AB which passes through the centers 
measures 6 feet, what is the radius of each 
circle? i(3-fV5) ft. and i(3-V^)ft. An«. 

8. In Fig. 89, the inner circle is tangent 
to the outer one internally. If the shaded 

D area is 47i sq. ft., and AB = 6 ft., what is 
the radius of each circle? 

9. Do poeitive integers exist differing 
by 3 and such that the sum of their 
squares is 117? If so, find them. 

10. Answer Ex. 9 in case the sum of 
the squares is taken to be 120, other conditions remaining the 
same. 





Fia. 89. 
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11. A rectang^ular swimming x>ool together with a platform 
around it 25 feet wide covered 37,500 square feet. The area of the 
platform was } that of the pool. What were the dimensions of the 
pool? 

12. Two men working together can complete a piece of work 
in Sfj days. It would take one man 1 day longer than the other 
to do the work alone. In how many days can each man do the 
work alone? 

[Hint. See Ex. 24, p. 172.] 

13. A sum of money on interest for one year at a certain rate 
brought $7.50 interest. If the rate had been 1 % less and the prin- 
cipal $25 more, the interest would have 
been the same. Find the principal and 
rate. 

14. The figure shows a large square 
with two equal-sized smaller squares placed 
at opposite sides. If the shaded area is 
72 square feet and the total perimeter of 
the figure is 40 feet, find the length of side 
of each square. 

16. Solve Ex. 14 in case there are four small squares placed 
around the large square, one on each side, other conditions 
remaining the same as before. 

16. If, in Fig. 91, the perimeter is 16 ft., and the area is 
7 sq. ft., what is the length of side of each square? Compare 
Ex. 14. 

17. A man traveled 30 miles. If his rate 
had been 5 miles an hour more, he could have 
made the journey in 1 hour less time. Find 
his time and rate. 

18. A and B each traveled 100 miles. A's 
speed was 5 miles an hour faster than B's and 
he arrived at the end of the journey 1 hour 
ahead of B. What was the rate of each? 

Ans, A's rate = 25 mi. per hr., 
B*s rate » 20 mi. per hr. 





A 
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19. The figure shows a semicircle resting upon its base AB. 
At a certain point P on AB the perpendicular PG measures 4 inches, 
while at the point Q, which is 1 inch 
from P, the perpendicular QF meas- G/ 
ures 3 inches. Find the length of the ^/ 
base AB. 

[Hint. Let x^AP, y^PB, Find x 
and y, then take their sum. See Ex. 8, 
p. 197.] 

20. Show that the formulas for the 

length and width of the rectangle whose perimeter is a and whose 
area is b are 

J(a-fVa«-166) and J(a-Va2-lb6). 

EXERCISES— REVIEW OF CHAPTERS XIV-ZVI 

1. What is meant by the square root of a number? 

2. How many square roots does a number have? Illustrate 
your answer by stating the square roots of 64 ; of 13. 

3. State (by means of the tables) the approximate values of 
V30» v^, Vsi, Vl36. 

4. Howmany terms has the square of a binomial? 

6. Supply a third term to a»+2 ab that shall malce the resulting 
trinomial a perfect square ; to a'+6* ; to 2 a6+6*. 

6. Complete the square in each of the following expressions : 
(a) x«-12x. (c) x*+7x. (e) x^-Bx^. (g) 25x«~40x». 
(6) x^+Sx. (d) x«-3x. (/) 9x«+6x. (h) 16x^-16x*. 

7. Fmd the square root of 9 x*-30 ox-S a«x+25 a*+5 a»+i a\ 

8. Find the square root of 

9 a«-12 a«-26 a^+44 a»+9 a*-40 a+16. 

9. Find the square root of 494,209; of 57,686.4324. 

10. What is a radical? Give three illustrations. 

11. Write the radical expressing the 12th root of 125; the 30th 
root of 27 ; the nth root of a. 
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12. What is meant by the index of a radical? by the radicand? 

13. Is V25 a radical? is ^25 a radical? Give reason in each 
case. 

14. What Axiom is used to get rid of the radical in solving an 
equation containing a radical sign? 

16. Solve the equations 



V2x +l+7=x. 
V2x+5-V^34=2. 
Vx+2-V2x-10=V3a;-20. 

16. When is a radical in its simplest form? 

17. What are similar radicals? Give illustrations. 

18. Simplify V75-4V243+6VI2. 

19. What is a surd? Give illustrations. 

20. Rationalize the denominators in 

5 5 3xy 5 5 

V2' </2 V27x' y/x+1 V3-V2' 

21. What is a quadratic equation? How is it different from a 
linear equation? Give illustrations of each. 

22. Define and illustrate a pure quadratic. 

23. Define and illustrate an affected quadratic. 

24. What is the principle used in solving quadratic equations 
by factoring? 

26. What kind of quadratic requires that its square be "com- 
pleted" before solving? 

26. Describe accurately the method which you use for "com- 
pleting the square" in solving quadratics. 

27. Solve each of the following equations by factoring and check 
your answers. 

(a) x«-5x-6=0. (c) x«-2x=4a;+55. 

(6) aj«-22x=23. (d) a:2-Jx-2=0. 
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28. Solve each of the following equations by completing the 
square. 

(a) 2x«+3a:-4=0. (c) 3x^-10=0. 

(6) 7x2-8x-9=0. (d) Va:+l+aj = ll. 

29. The solutions of the quadratic equation for a problem do 
not always both satisfy the problem itself. Explain this. Examine 
to see whether it is illustrated in the working of the following prob- 
lem; 

Find the positive integer such that the square of it added to six 
times the number gives 27. 

30. Explain how one goes to work to draw the graph of a given 
quadratic equation. 

31. In how many points must the graph of a quadratic cut the 
XX axis in case the two solutions are real? What happens to the 
graph in case the two solutions are imaginary f Give simple illus- 
trations. 

32. What especial interest attaches to the points mentioned in 
Ex. 31 in case such points are present? 

33. Draw the graph of the quadratic x*— 4 aj=0. 

34. The sum of two numbers is 29 and the sum of their squares 
is 505. Find the numbers. 

35. A string is just long enough to go around a certain square. 
If 3 feet are cut off the string, it will then just reach round a square 
whose area is } that of the first square. How long is the string? 

For further exercises on this Chapter, see Appendix, p, 310. 



APPENDIX 

PART I. SUPPLEMENTARY EXERCISES 

These exercises are intended as a supplement to those 
given in the body of the text. They may be used, at the 
discretion of the teacher, either for additional drill exercises 
during the first study of a topic, or for reviews. 

Supplementary Exebcises on § 3 

1. Enyelox)es which cost 7 cents a package at wholesale are sold 
for 3 cents more a package at retail ; what is the retail price? 

2. If the enyelox)es cost c cents a package at wholesale and are 
sold at retail for r cents more, what represents the retail price ? 

8. What is the retail price in Ex. 2 if c=6 cents, and r=3 
cents? if c-5} cents, and r»2 cents? 

4. One man walks 15 miles in one day and another man walks 
3 miles more in the same time. How far did the second man walk 
in one day? 

5. If the first man walked h miles and the other walked e miles 
more in the same time, how far did the second man walk in one day? 

6. In Ex. 5, how far did the second man walk if h—2Q, and 6=6? 
if 6= 19, and e= 3? 

7. How many minutes in 3 hours ? in d hours? in e hours? 

8. Give the expression representing r more than 5. 

9. If n=8, what is the value of 16H-n? of 25H-n? 

10. Give the expression representing 5 less than k. 

11. If c= 17, what is the value of 20-c? of 36-c? 

12. What is the next even number after 22? 

18. If X is an even number, what represents the next even num- 
ber after it ? 

14. If a boy is 13 years old now, how old will he be in 3 years? 
If he is x years old now, how old will he be in 3 years ? 
u 289 
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15. If a man's present age is represented by x, what represents 
his age 10 years ago ? 

16. What is the cost of 6 railway tickets at 75 cents each ? What 
is the cost of z railway tickets at 75 cents each ? 

17. If a suit of clothes costs 9 times as much as a hat, and if the 
hat costs k dollars, what represents the cost of the suit? What 
represents the cost of both ? 

18. A baseball team scores 27 runs in 9 innings. What was 
the average per inning? 

19. A baseball team scores y runs in 9 innings. What was their 
average per inning? 

20. If a team scores 6 runs in y innings, what is its average per 
inning? 

21. If I sx)end 40 cents to-day and r cents to-morrow, how much 
shall I spend in the two days? 

22. If one part of 10 is 7, what is the other part ? 

23. If one part of (i is 3, what is the other part ? 

24. If one part of 10 is a, what is the other part? 

25. If X is the greater part of a number and the difference between 
the parts is 4, what is the other part ? 

26. If y is the smaller part of a number and if the smaller part 
is 4 less than the larger, what is the larger? 

27. What is the expression showing how much 6 a exceeds 13 ? 

28. John has 3 times as much money as James, and James has 
4 times as much money as Harry. If Harry has x dollars, how 
much has each of the others? 

Supplementary Exercises on §§ 6-13 
Solve each of the following equations. 

1. xH-4=20. 8. x=22-x. 16. § a;H-2=8. 

2. a;-6=32. 9. 3x-10=2a;. 16. Ja;H-6=18. 

3. x+12=17. 10. 5x=2H-2a;. 17. ix-12=6. 

4. 2x-8=16. 11. ar=35-6x. 18. a;+5a;=8+10. 

5. 3xH-18=42. 12. 4x-2a;=18. 19. 2 a;H-5=6. 

6. 5a;- 10=40. 13. 5a;=29-4. 20. 3a;-4=18. 

7. 2x=20-3x. 14. ia;=10. 
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Supplementary Exercises on §§ 16-17 

1. Give the negative (or antonjnn) of (a) sunrise, (b) to hoist 
the flag ; (c) clean ; (d) to increase ; (e) overhead. 
Add the following : 



+16 


7. +16 


12. 


-122 


17. 


+72 


+ 8 


+36 




+ 22 




-15 


+32 


8. +19 


18. 


+174 


18. 


+29 


- 7 


-36 




-100 




-29 


-20 


9. +46 


14. 


-88 


19. 


-38 


+16 


+10 




-19 




-38 


-31 


10. +3.7 


16. 


-42 


20. 


+75 


-18 


-5.7 




-17 




-74 


-12 


11. -8.36 


16. 


-81 


21. 


-97 


+42 


+2.15 




+23 




+96 



Supplementary Exercises on §§ 18-20 

Find the value of each of the following expressions. 

1. 6+(-2)+(-l). 6. 17+25+(-42). 

2. -4+(-3)+7. 7. -19+ (-27)+ (-13). 
8. 9+(-8)+(-10). 8. 36+(-19)+(-l). 

4. -6+(-7)+(-8). 9. 28+14+36. 

6. -18+12+ (-4). 10. -28+ (-14)+ (-36). 



11. 


-37 


18. -20 


16. - 1 


17. 


126 


19. -42 




26 


15 


+14 




-132 


36 




-18 


18 


-36 




134 


-28 




14 


-10 


+23 




-130 


-15 
17 


12. 


42 


14. -15 


16. 19 


18. 


327 


20. 84 




27 


-18 


26 




236 


-84 




- 9 


+31 


18 




-471 


72 




-15 


- 7 


-50 




-124 


-72 
25 
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21. How do you tell whether one negative number is greater 
or less than another one ? Illustrate in the case of the numbers — 11 
and -2. 

22. A frog by slow degrees jumps out of a well ; it jumps upward 
3 feet the first day and falls back 2 feet ; 5 feet the second day and 
falls back 3 feet ; 4 feet the third day and falls back 4 feet. How 
far is it from the bottom of the well at the end of the third day? 
Work by using negative numbers. 



Supplementary Exercises 


ON 


§21 


Carry out the following indicated operations 




1. 18-12. 


8. -19- (-19). 




16. -10-6. 


2. 21- (-3). 


9. 40- (-10). 




16. -78- (-78). 


3. -r24-16. 


10. 36-18. 




17. 26- (-26). 


4. -12- (-4). 


11. -81- (-80). 




18. 32-50. 


5. 20-9. 


12. -24- (-40). 




19. -76-50. 


6. -20-(-9). 


13. 36- (-18). 




20. -82- (-31) 


7. 19- (-19). 


14. 84- (-10). 







Supplementary Exercises on §§ 23-24 
State the value of each of the following expressions. 



1. 


64. 




8. 


21 • 12. 




16. -4xi-8y). 


2. 


3(-9). 




9. 


6- a. 




16. —5 X ' 5 y. 


3. 


7(-6). 




10. 


—5 • o. 




17. 3 • 2 • a. 


4. 


-8-2. 




11. 


10(-6). 




18. -4(-2)6. 


5. 


-6(-3). 




12. 


-10(-6). 




19. 8(-2)(-6). 


6. 


lO(-lO). 




13. 


X • y. 




20. -5(-4)(-x) 


7. 


-15(-7). 




14. 


2xi-3y), 






21. 


(-a)(-6)(- 


-c)(- 


-d). 


24. 


«(- 


-5 6)(-2c)(-d). 


22. 


ahc{-rst)Q. 






26. 


6r 


(-2s)(-3 2/)4 6. 


23. 


.3r(-2s)(- 


5 0. 
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Supplementary Exercises on § 27 
Carry out the following indicated operations. 



1. 30-5-3. 


8. 125+25. 


16. x+y. 


2. 45-$- (-9). 


9. 16a+4o. 


16. — x+y. 


8. -65^5. 


10. -32a;+(-16x 


). 17. -x+C-y). 


4. -80+ (-20). 


11. -45a;+9a;. 


18. x+(-y). 


6. -384- (-2). 


12. 72x+(-36x). 


19. }+(-}). 


6. 76+ (-9). 


13. -20rs+4. 


20. -4.6+ (-2.3) 


7. -99+11. 


14. -36a;y+(-6). 




21. Solve by insi)ection each of the following equations. 


(a) -2x=6. 


(g) J 


Jx-2=7. 


(6) -2x — 6. 


ih) ■ 


-a;-l = -l. 


(c) 3x=-4. 


(») 


-^+3«_5. 


(d) -3a;=4. 




2 


(6) 2x-3=5. 


0) 


2 2 


(/) -2a;+3=6. 


z 3* 



22. Find the value of each of the following expressions for the 
values written beside them. 

(a) ^,[a=2,6— l,c=-3,ci=-l]. 

(6) zyz ' (x-f-2), [a;=2, |/=-3, 2=1]. 
(c) P9+(p+9), [p=3, q 2]. 

(rf) ^V2^',[a:=3,y=-2]. 



Supplementary Exercises on § 29 

Find the sum of the following : 

1. 3 a and 2 a. 8. -4 c and 4 c. 6. 3 6, 7 6, and 2 6. 

2. 2 A; and -3 k. 4. 4 x and -2 x. 6. 4 o, -6 o, and 2 o. 

7. -4 y, -2 y, and -12 y, 9. 7 xyz', 3 xj/2», and —9 xj/e". 

8. 6 a% -6 o«6, and 3 a*b. 10. xy, 2 xy, -4 xy, and -7 xy. 
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Supplementary Exercises on § 30 
Simplify each of the following expressions. 

1. 3 o-f-2 a-4 0-5 o. 

2. 7 x-3 a;+2 x-9 X. 
8. S x-^-U x-6 z-2 X. 

4. 6o6-15a6-7a6-2o6. 

5. -4 2+20«-15«-2. 

6. 3 x^y+2 x^yS x*y+S T^y, 

7. xV+a:"y'-2xV+17xV- 

8. 2 mnj/*+12 mny*+10 mnj/*- 23 mny«. 

9. -16a;r» 10. -25 o6c 

13 xr« 17 a6c 

- 2xr» 2ai>c 

- 8xr» — 6a&c 
10xr» - 19 a6c 

Supplementary Exercises on § 32 
Add the following : 

1. 3x+2y 8. -5a;+2 
3x- y 4x-7 

2. 2r-7 

5r-h8 

4. -7o+2 6+3c 8. 5 8+2s«-3s« 

2o-5 6- c -2«-5s2+4«» 

-5 g-2 8^4-3 8» 

-5a-7x+2y-10z 

5abc-^2rsi-6xyz-^l0 ' a-3 x^2 y+ 2 z 

10. 8 x+3 2/+4 2 
7. 3a2+2 6«+7c« 2 x- y -5 k 

-5 a«-2 6«-f 8 c« - a;H-2 2/-2« 

-6o«4-3b«- c« -3x-7v-f8g+2fc 



Part I] SUPPLEMENTARY EXERCISES 295 

Supplementary Exercises on § 35 



Subtaraot : 






1. 12 o 


8. 10 A; 


6. 21 o« 


-4 a 


15 k 


-13 o« 


2. -8 6 


4. -6r 


8. — 15 rxy 


36 


-4r 


— 15 rxy 


7. From 125 x«y take 89 xV 


9. 6a-(25a)=? 


8. Take- 


-13x*from-26x«. 


10. -14a;-(-3x)=-? 



Supplementary Exercises on § 36 
Perform the following indicated subtractions. 
1. 6x-f-4y 2. 3x-2y 3. o6-f-2 

2x+7 y -3g-2y 5 a6-f 7 

4. From o-h3 6 take 10 a-9 6. 

6. Take 3 x*y-4 from 10 j^y-\-9. 

8. Take -4 o+9 6+7 c from 10 o-3 6+14 c. 

7. Subtract o»+3 a«6+3 o6«+6» from a»-3 o«6+3 a¥-b^. 

8. From 3 xy-\-7 z-9 k take 8 xj/+4 A:-9 z. 

9. From the sum of 3 o«+4 a»+2 o-7 a*+l and 3+2 a«-4 o+ 
a«-2 a* take 6 a»+2 a-a«-3 o*-9. 

10. How much larger is 6 x"+9 x+10 than 3 x*-2 x-5? 

Supplementary Exercises on § 37 

1. State the four Axioms. Why is it that they are very useful 
in solving equations? 

Solve the following equations and check each one. 



2. 


x+4=2. 




8. 10=a;+12. 


10. 


.3a;- .81 


3. 


a;-10=3. 




7. 12+7 a;= -9. 


11. 


-.1 a;=3. 


4. 


2+a;-l. 




8. 24=3 a;-3. 


12. 


2 a-37=7 a+3. 


6. 


18=3+x. 




9. 5x=-2.5 


13. 


2r-15=9r-l. 


14. 


10ifc+19=7ib 


-12. 








16. 


6a:-(4a;+3)= 


= 19. 








18. 


3-(2x+8)=15x- 


.(x-15). 






17. 


If6x-9=25, 


what does 2 x+ll equal? 
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18. A rectangular field is three times as long as wide. The fence 
surrounding the field is 144 yards in length. Find the length and 
width of the field. 

19. What is the number which increased by } of itself equals 70? 

20. The sum of three consecutive numbers is 93. What are 
the numbers? 

21. If a number is increased by 42, the result is 45 more than 
twice the number. 

22. An employer on pay day wishes to have $35 in change. 
He wishes to have as many quarter dollars as nickels, and twice as 
many dimes as nickels. How many must he get of each ? 

23. There are two rows of crosswise seats in a street car, and 
two long lengthwise seats. If each crosswise seat will hold two 
persons and each lengthwise seat will hold eight persons, how many 
crosswise seats must there be in order that the seating capacity of 
the car shall be 44 ? 

24. If a quantity of grape juice is bottled in 5 bottles, 1 gill re- 
mains, but if it is bottled in 2 bottles twice as large, 4 gills remain. 
How many gills does each bottle contain? 

25. A cask is } full ; 7} gallons are drawn from it and it is now 
half empty. How many gallons does the cask contain? 

26. A person's income is $1290 ; } of his capital is invested at 4% 
and the remainder at 2%. Find the capital. 

27. A man invests $1000, part at 3% and part at 4%. The 
annual income from the investment is $34. How has he divided 
the money? 

28. ' 20 per cent of the pupils in a class drop out while 13 new 
pupils enter. The class is now found to be increase4 by J its origi- 
nal number. How many were there at first ? 

29. Solve the equation 3(4 - xy - 2(a; + 3) = {2 x - 3)« - 

D C (^ + 2)(x-2)+l. 

30. The figure represents a rectangle, 
A BCD, within which are placed two equal 
squares. The border (shaded) is every- 
where 3 inches wide. In order that the 
area of the border be 159 square inches, 
what must be the length of one side, of 
Fig. 93. each square? 
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Supplementary Exercises on { 42 

Simplify each of the following expressions. 

1. 5x-4y-(x-2y)-^5x-{2x+2y). 

2. 6o«+3oc-2c*-(-3o»-2oc+c«). 

3. x+y+z-ix+y-z). 

4. 12 6-(3 6-{-6+5}). 
6. 6a;-(x«-{x-5}+4). 

6. 10 a- (-2 0+7)- (6 a+4)-10. 

7. c*-4-[4c«+(-8-c«)-2]. 

8. -(_[-(a+6)]}. 

9. a-{3 a- [- (-3 o+2 6)+5 6]-3 y}. 
10. 2 X- [x-{2/- (3 2/-3 x)}-f 4 y]- {y-x). 

Supplementary Exercises on § 47 

Solve each of the following equations for x, 

1. x+5«4x-l. 6. |a;-7=}a;-27. 

2. 6a;+l=3a;+10. 6. 10 x+8-2=3 a;-15. 

8. 4x-4-2x-h6. 7. 2 a;- 5+3 x= 15- 10+2 x. 
4. 8-5x=20+5a;. 8. 3 x- 27=4 x+ 10- 27. 

9. If 16 is added to 4 times a certain number, the result is the 
difference between 106 and the number. Find the number. 

10. Three boys have 195 marbles; if the second has 20 more 
than twice as many as the first, and the third has 35 more than the 
first, how many marbles has each? 

11. If 18 is added to a certain number, the result is the same as 
3 times the number subtracted from 346. What is the number? 

12. Of three given numbers each exceeds the one below it by 4, 
and the sum of these numbers is 72. What are the numbers ? 
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Supplementary Exercises on § 51 
Multiply : Simplify : 

1. r-|-«by6. 9. rH2 r+3 r«-7 r»). 

2. r-sby3. 10. (x*-\'S zy+2 y*)xy, 
8. r+7by-4. 11. -rs(r«s«-2 rs+S r). 

• 4. r+8 by «. 12. 2(o+6)-2(a-6). 

5. r«+s«by««. 13. 4 c(o-hc)+2(ac-2 c»). 

6. a«-h7 o6-4 6« by 3 o«6». 14. r»«»-rs(rs-l). 

7. 2 a«-3 a6H-6 6« by -4 o6. 15. 6 o«(l-6)-f-6(6 6+3 6«). 

8. 4 r»+2 r»6-5 6» by 2 r6«. 16. 4 a;V-2xy(2x2/-l)-2 »y. 

Supplementary Exercises on § 52 

Factor each of the following expressions. 

1. 60+66. 6. 2x*+ex*+Sx*. 

2. xy+xz. 7. o6«+o«6*-o»6». 

3. XJ/-XZ. 8. 3 rs*- 9 r*s*2/+ 12 r»sy». 

4. 0+0*. 9. 15 x^y^z-^lOxy^z*- 5 x^yzK 
6. ajz+a^y*. 10. 35 a6c+70 a6»c»-30 o»6«c. 

Supplementary Exercises on § 53 
Multiply : 

1. ix+a)(X'-a), 6. (2 a+7)(3 0-6). 

2. (a+6)(a+6). 7. (3 o+4 6-6)(3 a-4 6+6). 

3. (o-6)(a-6). 8. (6x«-5 a;+7)(3 x«+2 a;-7). 

4. (0+6) (a-6). 9. (2x+32/-4«)(4a;-32/+2z). 

5. (o-2)(a+4). 10. (10 0+5 6+4) (6 0+3). 

11. The side of a square is represented by 3 a+4. What repre- 
sents its area? 

12. The edge of a cube is represented by x+y. What represents 
its area? 

13. Find the area of a triangle whose base is 3 r~7 and whose 
altitude is 2 r+6. 

14. What represents the area of a trapezoid whose bases are 
3 x and 3 y and whose altitude is x-]-2y? 

15. What represents the area of a circle whose radius is 4— r? 
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Supplementary Exercises on $ 56 

Solve each of the following equations for x. 

1. 6(a;+2)-24. 

2. 3(x-7) = -42. 

8. 2(a;-f-8)-(a;+4)«42. 

4. (a;+6)(2x+4)-2(««+8). 

6. (a;+10)(3 x-5)- (3 a;-h2)(a;+4). 

6. (x+3)(5-a;)+x(a;+2)-0. 

7. 3(x-hl)«-2(x-l)«-(a;+6)«-5(x+2). 

8. «H-(x+7)(a;-2)=2(a;+3)(x-l). 

9. 2x-l-(x+3)«=4x-(a;-2)(x+7). 

10. (2 x«-a;+l)(x+3)-2 a;«(x+2i) -(10 x-7). 

Supplementary Exercises on § 57 



Multiply : 






1. (X+5KX+2). 


6. 


(o'-3)(o«+5). 


2. (m+2)(m-3). 


7. 


(o5+10)(o6-2). 


8. (y-5)(y-2). 


8. 


(H+lKH-8). 


4. (r+7)(r-l). 


9. 


(x'y'+6)(xV+6). 


b. (6+9) (6-3). 


10. 


(3x+2y)(3*-4y), 



Supplementary Exercises on f 58 
Factor each of the following expressions. 

1. r«+7r+12. 5. ««-13«-f-42. 9. 25r«-10r-24. 

2. r*-3r-54. 6. y^+7 y-S, 10. 9 x*-6 xy-S y*, 

3. x*-14x+24. 7. x«-13x-30. 11. 16m«+4m-6. 

4. x*-4x-96. 8. 4 x«-8 xy-5 y«. 12. ahfi-\-aX'-2. 

Supplementary Exercises on § 61 
Expand each of the following expressions. 

1. (x+3)». 3. (x+10)«. 6. (2a;+l)«. 

2. (a;-3)«. 4. (x-7)«. 6. (2 x-3)«. 
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7. {2x^2y)K 9. (xV-^*)'- H- (.3a;+.4j/)». 

8. (3x-4j/)«. 10. (io6-f-fc)*. 12. [(a+6)+cP. 

Supplementary Exercises on § 63 
Factor each of the following expressions. 

1. a2+2o6+6«. 6. a;V-4x2/+4. 

2. r«-2r«H-s». 7. 4 x^l- 8xHh4. 
3. . r*+ifc»-2 rfc. 8. 49a«-28o+4. 

4. 4a2+4a+l. 9. 144 m«- 144 m-f-36. 

5. 36 6»- 12 o6+a«. 10. i w»- i mn+T^^ n«. 

Supplementary Exercises on § 64 
Express as the square of some binomial in cases where it is po»- 



sible. 








1. 


x«+4 a;+4. 


6. 


100n«-160n+64. 


2. 


a;«-4 a;+4. 


7. 


81 a;V+72 X2/+16. 


.8. 


4r«+4r+l. 


8. 


x»+a;+i. 


4. 


16-8 x-{-xK 


9. 


to«-to+16. 


6. 


64-32 r+4 r«. 


10. 


o*+14 a»6+36 6». 



Supplementary Exercises on § 65 
Multiply : 



1. 


(a;+4)(x-4). 


6. 


(«+25)(0-25). 


2. 


(a;-7)(a;+7). 


7. 


(5fc+r)(5fc-r). 


3. 


(r+10)(r-10). 


8. 


(3fl6+6)(3a6-6). 


4. 


(8+c)(8-c). 


9. 


(2x«2/-3)(2a;22/+3), 


5. 


(ll-2o)(ll+2a). 


10. 


(iiC+iy)(4x-}2/). 



Supplementary Exercises on § 67 
Factor each of the following expressions. 

1. a«-25. 4. 81-R 7. 64 fc«-49 j/ 

2. 100-c«. 5. x^-y^zK 8. |4 a^-A- 

3. A;«-81. 6. 144A:2-1. 9. x^-(r-^8)K 

10. (2a;+5 2/)2-(a+6)2. 
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Supplementary Exercises on § 68 

Solve each of the following equations, finding two solutions for 
each. 

1. a;«-2x-15=0. 6. 25 x«-20 x+4=0. 

2. x«-7x+12=0. 7. Ja;«-|a;+4=0- 
8. a:»-10a;+25=0. 8. 3x+28=a;». 

4. a«-25«0. 9. 5 a;«-25 x=0. 

6. x»-a;-20=0. 10. ia«-§o=0. 

Supplementary Exercises on § 74 
Carry out each of the following indicated divisions. 

1. (2x«+lla;-hl5)^(x+3). 

2. (8 x«+18 x-56)^ (4 x-7). 

3. (4x*-llx+3)4-(2a;-3). 

4. (o«-a6-ho-6)4-(o+l). 

6. (2x»H-7x«+llx-4)-5-(2a?«+3a:-l). 
[Hint. Find both quotient and remainder.] 

8. (a*-16)^(a-2). 

7. (x»-l)-^(x-l). 

8. (x«-y«)-5-(x«-j/«). 

9. (4x«+3a;-2)-^(2x-hl). 
10. (x^-x-10H(x-5). 

Supplementary Exercises on § 94 
Simplify each of the following expressions. 

- 10 x^y* 8 -l^abc 5 0:^5 

15^** ' 38 06c * o«-10a+25 



7. 



45 rV * -84 a;»r a;-l 

25o»-16 6» 9 o»-3o-54 

25 a«+40 a6+16 6»' * 81-18 a+o*' 



3 __ax±o^_, j^Q r»-7r»-60r 

xM-2xy+Z/* * r*-12r 
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Supplementary Exercises on § 99 
Simplify each of the following expressions. 

7. 4t+ ^ 




8. 



*■ "+»-^- 



0+6 a«+2 aH-V 

g+S 2-g 
x*-6xH-8 x-4" 

1-r I ^ 6 



r«H-8 r+7 r-h7 r+1 
2.5 



x«+8x-20 x2+4x-12 



5. }(a+6)-i(a-6). 

•• r^;^7* a-r a+r l-a« 

12. 1+1+^-2. 

-. 5(x-3) 2(x+2) x-1 

* x*-x-2 x*+4x+3 6-x-x* 



Supplementary Exercises on §§ 100-101 
Carry out each of the following indicated multiplications. 

18 6 4 5 6r--6a . r--4g 

^- ^■*"^- • r*-8r«+16«* 3(r-«)* 

2. -5 . 1? . 15. 6. a- 2 ^- 



3. 2^ . e^ . JL. 7. (r+fc) . 44; • ^' 



a 
6 


4a 
10 


. 15. 
a 




3x. 

y 


3x 

22/* 


2^- 




a+h 


o- 


-6 




o»-65 


^- 0+6 






8. ^ 


x-6)(x. 


-4) 




x-2 




0-7 
0+3 


9- 
49- 


-a« 
-a« 


10. 



6 a 



. (a?-2)(x-l) . 1 

x-4 (x-5)(x-l) 

a»-fg-2 . a«-hx~20 . x»-f 4 x-5 
x*-5 x+4 x*-2 x-8 x«+7 x+10* 
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SUPPLEMENTABT EXERCISES ON § 102 

Carry out each of the following indicated divisions. 

g 3 o6-h6 6« . 2 o6-j-4 6« 
o«-4 ' «H-2 



1. 


96c 


8. 


vw 


8. 


4a6* 3a6 


4. 


a*- 16 . a?-h4 
o«+2 aH-6» ' a+b 


5. 


a?-15x+36 . x-S 
x-12 ' 10 


6. 


a^-Qx-h 14^ a?+x-56 



Q 16a^-25i/ ' ■ /^. , - X 



10 l£±6}!^^z±. 
(o-6)« ■ 0-6 

%'• "• {»-+f)*{^J)- 

18. Perform the indicated operations in the following expression 
and reduce your answer to its simplest form : 

SXTPPLEMENTART EXERCISES ON §§ 105*106 

Solve each of the following equations. 

1. §^4-24=-12. 7. £=::§ -4= 5±^ _?=:?. 

7 3 3 6 

a. 2x-3^-io. 8. 10-1-^=^. 

4 

• 2 af 1^3 X _ti 

4 5 
A a?-h3 1 _ 12-g 
* 6 3 4* 





X 4 5 a; 10 


9. 


^ =12 
x+10 ^^• 


10. 


1 5 1 


a?+2 3(x+2) 9 


11. 


2 5 

x-l Sx+l 


12. 


2 3 1 
a?-3 x-4 a;-l 
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13 4x-h3 ^ 8x-|-19 7 a;- 29 
9 18 5X-12* 



15. 



o— 64-c _ b—a+c 
x-\-a x—a 

16. The sum of two numbers is 39. If the greater number be 
divided by 1 more than the smaller, the quotient is 9. What are 
the numbers? 

17. An electrician can wire a house in 8 days if he works alone ; 
but with his helper he can do the work in 2 days. How long would 
it take the helper if he worked alone? 

18. A cistern receives water from three pipes. The first can fill 
it in 3} hours, the second in 4 hours, and the third in 5 hours. How 
long will it take if the three run at the same time? 

19. A can do a piece of work in 8 days, B in 6 days, and C in 5J 
days. How long will it take them working together? 

20. If A can do a piece of work in c hours and B can do it in d 
hours, how long will it take them working together? 

21. Separate 642 into two parts such that the greater divided 
by the less gives 20 for the quotient and 12 for the remainder. 

22. A bicyclist and a pedestrian start at the same time for a 
place 55 miles away, the former traveling 4 times as fast as the 
latter. The bicyclist reaches the place and starts back, meeting 
the pedestrian 5i hours after they started. Find the rate of each. 

28. An express train whose rate is 40 miles per hour starts 1 
hour and 4 minutes after a freight train and overtakes it in 1 hour 
and 36 minutes. What is the rate of the freight train per hour? 

24. It took a passenger train 175 feet long 7i seconds to pass 
completely a freight train 485 feet long, moving in the opposite 
direction. If the passenger train was traveling three times as fast 
as the freight train, find the rate of each per hour. 

26. In an alloy of 90 ounces of silver and copper there are 6 
ounces of silver. How much copper must be added that 10 ounces 
of the new alloy may contain f of an ounce of silver? 
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SUPPLBMSNTART EXERCISBS ON § 107 

1. If the outer and inner diameters of a pipe are D inches and 
d inches re8i>ectively, and the length of pipe is 1 foot, show that 
the number of cubic feet of material in it 
is given by the formula • j 



^(D-d)(D-hd)cu. 
57o 



ft. 



— J-JjU 



[Hint. The volume of a right cylin- 
der is found by multiplying the area of Fio. 94. 
its base by the height.] 

2. In the figure are two equal-sized elastic balls resting upon a 
smooth table. Suppose ball 1 weighs Wi (read W sub 1) ounces and 

that ball 2 weighs Wi ounces, and 
suppose that ball 1 moves up with 
velocity of Vi feet per second and 
hits (impinges upon) ball 2. Both 
balls will (in general) then move 
forward, and it may be shown that 
ball 1 will have had its velocity 
Fio. 05. reduced to a value vi, given by the 

formula 

while ball 2 will be found to have taken on a velocity Vi given by the 
formula 




1^2= 



2Wx 



■ Vi ft. per sec. 



Wi-^W, 

Show that when the two balls are made of the same material, and 
hence weigh the same (as for example, two ivory billiard balls) the 
effect of the striking (impact) is to simply bring ball 1 to rest ; that 
is, reduce its velocity to zero, while the effect upon ball 2 is to 
make it move forward with precisely the velocity which 1 had in 
the first place. 

3. Show that in the experiment described in Ex. 2, if ball 2 
weighs more than ball 1, then the velocity of ball 1 after impact will 
be negative. The significance of this is that ball 1 will then bound 
backward instead of proceeding forward. 

Show that if 1^1=2 ounces, Wt-lO ounces, and Fi=24 feet per 
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second, then ball 1 will bound backward with a velocity of 16 feet 
per second. 

4. Show that the total surface of a rectangular solid whose 
dimensions are a, b, and c is given by the formula 

<S=2a(6-|-c)-|-2 6c. 

5. If the inside measurements of an ice cream cone are height 
=* h inches, diameter of base = d inches, show that the number N of 
such cones that can be filled from a cylindrical freezer H feet high 
and of diameter D feet is given by the formula 

JV=51844?. 
hd^ 

[Hint. The volume of a cylinder is equal to the area of its base 
multiplied by its heights j while the volume of a cone is equal to i 
the product of the area of its base by its height.] 

6. If the radius of the base of one hemisphere is twice that of 
another, what is the ratio of their areas? of their volumes? 

7. The velocity at which sound travels is given by the formula, 

t;= 1090+1.14(^-32) 
where v is the velocity in feet per second and t the temperature of 
the air in Fahrenheit degrees. Find (1) the velocity of sound at a 
temperatiu^ of 82® and (2) the temperature of the air at which sound 
travels 2237 feet in 2 seconds. 

Supplementary Exercises on §§108-116 

1. Isit true that A=iJ? Why? 

2. Do 3, 4, 6, and 8 form a proportion taken in the order in 
which they stand? 

3. If r:18=(r-l):12, findr. 

4. Find the values of the letters in each of the following 
equations. 

(o) 4 = A. (6) £! = 25. Vi_c_, 

^ ' 3 Vi ^ ' 16 49 ^''> -T~d 

5. Separate 48 into two parts, such that one part shall be to the 
other as 11 is to 13. 

6. Divide $475 between A and B so that A receives $ 11 to B's 
S8. 
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7. How many ounces of tin and copper, each, in 56 ounces of 
gun metal, if gun metal consists of 1 part of tin and 9 parts of copper ? 

8. The sides of a triangle are 8, 12, and 16 inches ; the shortest 
side of a similar triangle is 10 inches. Find the remaining sides of 
the similar triangle. 

Note. In two similar triangles any two sides have the same 
ratio as the corresi)onding sides of the other. 

9. The diameter of the standard baseball is 3 inches. How 
does its surface compare with the surface of a slate globe 2 ft. in 
diameter? 

Note. The areas of similar figures are to each other as the 
squares on corresponding lines. 

10. What proportion exists between the times d and h it will 
take to do a certain piece of work if the number of men employed 
in the first case is ni and in the second case is rh ? 

11. What proportion exists between the numbers of sheep that 
can be grazed in two square fields, one having a side of length a and 
the other a side of length 6? Use rii and rij to represent the two 
numbers. 

Supplementary Exercises on §§ 123-124 

Draw the graph of each of the following equations. 

1. a?-f-3 2/=6. 4. 4xH-3 2/=12. 

2. x-Sy-^e. 5. -4x-^Sy^-l2. 

3. 2x-3y=12. 6. 5x + y^4. 

Supplementary Exercises on § 125 

Solve each of the following simultaneous equations by first draw- 
ing their graphs. 



^ fx+2/=10, ^ 

\x-y=4. 

2. /^+2 2/=6, ^ 

\2x+4y^l0. 



f3x-5 2^=12, 
I ex- 10 2^= 24. 

f3x=i/, 
l5 2^-6a;=18. 
f2x-f-t/=6, g fa;-22/=-3, 

la;H-5 2/=-6. * \2x+y^S. 
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Sttpplementary Exercises on §§ 128-130 
Solve (by any method) the following simultaneous equations. 



1. 



2. 



\5x-Sy=-9, 

I2x+5y — 8, 
1 2x-3 2/=0. 
fx+2/=-18, 
\2x-3y=9. 

8 a;- 2/= -9, 

2x+2/=3. 

-4 2/=6, 



5. 



= -12, 
16. 



I 



lix+'2y=- 
lfx-3 2/=- 
f5x+6 2/=7, 
\2x-5y=-^ 
I 7 x+3 2/= 8, 
1 i x+i 2/=if 
f 5 x=4 y, 
[ 3 x-2 2/=6. 



9. 



r.lx+.3 2/=5.8, 
t.6x-.52/=-2. 



49. 



10. 



^-2 2/=28, 

^+2x=25. 
5 



11. 



13. 



a;~18 

15 
x-hl4 3y-hlO _Q 

2 4 

2"^"2 ^^ 40-x ' 
4(x-6) 83-8y ^^Q_ 
y+S ^8 ^' 



12. 



14. 



2,+litl'.o. 
4 



1 

X— a 



1 

a—y* 



^±2/ = a. 



I x-2/ 

16. A workman is engaged for 15 days ; he receives $ 2 for every 
day he works and agrees to forfeit 50 cents a day for every day he is 
idle. At the end of the time he receives $ 22.50. How many days 
did he work ? 

16. Two boys, A and B, wishing to determine their weights, find 
that they balance on a teeter board when B is 6 feet from the fulcrum 
and A is 5 feet from it. If B carries a 30-pound weight with him, 
they balance when B is 4 feet and A 5 feet from the fulcrum. How 
heavy is each boy? 

Supplementary Exercises on § 136 
Reduce to simpler form each of the following expressions. 

1. VeiT 2. V^«. 3. V900 r2s«. 4. Va^, 5. V25 o«6*cio. 
Find the square root of each of the following expressions. 

6. 25 x«-80 X2/+64 2/^. 7. 16x2-2x2/4-1^^2/'. 

8. 4x«4-9 2/«4-16-12x2/4-16x-24 2/. 
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9. 9 a«-24 06-12 oc-f 16 62+16 6cH-4c». 

10. 4-|-o«-4a-|-2c-ac4-T- 

4 

11. 4o»-12a6+16oc+9 6«H-16c»-24 6c. 

12. |+a3x4-^+?f-V|- 

Supplementary Exercises on § 138 
Solve each of the following equations; Check each answer. 

1. V^+9=5. 2. V5=^-8=0. 6. 3x-V9a:»-12x-51=3. 
8. V2^:i2= V2 x+10-2. 7. aj-l-Va?+x-ll=0. 

4. VTi^+V4 a;+12= 10. « 6-Vx , - . 

y— / **• — 7^ — ri = t. 

5. Vx-Vl2+x=-2. Vx 

Supplementary Exercises on § 148 
Rationalize the denominator in each of the following expressions. 
1 V5 • r . 3 ah „ 2+V3 

vlo y/x Vbax 2-V3 

2. _§-. 4. :^. 6. _5 8 2+V6 

g 2>/g-3>/fe jQ Vx^-f4 ^ 

v^-2V6 ' Vi^-3 



Supplementary Exercises on § 152 
Solve each of the following equations, finding the two roots. 
1. 6x«=216. 2. 4x2-36=0. 3. 2x2-f=0. 

4. 12x8-10=7x2+15. 8 2x_A. 

5. (xH-4)2H-(x-4)2=32. ' 5 "2x 

6 £:i25^lz:£. 9. x=^. 

' x+25 1+x a; 

- x2-f2 . 10. a^-\-c^h, 

7. -^-b. 
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Supplementary Exercises on § 155 
Solve each of the following quadratics by completing the square. 

1. xa-4a;=12. 5. x(a;H- 18) = -81. o 120 

2. a;«+6a;=16. ^ .... . • . ^ 

3. 0:^-10.4-21=0. '' ^^^^-^^^' 9. 

4. x{x-^) — 9. 7. 24a;+119=-a«. 10. 4 a:«-7=-12a;. 



8. -- 

a?H-22 

x«+2 6x=0. 



156-157 



2. 
3. 
4. 
6. 



36a;«+4x=i. 
3a:2-f a;=A'. 
3a:*-4a;=7. 
27a;»-4a;=4i. 
i a;«-3 .=27. 



Supplementary Exercises on 
Solve each of the following equations. 

I. 9 3:84-12 a;= 12. 6.- 
9a:8-6a;=8. 7. 
25a:8-40x=9. 8. 
25 x«-20 x+3=0. 9. 
16a:2-40x=0. 10. 

II. If a wire I feet long is stretched between two poles of equal 
height which are H feet apart, the sag d, which the wire has at its 
middle point is given by the formula 

By use of this formula find the actual length of wire needed to 
stretch between two poles which are 150 feet apart provided a sag 
of 5 feet is to be allowed. 1= 150.44+ ft. Ans. 

12. The figure represents an elevated water tank such as is 
commonly used at manufacturing plants. The lower part consists 

of a hemispherical bowl upon which rests a 
cylindrical part and at the top is a conical roof. 
The water occupies the bowl and the cylinder, 
but not the cone. If the height of the cylinder 
be IJ times its diameter, what must be the 
diameter in order that the tank may hold 
- 24,200 gallons? (Work in feet, allowing .14 
cubic foot to a gallon and use the tables for 
the extraction of necessary cube roots.) 
2v'29i= 13.2988 ft. Ans. 

13. The sum of the areas of two circles is A and the sum of their 
radii is s. Find the formulas giving the radius of each. 




Fig. 96. 



PART II. TABLE OF POWERS AND ROOTS 
Explanation 

1. Square Roots. The way to find square roots from the 
Table is best und erstoo d from an example. Thus, suppose 
we wish to find Vl.48. To do this we first locate 1.48 in 
the colunm headed by the letter n. We find it near the 
bottom of this column (next to the last number). Now 
we go across on that level until we get into the column 
headed by Vn. We find at that p lace the number 1.21655. 
This is our answer. That is, ^1.48 = 1.21655 (approxi- 
mately). 

If we had wanted V14.8 instead of Vl.48 the work would 
have been the same except that we would have gone over 
into the column headed VlO n (because 14.8=10X1.48). 
The number thus located is se en to be 3.84708, which is, 
therefore, the desired value of Vl4. 8. 

Again, if we had wished to find Vl48 the work would take 
us back again to the column headed Vn, but now instead 
of theanswer being 1.21655 it woul d be 12.1655. In other 
words, the order of the digits in Vl48 is the same as for 
Vl.48, but the decimal point in the answer is one place 
farther to the right. 

Similarly, if we desired V1480 the work would be the same 
a s bef ore except that we must now use the column headed 
ViOn and move the decimal point there occurring one place 
farther lo the right. This is seen to give 38.4708. 

Thus we see how to get the square root of 1.48 or any 
power of 10 times that number. 
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In the same way, if we wish to find V.148, or V.0148, or 
V.00148, or the square root of any number obtained by 
dividing 1.48 by any power of 10, we c an get the answers 
from the column headed Vn or VlOn by merely placin g 
the decim al poi nt properly. Thus, we find that V.148 = 
.384708, V:ol48 = .121655, V:00l48= .0384708, etc. 

What we have seen in regard to the square root of 1.48 
or of that number multiplied or divided by any power of 
10 holds true in a similar way for any number that occurs 
in the column headed n, so that the tables thus give us 
the square roots of a great many numbers. 

2. Cube Roots. Cube roots are located in the tables 
in much the same way as that just described for square 
roots, but we have here three columns to select fr om in stead 
of two, namely the columns headed A^n, VlOn, v^lOOn. 

Illustration. 

^1.48 occurs in the column headed v^n_and is seen to be 1.13960.. 
v^l4.8 occurs in the column headed v^lO wand is seen to be 2.4552. 
Vl48 occurs in the column headed v^lOOn and is seen to be 
5.28957. 

To get v^nis we observe that •148=\/^ = -y/^^ = :i-v^l48. 

Thus, we look up v^l48 and divide it by 10. The result is instantly 
seen to b e .52 8957. Similarly, to get v^.0148 we observe that 

'^'^^^=a/7^ = a/t^ = 17\'^1^- Thus, we look up >m:8 and 

divide it by 10, giving the result .24552. 

To get v^ .00148 we observe that ^^.00148=^/^^ = T^^"^^^* ^^ 

that we must divide Vl.48 by 10. This gives .11396. 

Similarly the cube root of any number occurring in the 
column headed n may be found, as well as the cube root of 
any number obtained by multiplying or dividing such a 
number by any power of 10. 
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3. Squares and Cubes. To find the square of 1.48 we 
naturally look at the proper level in the column headed n^. 
Here we find 2.1904, which is the answer. If we wished the 
square of 14.8 the result would be the same except that 
the decimal point must be moved two places to the right, 
giving 219.04 as the answer. Similarly the value of (148)^ 
is 21904.0 etc. 

On the other hand, the value of (.148)^ is found by moving 
the decimal place two places to the left, thus giving .021904. 
Similarly, (.0148)2 = .00021904, etc. 

To find (1.48)^ we look at the proper level in the column 
headed n^ where we find 3.24179. The value of (14.8)^ is 
the same except that we must move the decimal point three 
places to the right, giving 3241.79. Similarly, in finding 
(.148)^ we must move the decimal place three places to the 
left, giving .00324179. 

Further illustrations of the way to use the tables will be 
found in § 140. 

EXERCISES 

Read off from the tables the values of each of the following ex- 
pressions. 

1. Vii 4. \^^70 7. V93?7 10. v^.00154 

2. VaO 5. VM 8. \^93J 11. V.000143 

3. <^ 6. V^Ole 9. V .00154 12. -C^ .000143 
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Table I — Powers and Roots 


[I 


n 


n2 


va 


VlOn 


n8 


</ii 


^10 n 




^100 n 


1.00 


1.0000 


1.00000 


3.16228 


i.ooooa 


1.00000 


2.15443 


4.64159 


1.01 
1.02 
1.03 

1.04 
1.05 
1.06 

1.07 
1.08 
1.09 


1.0201 
1.0104 
1.0609 

1.0816 
1.1025 
1.1236 

1.1449 
1.1664 
1.1881 


L00499 
1.00H95 
1.01489 

1.01980 
1.02470 
1.02966 

1.03441 
1.03923 
1.04403 


3.17805 
3.19374 
3.20936 

d.22490 
3.24037 
3.25576 

3.27109 
3.28634 
3.30151 


1.03030 
1.06121 
1.09273 

1.12486 
1.15762 
1.19102 

1.22504 
1.25971 
1.29503 


1.00332 
1.00662 
1.00990 

1.01316 
1.01640 
1.01961 

1.02281 
1.02599 
1.02914 


2.16169 
2.16870 
2.17677 

2.18279 
2.18976 
2.19669 

2.20358 
2.21042 
2.21722 


4.65701 
4.67233 
4.68755 

4.70267 
4.71769 
4.73262 

4.74746 
4.76220 
4.77686 


1.10 


1.2100 


1.04881 


3.31662 


1.33100 


1.03228 


2.22398 


4.79142 


1.11 
1.12 
1.13 

1.14 
1.15 
1.16 

1.17 
1.18 
1.19 


1.2321 
1.2544 
1.2769 

1.2996 
1.3225 
1.3466 

1.3689 
1.3924 
1.4161 


1.05357 
1.05830 
1.06301 

1.06771 
1.07238 
1.07703 

1.08167 
1.08628 
1.09087 


3.33167 
3.34664 
3.36155 

3.37639 
3.39116 
3.40588 

3.42053 
3.43511 
3.44964 


1.36763 
1.40493 
1.44290 

1.48164 
1.52088 
1.56090 

1.60161 
1.64303 
1.68516 


1.03540 
1.03860 
1.04158 

1.04464 
1.04769 
1.05072 

1.05373 
1.05072 
1.05970 


2.23070 
2.23738 
2.24402 

2.25062 
2.25718 
2.26370 

2.27019 
2.27664 
2.28305 


4.80690 
4.82028 
4.83469 

4.84881 
4.86294 
4.87700 

4.89097 
4.90487 
4.91868 


1.20 


1.4400 


1.09545 


3.46410 


1.72800 


1.06266 


2.28943 


4.93242 


1.21 
1.22 
1.23 

1.24 
1.25 
1.26 

1.27 
1.28 
1.29 


1.4641 
1.4884 
1.5129 

1.6376 
1.6626 
1.5876 

' 1.6129 
1.6384 
1.6641 


1.10000 
1.10454 
1.10905 

1.11365 
1.11803 
1.12250 

1.12694 
1.13137 
1.13578 


3.47851 
3.49286 
3.50714 

3.62136 
3.63653 
3.54966 

3.66371 
3.57771 
3.69166 


1.77166 
1.81585 
1.86087 

1.90662 
1.95312 
2.00038 

2.04838 
2.09716 
2.14669 


1.06560 
1.06853 
1.07144 

1.07434 
1.07722 
1.08008 

1.08293 
1.08577 
1.08869 


2.29577 
2.30208 
2.30836 

2.31459 
2.32079 
2.32697 

2.33311 
2.33921 
2.34629 


4.94609 
4.96968 
4.97319 

4.98663 
5.00000 
5.01330 

5.02663 
6.03968 
5.05277 


1.80 


1.6900 


1.14018 


3.60655 


2.19700 


1.09139 


2.35133 


6.06580 


1.31 
1.32 
1.33 

1.34 
1.35 
1.36 

1.37 
1.38 
1.39 


1.7161 
1.7424 
1.7689 

1.7956 
1.8226 
1.8496 

1.8769 
1.9044 
1.9321 


1.14456 
1.14891 
1.15326 

1.15758 
1.16190 
1.16619 

1.17047 
1.17473 
1.17898 


3.61939 
3.63318 
3.64692 

3.66060 
3.67423 
3.68782 

3.70135 
3.71484 
3.72827 


2.24809 
2.29997 
2.36264 

2.40610 
2.46038 
2.51546 

2.57135 
2.62807 
2.68562 


1.09418 
1.0969(> 
1.09972 

1.10247 
1.10621 
1.10793 

1.11064 
1.11334 
1.11602 


2.35736 
2.36333 
2.36928 

2.37621 
2.38110 
2.38697 

2.39280 
2.39861 
2.40439 


5.07875 
6.09164 
6.10447 

6.11723 
6.12993 
5.14256 

6.15614 
6.16766 
5.18010 


1.40 


1.9600 


1.18322 


3.74166 


2.74400 


1.11869 


2.41014 


6.19249 


1.41 
1.42 
1.43 

1.44 
1.45 
1.46 

1.47 
1.48 
1.49 


1.9881 
2.0164 
2.0449 

2.0736 
2.1026 
2.1316 

2.1609 
2.1904 
2.2201 


1.18743 
1.19164 
1.19583 

1.20000 
1.20416 
1.20830 

1.21244 
1.21656 
1.22066 


3.75500 
3.76829 
3.78153 

3.79473 
3.80789 
3.82099 

3.83406 
3.84708 
3.86005 


2.80322 
2.86329 
2.92421 

2.98598 
3.04862 
3.11214 

3.17662 
3.24179 
3.30795 


1.12135 
1.12399 
1.12662 

1.12924 
1.13185 
1.13445 

1.13703 
1.13960 
1.14216 


2.41587 
2.42156 
2.42724 

2.43288 
2.43850 
2.44409 

2.44966 
2.45520 
2.46072 


6.20483 
6.21710 
6.22932 

5.24148 
6.25359 
5.26564 

6.27763 
5.28957 
6.30146 
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n 


n* 


va 


VlOn 


n> 


^n 


i/lOn 




S/lOOw 


1.50 


2.2600 


1.22474 


3.87298 


3.37500 


1.14471 


2.46621 


5.31329 


1.61 
1.52 
IJiS 

1.54 
1.56 
IM 

1.W 
1.58 
1.59 


2.2801 
2.3104 
2.3400 

2.3716 
2.4025 
2.4336 

2.4649 
2.4964 
2.5281 


1.22882 
1.23288 
1.23693 

1.24097 
1.24499 
1.24900 

1.26300 
1.25696 
1.26095 


8.88587 
8.89872 
8.91152 

8.92428 
3.93700 
8.94968 

8.96232 
8.97492 
3.98748 


3.44296 
3.51181 
8.58168 

8.65226 
3.72388 
3.79642 

3.86989 
8.94431 
4.01968 


1.14723 
1.14978 
1.15230 

1.16480 
1.16729 
1.15978 

1.16225 
1.16471 
1.16717 


2.47168 
2.47712 
2.48256 

2.48794 
2.49332 
2.49867 

2.50399 
2.50930 
2.51458 


5.32607 
5.33680 
5.34848 

5.36011 
5.37169 
5.38321 

5.39469 
5.40612 
5.41750 


1.60 


2.6600 


1.26491 


4.00000 


4.09600 


1.16961 


2.51984 


5.42884 


1.61 
1.62 
1.63 

1.64 
1.65 
1.66 

1.67 
1.68 
1.69 


2.6921 
2.6244 
2.6669 

2.6896 
2.7226 
2.7566 

2.7889 
2.8224 
2.8661 


1.26886 
1.27279 
1.27671 

1.28062 
1.28452 
1.28841 

1.29228 
1.29615 
1.30000 


4.01248 
4.02492 
4.03733 

4.04969 
4.06202 
4.G7431 

4.06656 
4.09878 
4.11096 


4.17328 
4.25153 
4.33075 

4.41094 
4.4i)212 
4.57430 

4.65746 
4.74163 
4.82681 


1.17204 
1.17446 
1.17687 

1.17927 
1.18167 
1.18406 

1.18642 
1.18878 
1.19114 


2.52608 
2.53030 
2.53549 

2.54067 
2.54582 
2.55095 

2.55607 
2.56116 
2.56623 


5.44012 
5.46136 
5.46266 

6.47370 
5.48481 
5.49686 

6.60688 
5.51786 
5.52877 


1.70 


2.8900 


1.30384 


4.12311 


4.91300 


1.19348 


2.67128 


5.53966 


1.71 
1.72 
1.73 

1.74 
1.76 
1.76 

1.77 
1.78 
1.79 


2.9241 
2.9584 
2.9929 

8.0276 
3.0625 
8.0976 

3.1329 
3.1684 
3.2041 


1.30767 
1.31149 
1.31529 

1.31909 
1.32288 
1.32665 

1.33041 
1.33417 
1.33791 


4.13521 
4.14729 
4.15933 

4.17133 
4.18330 
4.19624 

4.20714 
4.21900 
4.23084 


5.00021 
5.08845 
5.17772 

5.26802 
5.36038 
5.46178 

5.54523 
5.03975 
5.73534 


1.19582 
1.19815 
1.20046 

1.20277 
1.20507 
1.20736 

1.20964 
1.21192 
1.21418 


2.57631 
2.58133 
2.58632 

2.59129 
2.59625 
2.60118 

2.60610 
2.61100 
2.61588 


5.65060 
5.66130 
5.57205 

5.58277 
5.59344 
5.60408 

5.61467 
5.62523 
5.63674 


1.80 


3.2400 


1.34164 


4.24264 


5.83200 


1.21644 


2.62074 


5.64622 


1.81 
1.82 
1.83 

1.84 

1.85 
1.86 

1.87 
1.88 
1.89 


3.2761 
3.3124 
3.3489 

3.3856 
3.4225 
3.4596 

3.4969 
3.5344 
3.6721 


1.34536 
1.34907 
1.35277 

1.35647 
1.36015 
1.36382 

1.36748 
1.37113 
1.37477 


4.25441 
4.26615 
4.27786 

4.28952 
4.30116 
4.31277 

4.32435 
4.33590 
4.34741 


5.92974 
6.02857 
6.12849 

6.22960 
6.331C2 
6.43486 

6.53920 
6.64467 
6.75127 


1.21869 
1.22093 
1.22316 

1.22539 
1.22760 
1.22981 

1.23201 
1.23420 
1.23639 


2.62559 
2.63041 
2.63522 

2.64001 
2.64479 
2.64954 

2.65428 
2.65901 
2.66371 


5.65666 
5.66705 
5.67741 

5.68773 
5.69802 
5.70827 

5.71848 
5.72865 
5.73879 


1.90 


3.6100 


1.37840 


4.35890 


6.85900 


1.23856 


2.66840 


5.74890 


1.91 
1.92 
1.93 

1.94 
1.95 
1.96 

1.97 
1.98 
1.99 


3.6481 
3.6864 
3.7249 

3.7636 
3.8025 
3.8416 

3.8809 
3.9204 
3.9601 


1.38203 
1.38564 
1.38924 

1.39284 
1.39642 
1.40000 

1.40357 
1.40712 
1.41067 


4.37035 
4.38178 
4.39318 

4.40454 
4.41588 
4.42719 

4.43847 
4.44972 
4.46094 


6.96787 
7.07789 
7.18906 

7.30138 
7.41488 
7.52954 

7.64537 
7.76239 
7.88060 


1.24073 
1.24289 
1.24.')05 

1.24719 
1.24033 
1.25146 

1.25359 
1.25671 
1.25782 


2.67307 
2.67773 
2.68237 

2.68700 
2.69161 
2.69620 

2.70078 
2.70534 
2.70989 


5.76897 
5.76900 
5.n900 

6.78896 
5.79889 
5.80879 

5.81865 
5.82848 
5.83827 
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[1 



n 


na 


va 




n« 


va 






VlOn 


^lOn 


^100 n 


2.00 


4.0000 


1.41421 


4.47214 


8.00000 


1.25992 


2.71442 


6.84804 


2.01 
2.02 
2.03 

2.04 
2.06 
2.06 

2.07 
2.08 
2.09 


4.0401 
4.0804 
4.1209 

4.1616 
4.2026 
4.2436 

4.2849 
4.3264 
4.3681 


1.41774 
1.42127 
1.42478 

1.42829 
1.43178 
1.43527 

1.43876 
1.44222 
1.44568 


448330 
4.49444 
4.60666 

4.61664 
4.62769 
4.63872 

4.64973 
4.66070 
4.67166 


8.12060 
8.24241 
8.36543 

8.48966 
8.61512 
8.74182 

8.86974 
o. 99891 
9.12933 


1.26202 
1.26411 
1.26619 

1.26827 
1.27033 
1.27240 

1.27445 
1.27650 
1.27854 


2.71893 
2.72344 
2.72792 

2.73239 
2.73685 
2.74129 

2.74672 
2.76014 
2.75464 


6.85777 
6.86746 
6.87713 

5.88677 
6.89637 
6.90594 

6.91648 
6.92499 
6.93447 


2.10 


4.4100 


1.44914 


4.68268 


9.26100 


1.28058 


2.76892 


6.94392 


2.11 
2.12 
2.13 

2.14 
2.16 
2.16 

2.17 
2.18 
2.19 


4.4521 
4.4944 
4.5369 

4.5796 
4.6226 
4.6656 

4.7089 
4.7524 
4.7961 


1.45258 
1.46602 
1.46945 

1.46287 
1.46629 
1.46969 

i.47309 
1.47648 
1.47986 


4.69347 
4.60435 
4.61619 

4.62601 
4.63681 
4.64758 

4.65833 
4.66905 
4.67974 


9.39393 
9.62813 
9.66360 

9.80034 
9.93833 
10.0777 

10.2183 
10.3602 
10.5035 


1.28261 
1.28463 
1.28665 

1.28866 
1.29066 
1.29266 

1.29465 
1.29664 
1.29862 


2.76330 
2.76766 
2.77200 

2.77633 

2.78065 
2.78496 

2.78924 
2.79352 
2.79779 


6.95334 
6.96273 
5.97209 

6.98142 
6.99073 
6.00000 

6.00926 
6.01846 
6.02765 


2.20 


4.8400 


1.48324 


4.69042 


10.6480 


1.30059 


2.80204 


6.03681 


2.21 
2.22 
2.23 

2.24 
2.25 
2.26 

2.27 
2.28 
2.29 


4.8841 
4.9284 
4.9729 

6.0176 
6.0626 
6.1076 

6.1629 
6.1984 
6.2441 


1.48661 
1.48997 
1.49332 

1.49666 
1.50000 
1.50333 

1.50666 
1.60997 
1.61327 


4.70106 
4.71169 
4.72229 

4.73286 
4.74342 
4.75395 

4.76446 
4.77493 
4.78539 


10.7939 
H).9410 
11.0896 

11.2394 
11.3906 
11.5432 

11.6971 
11.8524 
12.0090 


1.30256 
1.30452 
1.30648 

1.30843 
1.31037 
1.31231 

1.31424 
1.31617 
1.31809 


2.80628 
2.81050 
2.81472 

2.81892 
2.82311 
2.82728 

2.83146 
2.83560 
2.83974 


6.04594 
6.05605 
6.06413 

6.07318 
6.08220 
6.09120 

6.10017 
6.10911 
6.11803 


2.80 


6.2900 


i.5ia'j8 


4.79583 


12.1670 


1.32001 


2.84387 


6.12693 


2.31 
2.32 
2.33 

2.34 
2.35 
2.36 

2.37 
2.38 
2.39 


5.3361 
6.3824 
5.4289 

6.4756 
5.5225 
5.5696 

6.6169 
5.6644 
5.7121 


1.61987 
1.62315 
1.62643 

1.62971 
1.63297 
1.53623 

1.63948 
1.54272 
1.54696 


4.80625 
4.81664 
4.82701 

4.83735 
4.84768 
4.85798 

4.86826 
4.87852 
4.88876 


12.3264 
12.4872 
12.6493 

12.8129 
12.9779 
13.1443 

13.3121 
13.4813 
13.6519 


1.32192 
1.32382 
1.32572 

1.32761 
1.32950 
1.33139 

1.33326 
1.33514 
1.33700 


2.84798 
2.85209 
2.85618 

2.86026 
2.86433 
2.86838 

2.87243 
2.87646 
2.88049 


6.13579 
6.14463 
6.15345 

6.16224 
6.17101 
6.17976 

6.18846 
6.19715 
6.20582 


2.40 


6.t600 


1.64919 


4.89898 


13.8240 


1.33887 


2.88450 


6.21447 


2.41 
2.42 
2.43 

2.44 
2.46 
2.46 

2.47 
2.48 
2.49 


6.8081 
5.8564 
6.9049 

6.9536 
6.0025 
6.0516 

6.1009 
6.1504 
6.2001 


1.55242 
1.66663 
1.65885 

1.56206 
1.50525 
1.56844 

1.67162 
1.67480 
1.67797 


4.90918 
4.91935 
4.92950 

4.93964 
4.94975 
4.96984 

4.96991 
4.97996 
4.98999 


13.9975 
14.1725 
14.3489 

14.5268 
14.7061 
14.8869 

16.0692 
15.2530 
15.4382 


1.34072 
1.34257 
1.34442 

1.34626 
1.34810 
1.34993 

1.35176 
1.36368 
1.36540 


2.88850 
2.89249 
2.89647 

2.90044 
2.90439 

2.90834 

2.91227 
2.91620 
2.92011 


6.22308 
6.23168 
6.24025 

6.24880 
6.25732 
6.26583 

6.27431 
6.28276 
6.29119 
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n 


n« 


y/a 


VlOn 


n» 


</n 


</10n 




^100 n 


2.60 


6.2500 


1.68114 


5.00000 


15.6250 


1.35721 


2.92402 


6.29J)61 


2.61 
2.62 
2.63 

2.64 
2.66 
2.66 

2.67 
2.68 
2.59 


6.3001 
6.3504 
6.4009 

6.4616 
6.5025 
6.6536 

6.6049 
6.6564 
6.7081 


1.68430 
1.58746 
1.69060 

1.69374 
1.59687 
1.60000 

1.60312 
1.60624 
1.60935 


6.00999 
6.01996 
5.02991 

6.03984 
6.04975 
5.06964 

6.06952 
6.07937 
5.08920 


15.8133 
16.0030 
16.1943 

16.3871 
16.5814 
16.7772 

16.9746 
17.1735 
17.3740 


1.35902 
1.36082 
1.36262 

1.36441 
1.36620 
1.36798 

1.36976 
1.37163 
1.37330 


2.92791 
2.93179 
2.93567 

2.93953 
2.94338 
2.94723 

2.95106 
2.95488 
2.95869 


6.30799 
6.31636 
6.32470 

6.33303 
6.34133 
6.34960 

6.35786 
6.36610 
6.37431 


2.60 


6.7600 


1.61245 


6.09902 


17.5760 


1.37507 


2.96250 


6.38250 


2.61 
2.62 
2.63 

2.64 
2.65 
2.66 

2.67 
2.68 
2.69 


6.8121 
6.8644 
6.9169 

6.9696 
7.0225 
7.0756 

'7.1289 
7.1824 
7.2361 


1.61655 
1.61864 
1.62173 

1.62481 
1.62788 
1.63095 

1.63401 
1.63707 
1.64012 


6.10882 
6.11859 
6.12835 

6.13809 
6.14782 
6.16752 

6.16720 
6.17687 
5.18652 


17.7796 
17.9847 
18.1914 

18.3997 
18.6096 
18.8211 

19.0342 
19.^88 
19.4651 


1.37683 
1.37859 
1.38034 

1.38208 
1.38383 
1.38557 

1.38730 
1.38903 
1.39076 


2.96629 
2.97007 
2.97385 

2.97761 
2.98137 
2.98611 

2.98885 
2.99257 
2.99629 


6.39068 
6.39883 
6.40696 

6.41607 
6.42316 
6.43123 

6.43928 
6.44731 
6.45531 


8.70 


7.2900 


1.64317 


6.19015 


19.6830 


l.:«248 


3.00000 


6.46330 


2.71 
2.72 
2.73 

2.74 
2.76 
2.76 

2.77 

2.78 
2.79 


7.3441 
7.3984 
7.4529 

7.6076 
7.6625 
7.6176 

7.6729 
7.7284 
7.7841 


1.64621 
1.64924 
1.65227 

1.66529 
1.65831 
1.66132 

1.66433 
1.66733 
1.67033 


6.20577 
6.21536 
6.22494 

5.2^450 
6.24404 
6.25357 

6.26308 
6.27257 
5.28205 


19.9026 
20.1236 
20.3464 

20.6708 
20.7969 
21.0246 

21.2639 
21.4850 
21.7176 


1.39il9 
1.3<»91 
1.39761 

1.39932 
1.40102 
1.40272 

1.40441 

1.40610. 

1.40778 


3.00370 
3.00739 
3.01107 

3.01474 
3.01841 
3.02206 

3.02570 
3.02934 
3.03297 


6.47127 
6.47922 
6.48716 

6.49507 
6.502»3 
6.51083 

6.51868 
6.62(>62 
6.63434 


2.80 


7.8400 


1.67332 


6.29150 


21.9520 


1.40946 


3.03659 


6.54213 


2.81 
2.82 
2.83 

2.84 
2.85 
2.86 

2.87 
2.88. 
2.89 


7.89G1 
7.9524 
8.0089 

8.0656 
8.1225 
8.1796 

8.2369 
8.2944 
8.3521 


1.67631 
1.67929 
1.68226 

1.68523 
1.68819 
1.69116 

1.69411 
1.(59706 
1.70000 


6.30094 
5.31037 
6.31977 

6.32917 
6.33854 
6.34790 

6.35724 
5.36656 
6.37587 


22.1880 
22.4^8 
22.6652 

22.9063 
23.1491 
23.3937 

23.6399 
23.8879 
24.1376 


1.41114 
1.41281 
1.41448 

1.41614 
1.41780 
1.41946 

1.42111 
1.42276 
1.42440 


3.04020 
3.04380 
3.04740 

3.05098 
3.05456 
3.05813 

3.06169 
3.06524 
3.06878 


6.64991 
6.56767 
6.56541 

6.67314 
6.68084 
6.58853 

6.69620 
6.60385 
6.61149 


2.90 


8.4100 


1.70294 


6.38516 


24.3890 


1.42604 


3.07232 


6.61911 


2.91 
2.92 
2.93 

2.94 
2.95 
2.96 

2.97 

2.98 
2.99 


8.4681 
8.5264 
8.6849 

8.6436 
8.7025 
8.7616 

8.8209 
8.8804 
8.9401 


1.70587 
1.70880 
1.71172 

1.71464 
1.71756 
1.72047 

1.72.337 
1.72627 
1.72916 


6.39444 
6.40370 
6.41295 

6.42218 
6.43139 
6.44059 

6.44977 
6.45894 
6.46809 


24.6422 
24.8971 
25.1538 

26.4122 
25.6724 
25.9343 

26.1981 
26.4636 
26.7309 


1.42768 
1.42931 
1.43094 

1.43267 
1.43419 
1.43581 

1.43743 
1.43904 
1.44065 


3.07584 
3.07936 
3.08287 

3.08638 
3.08987 
3.09336 

3.09684 
3.10a31 
3.10378 


6.62671 
6.63429 
6.64186 

6.64940 
6.65693 
6.66444 

6.67194 
6.67942 
6.68688 
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[1 



n 


na 


va 


VlOn 


n^ 


i/a 






</lOn 


^100 n 


8.00 


9.0000 


1.73206 


6.47723 


27.0000 


1.44225 


3.10723 


6.69433 


3.01 
3.02 
3.03 

3.04 
3.05 
3.06 

3.07 
3.08 
3.09 


9.0601 
9.1204 
9.1809 

9.2416 
9.3025 
9.3636 

9.4249 
9.4864 
9.5481 


1.73494 
1.73781 
1.74069 

1.74366 
1.74642 
1.74929 

1.76214 
1.76499 
1.75784 


5.486;i6 
6.49546 
5.60454 

5.51362 
5.52268 
5.53173 

5.64076 
5.54977 
5.65878 


27.2709 
27.6436 
27.8181 

28.0945 
28.3726 
28.6526 

28.9344 
29.2181 
29.5036 


1.44385 
1.44545 
1.44704 

1.44863 
1.45022 
1.45180 

1.45338 
1.45496 
1.45653 


3.11068 
3.11412 
3.11756 

3.12096 
3.12440 
3.12781 

3.18121 
3.13461 
3.13800 


6:70176 
6.70917 
6.71657 

6.72395 
6.73132 
6.73866 

6.74600 
6.76331 
6.76061 


8.10 


9.6100 


1.76008 


6.66776 


29.7910 


1.45810 


3.14138 


6.76790 


3.11 
3.12 
3.13 

3.14 
3.15 
3.16 

3.17 
3.J8 
3.19 


9.6721 
9.7344 
9.7969 

9.8606 
9.9225 
9.9866 

10.0489 
10.1124 
10.1761 


1.76352 
1.7(>636 
1.76918 

1.77200 
1.77482 
1.77764 

1.78045 
1.78326 
1.78606 


5.57674 
5.58570 
5.69464 

6.60367 
5.61249 
6.62139 

5.63028 
5.63916 
5.64801 


30.0802 
30.3713 
30.6643 

30.9591 
31.2659 
31.5545 

31.8550 
32.1674 
32.4618 


1.45967 
1.46123 
1.46279 

1.46434 
1.46590 
1.46745 

1.46899 
1.47054 
1.47208 


3.14475 
3.14812 
3.15148 

3.15483 
3.16818 
3.16152 

3.16486 
3.10817 
3.17149 


6.77517 
6.78242 
6.78966 

6.79688 
6.80409 
6.81128 

6.81846 
6.82562 
6.83277 


8.20 


10.2400 


1.78886 


6.66685 


32.7680 


1.47361 


3.17480 


6.83990 


3.21 
3.22 
3.23 

3.24 
3.26 
3.26 

3.27 
3.28 
3.29 


10.3041 
10.3684 
10.4329 

10.4976 
10.6625 
10.6276 

10.6929 
10.7584 
10.8241 


1.79166 
1.79444 
1.79722 

1.80000 
1.80278 
1.80655 

1.80831 
1.81108 
1.81384 


6.()6669 
6.67450 
5.68331 

6.69210 
6.70088 
5.70964 

6.71839 
5.72713 
5.73585 


33.0762 
33.3862 
33.6983 

34.0122 
34.3281 
34.6460 

34.9668 
35.2876 
35.6113 


1.47515 
1.47668 
1.47820 

1.47973 
1.48126 
1.48277 

1.48428 
1.48679 
1.48730 


3.17811 
3.18140 
3.18469 

3.18798 
3.19125 
3.19452 

3.19778 
3.20104 
3.20429 


6.84702 
6.85412 
6.86121 

6.86829 
6.87634 
6.88239 

6.88942 
6.89643 
6.90344 


3.30 


10.8900 


1.81659 


5.74456 


35.9370 


1.48881 


3.20753 


6.91042 


3.31 
3.32 
3.33 

3.34 
3.36 
3.36 

3.37 
3.38 
3.39 


10.9561 
11.0224 
11.0889 

11.1666 
11.2226 
11.2896 

11.3669 
11.4244 
11.4921 


1.81934 
1.82209 
1.82483 

1.82767 
1.83030 
1.83303 

1.83576 
1.83848 
1.84120 


5.75326 
6/76194 
5.77062 

5.77927 
5.78792 
5.79655 

6.80517 
5.81378 
5.82237 


36.2647 
36.6944 
36.9260 

37.2597 
37.6954 
37.9331 

38.2728 
38.6145 
38.9582 


1.49031 
1.49181 
1.49330 

1.49480 
1.49629 
1.49777 

1.49926 
1.50074 
1.50222 


3.21077 
3.21400 
3.21722 

3.22044 
3.22365 
3.22686 

3.23006 
3.23326 
3.23643 


6.91740 
6.92436 
6.93130 

6.93823 
6.94516 
6.96205 

6.95894 
6.96582 
6.97268 


3.40 


11.6600 


1.84391 


5.83095 


39.3040 


1.60369 


3.239()1 


6.97953 


3.41 
3.42 
3.43 

3.44 
3.45 
3.46 

3.47 
3.48 
3.49 


11.6281 
11.6964 
11.7649 

11.8336 
11.9026 
11.9716 

12.0409 
12.1104 
12.1801 


1.84662 
1.84932 
1.85203 

1.86472 
1.85742 
1.86011 

1.86279 
1.86548 
1.86815 


5.83952 
5.84808 
5.85662 

5.86616 
5.87367 
5.88218 

6.89067 
6.89916 
6.90762 


39.6518 
40.0017 
40.3536 

40.7076 
41.0636 
41.4217 

41.7819 
42.1442 
42.6085 


1.60617 
1.60664 
1.50810 

1.60967 
1.61103 
1.51249 

1.61394 
1.61640 
1.51685 


3.24278 
3.24595 
3.24911 

3.25227 
3.25642 
3.25856 

3.26169 
3.26482 
3.26795 


6.98637 
6.99319 
7.00000 

7.00680 
7.01358 
7.02035 

7.02711 
7.03385 
7.04058 
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n 


n» 


y/a 


VlOn 


n» 


^ 


i^lOn 




^100 w 


8.50 


12.2500 


1.87083 


5.91608 


42.8760 


1.51829 


3.27107 


7.04730 


3.51 
3.52 
3.63 

3.54 
3.55 
3JS6 

3.57 
3.68 
3.69 


12.3201 
12.3904 
12.4609 

12.6316 
12.6025 
12.6736 

12.7449 
12.8164. 
12.8881 


1.87350 
1.87617 
1.87883 

1.88149 
1.88414 
1.88680 

1.88944 
1.89209 
1.89473 


6.92453 
5.93296 
5.94138 

5.94979 
5.95819 
5.96657 

5.97495 
6.98331 
5.99166 


43.2436 
43.6142 
43.9870 

44.3619 
44.7389 
45.1180 

45.4993 
45.8827 
46.2683 


1.61974 
1.62118 
1.52262 

1.52406 
1.52549 
1.52692 

1.52835 
1.52978 
1.53120 


3.27418 
3.27729 
3.28039 

3.28348 
3.28657 
3.28966 

3.29273 
3.29580 
3.29887 


7.05400 
7.06070 
7.06738 

7.07404 
7.08070 
7.08734 

7.09397 
7.10069 
7.10719 


8.60 


12.9600 


1.89737 


6.00000 


46.6560 


1.53262 


3.30193 


7.11379 


3.61 
3.62 
3.63 

3.64 
3.65 
3.66 

3.67 
3.68 
3.69 


13.0321 
13.1044 
13.1769 

13.2496 
13.3225 
13.3956 

13.4689 
13.5424 
13.6161 


1.90000 
1.90263 
1.90626 

1.90788 
1.91050 
1.91311 

1.91572 
1.91833 
1.92094 


6.00833 
6.01664 
6.02495 

6.03324 
6.04152 
6.04979 

6.05805 
6.06630 
6.07454 


47.0459 
47.4379 
47.8321 

48.2285 
48.6271 
49.0279 

49.4309 
49.8360 
50.2434 


1.53404 
1.53545 
1.63686 

1.53827 
1.53968 
1J54109 

1.54249 
1.64389 
1.54529 


3.30498 
3.C0803 
3.31107 

3.31411 
3.31714 
3.32017 

3.32319 
3.32621 
3.32922 


7.12037 
7.12694 
7.13349 

7.14004 
7.14(J57 
7.15309 

7.16960 
7.16610 
7.17258 


8.70 


13.6900 


1.92354 


6.08276 


50.6530 


1.54668 


8.33222 


7.17905 


3.71 
3.72 
3.73 

3.74 
3.75 
3.76 

3.77 
3.78 
3.79 


13.7641 
13.8384 
13.9129 

13.9876 
14.0625 
14.1376 

14.2129 
14.2884 
14.3641 


1.92614 
1.92873 
1.93132 

1.93391 
1.93649 
1.93907 

1.94165 
1.94i22 
1.94679 


6.09098 
6.09918 
6.10737 

6.11565 
6.12372 
6.13188 

6.14003 
6.14817 
6.15630 


51.0648 
61.4788 
61.8961 

52.3136 
62.7344 
53.1574 

53.5826 
54.0102 
54.4399 


1.54807 
1.54946 
1.65086 

1.55223 
1.56362 
1.66500 

1.55637 
1.55775 
1.55912 


3.33522 
3.33822 
3.34120 

3.34419 
3.34716 
3.36014 

3.36310 
3.35607 
3.35902 


7.18552 
7.19197 
7.19840 

7.20483 
7.21125 
7.21765 

7.22406 
7.23043 
7.23680 


8.80 


14.4400 


1.94936 


6.16441 


54.8720 


1.56049 


3.36198 


7.24316 


3.81 
3.82 
3.83 

3.84 
3.85 
3.86 

3.87 
3.88 
3.89 


14.6101 
14.5924 
14.6689 

14.7456 
14.8225 
14.8996 

14.9769 
15.0644 
15.1321 


1.95192 
1.95448 
1.95704 

1.95959 
1.96214 
1.96469 

1.96723 
1.96977 
1.97231 


6.17252 
6.18061 
6.18870 

6.19677 
6.20484 
6.21289 

6.22093 
6.22896 
6.23699 


55.3063 
55.7430 
56.1819 

66.6231 
67.0666 
67.5125 

57.9606 
58.4111 
58.8639 


1.56186 
1.66322 
1.66459 

1.56695 
1.66731 
1.56866 

1.67001 
1.67137 
1.57271 


3.36492 
3.3G786 
3.37080 

3.37373 
3.37666 
3.37958 

3.38249 
3.38540 
3.38831 


7.24950 
7.25684 
7.26217 

7.26848 
7.27479 
7.28108 

7.28736 
7.29363 
7.29989 


8.90 


15.2100 


1.97484 


6.24500 


59.3190 


1.67406 


3.39121 


7.30614 


3.91 
3.92 
3.93 

3.94 
3.ft5 
3.96 

3.97 
3.98 
3.99 


15.2881 
15.3664 
16.4449 

15.5236 
15.6025 
15.6816 

15.7009 
15.8404 
15.9201 


1.97737 
1.97990 
1.98242 

1.98494 
1.98746 
1.98997 

1.99249 
1.99499 
1.99750 


6.25300 
6.26099 
6.26897 

6.27694 
6.28490 
6.29286 

6.30079 
6.30872 
6.31664 


69.7765 
60.2363 
60.6985 

61.1630 
61.6299 
62.0991 

62.5708 
63.0448 
63.5212 


1.67541 
1.57675 
1.67809 

1.57942 
1.58076 
1.58209 

1-58342 
1.58475 
1.68608 


3.39411 
3.39700 

3.40277 
3.40564 
3.40851 

3.41138 
3.41424 
3.41710 


7.31238 
7.31861 
7.32483 

7.33104 
7.33723 
7.34342 

7.34960 
7.35576 
7.36192 
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Powers and Roots 




[I 


n 


n8 


va 


VlOn 


n> 


i/a 


^lOn 




^100 n 


4.00 


16.0000 


2.00000 


6.32456 


64.0000 


1.68740 


3.41996 


7.36806 


4.01 
4.02 
4.03 

4.04 
4.06 
4.06 

4.07 
4.08 
4.09 


16.0801 
16.1604 
16.2409 

16.3216 
16.4025 
16.4836 

16.5649 
16.6464 
16.7281 


2.00250 
2.00499 
2.00749 

2.00998 
2.01246 
2.01494 

2.01742 
2.01990 
2.022.37 


6.33246 
6.34035 
6.34823 

6.36610 
6.30396 
6.37181 

6.37966 
6.38749 
6.39531 


64.4812 
64.9648 
66.4608 

65.9393 
66.4301 
66.9234 

67.4191 
67.9173 
68.4179 


1.58872 
1.69004 
1.59136 

1.69267 
1.69399 
1.59530 

1.59661 
1.59791 
1.59922 


3.42280 
3.42564 
3.42848 

3.43131 
3.43414 
3.43697 

8.43979 
3,44260 
3.44541 


7.37420 
7.38032 
7.38644 

7.39264 
7.39864 
7.40472 

7.41080 
7.41686 
7.42291 


4.10 


16.8100 


2.02486 


6.40312 


68.9210 


1.60052 


3.44822 


7.42896 


4.11 
4.12 
4.13 

4.14 
4.16 
4.16 

4.17 
4.18 
4.19 


16.8921 
16.9744 
17.0669 

17.1396 
17.2226 
17.3066 

17.3889 
17.4724 
17.5561 


2.02731 
2.02978 
2.03224 

2.03470 
2.03716 
2.03961 

2.04206 
2.04450 
2.04695 


6.41093 
6.41872 
6.42651 

6.43428 
6.44205 
0.44981 

6.46766 
6.46629 
6.47302 


69.4266 
69.9346 
70.4450 

70.9679 
71.4734 
71.9913 

72.5117 
73.0346 
73.5601 


1.60182 
1.60312 
1.60441 

1.60671 
1.60700 
1.60829 

1.60958 
1.61086 
1.61216 


3.46102 
3.46382 
3.46661 

3.46939 
3.46218 
3.46496 

3.46773 
3.47050 
3.47327 


7.43499 
7.44102 
7.44703 

7.46304 
7.45904 
7.46502 

7.47100 
7.47697 
7.48292 


4.20 


17.6400 


2.04939 


6.48074 


74.0880 


1.61343 


3.47603 


7.48887 


4.21 

4.22 
4.23 

4.24 
4.25 
4.26 

4.27 
4.28 
4.29 


17.7241 
17.8084 
17.8929 

17.9776 
18.0625 
18.1476 

18;2329 
18.3184 
18.4041 


2.05183 
2.06426 
2.05670 

2.06913 
2.06166 
2.06398 

2.06640 
2.0()882 
2.07123 


6.48845 
6.49615 
6.60384 

6.51153 
6.51920 
6.62687 

6.63462 
6.54217 
6.54981 


74.6186 
76.1514 
76.6870 

76.2260 
76.7656 
77.3088 

77.8646 

78.4028 
78.9536 


1.61471 
1.61599 
1.61726 

1.61863 
1.61981 
1.62108 

1.62234 
1.62361 
1.62487 


3.47878 
3.48154 
3.48428 

3.48703 
3.48977 
3.49260 

3.49623 
3.49796 
3.50068 


7.49481 
7.60074 
7.50666 

7.61267 
7.61847 
7.62437 

7.63025 
7.63612 
7.54199 


4.30 


18.4900 


2.07364 


6.55744 


79.5070 


1.62613 


3.50340 


7.64784 


4.31 
4.32 
4.33 

4.34 
4.36 
4.36 

4.37 
4.38 
4,39 


18.5701 
18.6624 
18.7489 

18.8366 
18.9225 
19.0096 

19.0969 
19.1844 
19.2721 


2.07606 
2.07846 
2.08087 

2.08327 
2.08567 
2.08806 

2.09045 
2.09284 
2.09523 


6.56506 
6.57267 
6.58027 

6.68787 
6.69545 
6.60303 

6.61060 
6.61816 
6.62571 


80.0630 
80.6216 
81.1827 

81.7466 
82.3129 
82.8819 

83.4536 
84.0277 
84.6045 


1.62739 
1.62865 
1.62991 

1.63116 
1.63241 
1.63366 

1.63491 
1.63619 
1.G3740 


3.50611 
3.60882 
3.51163 

3.61423 
3.61692 
3.61902 

3.62231 
3.52499 
3.52767 


7.55369 
7.65953 
7.66635 

7.57117 
7.57698 
7.68279 

7J58868 
7.59436 
7.60014 


4.40 


19.3600 


2.09762 


6.63325 


86.1840 


1.63864 


3.63035 


7.60590 


4.41 
4.42 
4.43 

4.44 
4.45 
4.46 

4.47 
4.48 
4.49 


19.4481 
19.5364 
19.6249 

19.7136 
19.8025 
19.8916 

19.9809 
20.0704 
20.1601 


2.10000 
2.10238 
2.10476 

2.10713 
2.10950 
2.11187 

2.11424 
2.11660 
2.11896 


6.64078 
6.64831 
6.65582 

6.66333 
6.67083 
6.67832 

6.6&581 
6.69;528 
6.70076 


86.7661 
86.3509 
86.9383 

87.6284 
88.1211 
88.7166 

89.3146 
89.9154 
90.6188 


1.63988 
1.64112 
1.64236 

1.64369 
1.64483 
1.64606 

1.64729 
1.64851 
1.64974 


3.53302 
3.536G9 
3.53835 

3.54101 
3.64307 
3.54632 

3.54897 
3.55162 
3.65426 


7.61166 
7.61741 
7.62316 

7.62888 
7.63461 
7.64032 

7.64603 
7.66172 
7.66741 
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n 


n^ 


va 


VlOn 


n* 


^n 


</10n 




</100n 


4.50 


20.2500 


2.12132 


6.70820 


91.1250 


1.65096 


3.55689 


7.66309 


4.51 
4.52 
4.53 

4.54 
4.55 
4.56 

4.67 
4.68 
4.59 


20.3401 
20.4304 
20.5209 

20.6116 
20.7025 
20.7936 

20.8849 
20.9764 
21.0681 


2.12368 
2.12603 
2.12838 

2.13073 
2.13307 
2.13542 

2.13776 
2.14009 
2.14243 


6.71565 
6.72309 
6.73053 

6.73795 
6.74537 
6.75278 

6.76018 
6.76757 
6.77495 


91.7339 
92.3454 
92.9597 

93.6767 
94.1964 
94.8188 

95.4440 
96.0719 
96.7026 


l.&')219 
1.65341 
1.65462 

1.65684 
1.65706 
1.65827 

1.66948 
1.66069 
1.66190 


3.55953 
3.56215 
3.56478 

3.56740 
3.57002 
3.67263 

3.67524 
3.57785 
3.58046 


7.66877 
7.67443 
7.68009 

7.68573 
7.69137 
7.69700 

7.70262 
7.70824 
7.71384 


4.60 


21.1600 


2.14476 


6.78233 


97.3360 


1.66310 


3.58305 


7.71944 


4.61 
4.62 
4.63 

4.64 
4.65 
4.66 

4.67 
4.68 
4.69 


21.2521 
21.3444 
21.4369 

21.5296 
21.6225 
21.7156 

21.8089 
21.9024 
21.9961 


2.14709 
2.14942 
2.16174 

2.15407 
2.16639 
2.16870 

2.16102 
2.16333 
2.16564 


6.78970 
6.79706 
6.80441 

6.81176 
6.81909 
6.82642 

6.83374 
6.84105 
6.84836 


97.9722 
98.6111 
99.2528 

99.8973 
100.545 
101.196 

101.848 
102.603 
103.162 


1.66431 
1.66551 
1.66671 

1.66791 
1.60911 
1.67030 

1.67160 
1.07269 
1.67388 


3.585^ 
3.58823 
3.59082 

3.59340 
3.59598 
3.59856 

3.60113 
3.60370 
3.60626 


7.72503 
7.73061 
7.73619 

7.74175 
7.74731 
7.75286 

7.75840 
7.70394 
7.70i)46 


4.70 


22.0900 


2.16795 


6.83566 


103.823 


1.67507 


3.60883 


7.77498 


4.71 
4.72 
4.73 

4.74 
4.75 
4.76 

4.77 
4.78 
4.79 


22.1841 
22.2784 
22.3729 

22.4676 
22.5625 
22.6576 

22.7529 

22.8484 
22.9441 


2.17025 
2.17256 
2.17486 

2.17715 
2.17945 
2.18174 

2.18403 
2.18632 
2.18861 


6.86294 
6.87023 
6.87750 

6.88477 
6.89202 
6.89928 

6.90662 
6.91375 
6.92098 


104.487 
105.164 
106.824 

UD6.496 
107.172 
107.860 

108.631 
109.215 
109.902 


1.67626 
1.67744 
1.67863 

1.67981 
1.68099 
1.68217 

1.68334 
1.68452 
1.68569 


3.61138 
3.61394 
3.61649 

3.61903 
3.62158 
3.62412 

3.62665 
3.62919 
3.63172 


7.78049 
7.78599 
7.79149 

7.79697 
7.80245 
7.80793 

7.81339 
7.81885 
7.82429 


4.80 


23.0400 


2.19089 


6.92820 


110.592 


1.68687 


3.63424 


7.82974 


4.81 
4.82 
4.83 

4.84 
4.85 
4.86 

4.87 
4.88 
4.89 


23.1361 
23.2324 
23.3289 

23.4256 
23.5225 
23.6196 

23.7169 
23.8144 
23.9121 


2.19317 
2.19545 
2.19773 

2.20000 
2.20227 
2.20454 

2.20681 
2.20907 
2.21133 


6.93542 
6.94262 
6.94982 

6.95701 
6.96419 
6.97137 

6.97854 
6.98570 
6.9^)285 


111.286 
111.980 
112.679 

113.380 
114.084 
114.791 

115.501 
116.214 
116.930 


1.68804 
1.68920 
1.69037 

1.69164 
1.69270 
1.69386 

1.69503 
1.69619 
1.69734 


3.63676 
3.63928 
3.64180 

3.64431 
3.64682 
3.64932 

3.65182 
3.65432 
3.65681 


7.83517 
7.84059 
7.84601 

7.85142 
7.85683 
7.86222 

7.86761 
7.87299 
7.87837 


4.90 


24.0100 


2.21359 


7.00000 


117.649 


1.69860 


3.65931 


7.88374 


4.91 
4.92 
4.93 

4.94 
4.95 
4.96 

4.97 

4.98 
4.99 


24.1081 
24.2064 
24.3049 

24.4036 
24.5025 
24.6016 

24.7009 
24.8004 
24.9001 


2.21585 
2.21811 
2.22036 

2.22261 
2.22486 
2.22711 

2.22935 
2.23159 
2.23383 


7.00714 
7.01427 
7.02140 

7.02851 
7.03562 
7.04273 

7.04982 
7.05691 
7.06399 


118.371 
119.096 
119.823 

120.654 
121.287 
122.024 

122.763 
123.606 
124.251 


1.69966 
1.70081 
1.70196 

1.70311 
1.70426 
1.70540 

1.70656 
1.70769 
1.70884 


3.66179 
3.66428 
3.66676 

3.66924 
3.67171 
3.67418 

3.67666 
3.67911 
3.68157 


7.88909 
7.89445 
7.89979 

7.90513 
7.91046 
7.91578 

7.92110 
7.92641 
7.93171 
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CI 


n 


n2 


va 


VlOn 


n« 


va 






S/lOn 


S/lOOn 


5.00 


26.0000 


2.23607 


7.07107 


126.000 


1.70998 


3.68403 


7.93701 


6.01 
6.02 
5.03 

6.04 
6.05 
6.06 

5.07 
6.08 
6.09 


25.1001 
25.2004 
26.3009 

25.4016 
25.5025 
26.6036 

25.7049 
25.8064 
25.9081 


2.23830 
2.24054 
2.24277 

2.24499 
2.24722 
2.24944 

2.25167 
2.25389 
2.25610 


7.07814 
7.08520 
7.09226 

7.09930 
7.10634 
7.11337 

7.12039 
7.12741 
7.13442 


125.752 
126.506 
127.264 

128.024 
128.788 
129.554 

130.324 
131.097 
131.872 


1.71112 
1.71225 
1.71339 

1.71462 
1.71566 
1.71679 

1.71792 
1.71905 
1.72017 


368649 
3.68894 
3.69138 

3.69383 
3.69627 
3.69871 

3.70114 
3.70557 
3.70600 


7.94229 
7.94757 
7.96285 

7.96811 
7.96337 
7.96863 

7.97387 
7.97911 
7.98434 


6.10 


26.0100 


2.26832 


7.14143 


132.651 


1.72130 


3.70843 


7.98957 


5.11 
6.12 
6.13 

6.14 
6.15 
6.16 

5.17 
6.18 
5.19 


26.1121 
26.2144 
26.3169 

26.4196 
26.5225 
26.6256 

26.7289 
26.8324 
26.9361 


2.26063 
2.20274 
2.26495 

2.26716 
2.26936 
2.27156 

2.27376 
2.27596 
2.27816 


7.14843 
7.15542 
7.16240 

7.16938 
7.17635 
7.18331 

7.19027 
7.19722 
7.20417 


13:3.433 
134.218 
135.006 

136.797 
iai.591 
137.388 

138.188 
I38.9t>2 
13f).798 


1.72242 
1.72355 
1.72467 

1.72579 
1.72601 
1.72802 

1.72914 
1.73025 
1.73137 


3.71086 
3.71327 
3.71569 

3.71810 
3.72051 
3.72292 

3.72532 
3 72772 
3.7;«12 


7.99479 
8.00000 
8.00620 

8.01040 
8.01569 
8.02078 

8.02696 
8.03113 
8.a3629 


6.20 


27.0400 


2.28a35 


7.21110 


140.608 


1.7.3248 


3.73251 


8.04146 


5.21 
5.22 
6.23 

6.24 
6.25 
6.26 

6.27 
6.28 
6.29 


27.1441 
27.2484 
27.3529 

27.4576 
27.6625 
27.6676 

27.7729 
27.8784 
27.9841 


2.28254 
2.28473 
2.28692 

2.28910 
2.29129 
2.29347 

2.29565 
2.29783 
2.30000 


7.218aS 
7.224rK> 
7.23187 

7.23878 
7.24569 
7.25259 

7.25948 
7.26636 
7.27324 


141.421 
142.237 
143.056 

143.878 
144.703 
145.532 

146.363 
147.198 
148.036 


1.73359 
1.73470 
1.73580 

1.73691 
1.73801 
1.73912 

1.74022 
1.74132 
1.74242 


3.73490 
3.73729 
3.73968 

3.74206 
3.74443 
3.74681 

3.74918 
3.75156 
3.75392 


8.04660 
8.05176 
8.06689 

8.06202 
8.06714 
8.07226 

8.07737 
8.08248 
8.08758 


6.30 


28.0900 


2.30217 


7.28011 


148.877 


1.74351 


3.75629 


8.09267 


5.31 
5.32 
6.33 

6.34 
6.35 
6.36 

5.37 
6.38 
5.39 


28.1961 
28.3024 
28.4089 

28.5156 
28.6225 
28.7296 

28.8369 
28.9444 
29.0521 


2.3043i 
2.30651 
2.30868 

2.31084 
2.31301 
2.31517 

2.317a3 
2.31948 
2.32164 


7.28697 
7.29:«3 
7.30068 

7.30753 
7.31437 
7.32120 

7.32803 
7.33486 
7.34166 


149.721 
150.5(>9 
151.419 

162.273 
153.130 
153.991 

154.854 
155.721 
156.591 


1.74461 
1.74570 
1.74680 

1.74789 
1.74898 
1.75007 

1.75116 
1.75224 
1.753.33 


3.75865 
3.76101 
3.76336 

3.76571 
3.76806 
3.77041 

3.77276 
3.77509 
3.77743 


8.09776 
8.10284 
8.10791 

8.11298 
8.11804 
8.12310 

8.12814 
8.13319 
8.13822 


5.40 


29.1600 


2.32379 


7.34847 


157.464 


1.75441 


3.77976 


8.14325 


5.41 
6.42 
6.43 

5.44 
6.45 
6.46 

6.47 
6.48 
6.49 


29.2681 
29.3764 
29.4849 

29.5936 
29.7025 
29.8116 

29.9209 
30.0304 
30.1401 


2.32594 
2.32809 
2.33024 

2.33238 
2.33452 
2.33666 

2.33880 
2.34094 
2.34307 


7.35527 
7.36206 
7.36885 

7.37564 
7.38241 
7.38918 

7.39594 
7.40270 
7.40946 


158..S40 
159.220 
160.103 

160.989 
161.879 
162.771 

163.667 
164.567 
165.469 


1.75549 
1.7.5657 
1.75765 

1.75873 
1.75981 
1.76088 

1.76196 
1.76.3a3 
1.76410 


3.78209 
3.78442 
3.78676 

3.78907 
3.79139 
3.79371 

3.79603 
3.79834 
3.80065 


8.14828 
8.15329 
8.15831 

8.16331 
8.16831 
8.17330 

8.17829 
8.18327 
8.18824 
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n 


n* 


y/a 


VlOw 


n« 


^ 


i/lOn 


^100 n 


5.50 


30.2600 


2.34621 


7.41620 


166.376 


1.76517 


3.80295 


8.19321 


6.51 
5.52 
5.53 

5.54 
5.65 
5.66 

5.57 
6.68 
6.69 


30.3601 
30.4704 
30.6809 

30.6916 
30.8026 
30.9136 

31.0249 
31.1364 
31.2481 


2.347^4 
2.34947 
2.36160 

2.36372 
2.35584 
2.35797 

2.36008 
2.36220 
2.36432 


7,42294 
7.42967 
7.43640 

7.44312 
7.44983 
7.46664 

7.46324 
7.46994 
7.47063 


167.284 
168.197 
169.112 

170.031 
170.954 
171.880 

172.809 
173.741 
174.677 


1.76624 
1.76731 
1.76838 

1.76944 
1.77061 
1.77167 

1.77263 
1.77369 
1.77476 


3.80626 
3.80766 
3.80986 

3.81216 
3.81444 
3.81673 

3.81902 
3.82130 
3.82368 


8.19818 
8.20313 
8.20808 

8.21303 
8.21797 
8.22290 

8.22783 
8.23276 
8.23766 


5.60 


31.3600 


2.36643 


7.48331 


175.616 


1.77681 


3.82686 


8.24257 


6.61 
6.62 
5.63 

5.64 
5.66 
6.66 

6.67 
6.68 
6.69 


31.4721 
31.5844 
31.6969 

31.8096 
31.9225 
32.0356 

32.1489 
32.2624 
32.3761 


2.36854 
2.37065 
2.^7276 

2.37487 
2.37697 
2.37908 

2.38118 
2.38328 
2.38537 


7.48999 
7.49667 
7.50333 

7.5a)99 
7.51«i6 
7.62330 

7.62994 
7.53668 
7.54321 


176.558 
177.604 
178.454 

179.406 
180.362 
181.321 

182.284 
183.250 
184.220 


1.77686 
1.77792 
1.77897 

1.78003 
1.78108 
1.78213 

1.78318 
1.78422 
1.78527 


a.82814 
3.83041 
3.83268 

3.83496 
3.83722 
3.83948 

3.84174 
3.84399 
3.84626 


8.24747 
8.26237 
8.25726 

8.26216 
8.26703 
8.27190 

8.27677 
8.28164 
8.28649 


5.70 


32.4900 


2.38747 


7.54983 


186.193 


1.78632 


3.84860 


8.29134 


5.71 
6.72 
6.73 

6.74 
5.75 
6.76 

5.77 
6.78 
6.79 


32.6041 
32.7184 
32.8329 

32.9476 
33.0625 
33.1776 

33.2929 
33.4084 
33.5241 


2.38956 
2.39165 
2.39374 

2.39583 
2.39792 
2.40000 

2.40208 
2.40416 
2.40624 


7.66646 
7.66307 
7.66968 

7.67628 
7.58288 
7.68947 

7.69605 
7.60263 
7.60920 


186.169 
187.149 
188.133 

189.119 
190.109 
191.103 

192.100 
193.101 
194.105 


1.78736 
1.78840 
1.78944 

1.79048 
1.79152 
1.79256 

1.79360 
1.79463 
1.79567 


3.86076 
3.85300 
3.85524 

3.85748 
3.85972 
3.86196 

3.86419 
3.86642 
3.86865 


8.29619 
8.30103 
8.30587 

8.31069 
8.31562 
8.32034 

8.32616 
8.32995 
8.33476 


5.80 


33.6400 


2.40832 


7.61577 


195.112 


1.79670 


3.87088 


8.33966 


6.81 
5.82 
6.83 

6.84 
5.85 
6.86 

6.87 
6.88 
6.89 


33.7561 
33.8724 
33.9889 

34.1056 
34.2225 
34.3396 

34.4669 
34.6744 
34.6921 


2.41039 
2.41247 
2.41454 

2.41661 

2.42074 

2.42281 
2.42487 
2.42693 


7.62234 
7.62889 
7.63544 

7.64199 
7.64863 
7.65506 

7.66159 
7.66812 
7.67463 


196.123 
197.137 
198.156 

199.177 
200.202 
201.230 

202.262 
203.297 
204.336 


1.79773 
1.79876 
1.79979 

1.80082 
1.80185 
1.80288 

1.80390 
1.80492 
1.80595 


3.87310 
3.87532 
3.87754 

3.87975 
3.88197 
3.88418 

3.88639 
3.88859 
3.89080 


8.34434 
8.34913 
8.35390 

8.36868 
8.36345 
8.36821 

8.37297 
8.37772 
8.38247 


5.90 


34.8100 


2.42899 


7.68116 


205.379 


1.80697 


3.89300 


8.38721 


6.91 
6.92 
5.93 

5.94 
6.95 
5.96 

5.97 
5.98 
5.99 


34.9281 
36.0464 
35.1649 

35.2836 
35.4025 
35.6216 

35.6409 
35.7604 
36.8801 


2.43105 
2,43311 
2.43516 

2.43721 
2.48926 
2.44131 

2.44336 
2.44540 
2.44746 


7.68765 
7.69416 
7.70065 

7.70714 
7.71362 
7.72010 

7.72658 
7.73305 
7.73951 


206.425 
207.475 
208.528 

209.686 
210.645 
211.709 

212.776 
213.847 
214.922 


1.80799 
1.80901 
1.81003 

1.81104 
1.81206 
1.81307 

1.81409 
1.81510 
1.81611 


3.89519 
3.89739 
3.89958 

3.90177 
3.90396 
3.90615 

3.90833 
3.91051 
3.91269 


8.39194 
8.39667 
8.40140 

8.40612 
8.41083 
8.41564 

8.42026 
8.42494 
8.42964 
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6.00 


36.0000 


2.44949 


7.74597 


216.000 


1.81712 


3.91487 


8.43433 


6.01 
6.02 
6.03 

6.04 
6.05 
6.06 

6.07 
6.08 
6.09 


36.1201 
36.2404 
36.3609 

36.4816 
S6.6025 
36.7236 

36.8449 
36.9664 
37.0881 


2.45153 
2.45357 
2.45561 

2.45764 
2.45967 
2.46171 

2.46374 

2.46577 
2.46779 


7.76242 
7.75887 
7.76631 

7.77174 
7.77817 
7.78460 

7.79102 
7.79744 

7.80385 


217.082 
218.167 
219.256 

220.349 
221.445 
222.646 

223.649 
224.766 
225.867 


1.81813 
1.81914 
1.82014 

1.82116 
1.82215 
1.82316 

1.82416 
1.82516 
1.82616 


3.91704 
3.91921 
3.92138 

3.92,355 
3.92571 
3.92787 

3.93003 
3.93219 
3.93434 


8.43901 
8.44369 
8.44836 

8.46303 
8.46769 
8.46236 

8.46700 
8.47165 
8.47629 


6.10 


37.2100 


2.46982 


7.81025 


226.981 


1.82716 


3.93650 


8.48093 


6.11 
6.12 
6.13 

6.14 
6.15 
6.16 

6,17 
6.18 
6.19 


37.3321 
37.4544 
37.6769 

37.6996 
37.8225 
37.9456 

38.0689 
38.1924 
38.3161 


2.47184 
2.47386 
2.47588 

2.47790 
2.47992 
2.48193 

2.48395 
2.48696 
2.48797 


7.81665 
7.82304 
7.82943 

7.83582 
7.84219 

7.84857 

7.86493 
7.86130 
7.86766 


228.099 
229.221 
230.346 

231.476 
232.(508 
233.745 

234.885 
23G.029 
237.177 


1.82816 
1.82915 
1.83015 

1.83115 
1.83214 
1.83313 

1.83412 
1.83511 
1.83610 


3.93865 
3,94079 
3.94294. 

3.94508 
3.94722 
3.94936 

3.95160 
3.95363 
3.95576 


8.48666 
8.49018 
€[.49481 

8.49942 
8.60403 
8.50864 

8.51324 
8.51784 
8.52243 


6.80 


38.4400 


2.48998 


7.87401 


238.328 


1.83709 


3.95789 


8.52702 


6.21 
6.22 
6.23 

6.24 
6.26 
6.26 

6.27 
6.28 
6.29 


38.5641 
38.6884 
38.8129 

38.9376 
39.0625 
39.1876 

39.3129 
39.4384 
39.5641 


2.49199 
2.49399 
2.49600 

2.49800 
2.50000 
2.60200 

2.50400 
2.50599 
2.50799 


7.88036 
7.88670 
7.89303 

7.89937 
7.90569 
7.91202 

7.91833 
7.92465 
7.93095 


239.483 
240.642 
241.804 

242.971 
244.141 
245.314 

246.492 
247.673 

248.858 


1.83808 
1.83906 
1.84005 

1.84103 
1.84202 
1.84300 

1.84398 
1.84496 
1.84594 


3.96002 
3.96214 
3.96427 

3.96638 
3.96850 
3.97062 

3.97273 
3.97484 
3.97695 


8.53160 
8.53618 
8.54076 

8.54532 
8.54988 
8.55444 

8.65899 
8.56a54 
8.56808 


6.30 


.39.6900 


2.50998 


7.93726 


250.047 


1.84691 


3.97906 


8.57262 


6.31 
6.32 
6.33 

6.34 
6.36 
6.36 

6.37 
6.38 
6.39 


39.8161 
39.9424 
40.0689 

40.1956 
40.3225 
40.4496 

40.5769 
40.7044 
40.8321 


2.51197 
2.51396 
2.61595 

2.51794 
2.51992 
2.52190 

2.52389 
2.62587 
2.52784 


7.94355 
7.94984 
7.95613 

7.96241 
7.96869 
7.97496 

7.98123 
7.98749 
7.99375 


261.240 
262.436 
253.636 

254.840 
256.048 
267.259 

258.475 
209.694 
260.917 


1.84789 
1.84887 
1.84984 

1.85082 
1.85179 
1.85276 

1.85373 
1.85470 

l.a5567 


3.98116 
3.98326 
3.98536 

3:98746 
3.98956 
3.99165 

3.99374 
3.99583 
3.99792 


8.57715 
8.58168 
8.58620 

8.59072 
8.69524 
8.69975 

8.60426 
8.60875 
8.61325 


6.40 


40.9600 


2.52982 


8.00000 


262.144 


1.85664 


4.00000 


8.61774 


6.41 
6.42 
6.43 

6.44 
6.46 
6.46 

6.47 
6.48 
6.49 


41.0881 
41.2164 
41.3449 

41.4736 
41.6025 
41.7316 

41.8609 
41.9904 
42.1201 


2.53180 
2.53377 
2.53574 

2.63772 
2.53969 
2.64165 

2.54362 
2.54558 
2.54755 


8.00625 
8.01249 
8.01873 

8.02496 
8.03119 
.8.03741 

8.04363 

8.04984 
8.05605 


263.376 
264.609 
265.848 

267.090 
268..336 
269.586 

270.840 
272.098 
273.359 


1.85760 
1.85857 
1.86953 

1.86050 
1.86146 
1.86242 

1.86338 
1.86434 
1.86530 


4.00208 
4.00416 
4.00624 

4.00832 
4.01039 
4.01246 

4.01453 
4.01660 
4.01866 


8.62222 
8.62671 
8.63118 

8.63566 
8.64012 
8.64459 

8.64904 
8.65350 
8.65795 
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n» 
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6.50 


42.2500 


2.54951 


8.06226 


274.626 


1.86626 


4.02073 


8.06239 


6.61 
6.52 
6.53 

6.54 
6.55 
6.56 

6.57 
6.58 
6.59 


42.3801 
42.5104 
42.6409 

42.7716 
42.9025 
43.0336 

43.1649 
43.2964 
43.4281 


2.55147 
2.55343 
2.55539 

2.55734 
2.55930 
2.56126 

2.66320 
2.56516 
2.56710 


8.06846 
8.07466 
8.08084 

8.08703 
8.09321 
8.09938 

8.10666 
8.11172 
8.11788 


275.894 
277.168 
278.446 

279.726 
281.011 
282.300 

283.593 
284.890 
286.191 


1.86721 
1.86817 
1.86912 

1.87008 
1.87103 
1.87198 

1.87293 
1.87388 
1.87483 


4.02279 
4.02485 
4.02690 

4.02896 
4.03101 
4.03306 

4.03511 
4.03716 
4.03920 


8.66683 
8.67127 
8.67670 

8.68012 
8.68465 
8.68896 

8.69338 
8.69778 
8.70219 


6.60 


43.5600 


2.56905 


8.12404 


287.496 


1.87578 


4.04124 


8.70659 


6.61 
6.62 
6.63 

6.64 
6.65 
6.66 

6.67 
6.68 
6.69 


43.6921 
43.8244 
43.9569 

44.0896 
44.2226 
44.3556 

44.4889 
44.6224 
44.7561 


2.57099 
2.57294 
2.57488 

2.67682 
2.67876 
2.58070 

2.58263 
2.58457 
2.58650 


8.13019 
8.13634 
8.14248 

8.14862 
8.15475 
8.16088 

8.16701 
8.17313 
8.17924 


288.805 
290.118 
291.434 

292.755 
294.080 
295.408 

296.741 
298.078 
299.418 


1.87672 
1.87767 
1.87862 

1.87956 
1.88050 
1.88144 

1.88239 
1.88333 
1.88427 


4.04328 
4.04532 
4.0i736 

4.04939 
4.05142 
4.05345 

4.05548 
4.05750 
4.05953 


8.71098 
8.71537 
8.71976 

8.72414 
8.72852 
8.73289 

8.73726 
8.74162 
8.74598 


6.70 


44.8900 


2.58844 


8.18536 


300.763 


1.88520 


4.06156 


8.75034 


6.71 
6.72 
6.73 

6.74 
6.75 
6.76 

6.77 
6.78 
6.79 


45.0241 
45.1584 
45.2929 

45.4276 
45.6625 
45.6976 

45.8329 
45.9684 
46.1041 


2.59037 
2.59230 
2.59422 

2.59615 

2.59808 
2.60000 

2.60192 
2.G0384 
2.60576 


8.19146 
8.19756 
8.20366 

8.20976 
8.21584 
8.22192 

B.22800 
8.23408 
8.24016 


302.112 
303.464 
304.821 

306.182 
307.547 
308.916 

310.289 
311.666 
313.047 


1. 88(^14 
1.88708 
1.88801 

1.88895 
1.88988 
1.89081 

1.89175 
1.89268 
1.89361 


4.06357 
4.06559 
4.06760 

4.06961 
4.07163 
4.07364 

4.07564 
4.07765 
4.07965 


8.75469 
8.75904 
8.76338 

8.76772 
8.77205 
8.77638 

8.78071 
8.78503 
8.78935 


6.80 


46.2400 


2.60768 


8.24621 


314.4.^2 


1.89454 


4.08166 


8.79366 


6.81 
6.82 
6.83 

6.84 
6.85 
6.86 

6.87 
6.88 
6.89 


46.3761 
46.5124 
46.6489 

46.7856 
46.9225 
47.0596 

47.1969 
47.3344 
47.4721 


2.60960 
2.61151 
2.61343 

2.61634 
2.61725 
2.61916 

2.62107 
2.62298 
2.62488 


8.25227 
8.25833 
8.26438 

8.27043 
8.27647 
8.28251 

8.28855 
8.29458 
8.30060 


315.821 
317.216 
318.612 

320.014 
321.419 
322.829 

324.243 
325.661 
327.083 


1.89546 
1.89639 
1.89732 

1.89824 

i.smn 

1.90009 

1.90102 
1.90194 
1.90286 


4.08365 
4.08566 
4.08765 

4.08964 
4.09163 
4.09362 

4.09561 
4.09760 
4.09958 


8.79797 
8.80227 
8.80657 

8.81087 
8.81516 
8.81946 

8.82373 
8.82801 
8.83228 


6.00 


47.6100 


2.62679 


8.30662 


328.509 


1.90378 


4.10157 


8.83656 


6.91 
6.92 
6.93 

. 6.94 
6.96 
6.96 

6.97 
6.98 
6.99 


47.7481 
47.8864 
48.0249 

48.1636 
48..3025 
48.4416 

48.5809 
48.7204 
48.8601 


2.62869 
2.63059 
2.63249 

2.63439 
2.63629 
2.63818 

2.64008 
2.64197 
2.64386 


8.31264 
8.31865 
8.32466 

8.33067 
8.33667 
8.34266 

8.34865 
8.35464 
8.36062 


329.939 
331.374 
332.813 

334.256 
335.702 
337.154 

338.609 
340.068 
341.632 


1.90470 
1.90562 
1.90653 

1.90745 
1.90837 
1.90928 

1.91019 
1.91111 
1.91202 


4.10355 
4.ia')62 
4.10760 

4.10948 
4.11146 
4.11342 

4.11539 
4.11736 
4.11932 


8.84082 
8.84509 
8.84934 

8.85360 
8.85786 
8.86210 

8.86634 
8.87068 
8.87481 
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7.00 


49.0000 


2.64575 


8.36660 


343.000 


1.9129:i 


4.12129 


8.87904 


7.01 
7.02 
7.03 

7.04 
7.05 
7.06 

7.07 
7.08 
7.09 


49.1401 
49.2804 
49.4209 

49.5616 
49.7025 
49.8436 

49.9849 
60.1264 
60.2681 


2.64764 
2.(>4953 
2.65141 

2.65330 
2.65518 
2.65707 

2.66895 
2.66083 
2.66271 


8.37257 
8.37854 
8.38461 

8.39047 
8.39643 
8.40238 

8.40833 
8.41427 
8.42021 


344.472 
345.948 
347.429 

348.914 
350.403 
351.896 

a53.393 
354.895 
aj6.401 


1.91384 
1.91475 
1.91666 

1.91657 
1.91747 
1.91838 

1.91929 
1.92019 
1.92109 


4.12325 
4.12521 
4.12716 

4.12912 
4.13107 
4.13303 

4.13498 
4.13693 
4.13887 


8.88327 
8.88749 
8.89171 

8.89592 
8.90013 
8.90434 

8.90854 
8.91274 
8.91693 


7.10 


50.4100 


2.66458 


8.42615 


357.911 


1.92200 


4.14082 


8.92112 


7.11 
7.12 
7.13 

7.14 
7.16 
7.16 

7.17 
7.18 
7.19 


50.6521 
60.6944 
50.8369 

60.9796 
51.1226 
61.2656 

61.4089 
61.5524 
51.6961 


2.66646 
2.66833 
2.67021 

2.67208 
2.67395 
2.67582 

2.67769 
2.67955 
2.68142 


8.43208 
8.43801 
8.44393 

8.44985 
8.45577 
8.46168 

8.46759 
8.47349 
8.47939 


359.425 
360.944 
362.467 

363.994 
366.526 
367.062 

368.602 
370.146 
371.695 


1.92290 
1.92380 
1.92470 

1.92660 
1.92650 
1.92740 

1.92829 
1.92919 
1.93008 


4.14276 
4.14470 
4.14664 

4.14888 
4.15052 
4.15245 

4.15438 
4.15631 
4.15824 


8.92531 
8.92949 
8.93367 

8.93784 
8.94201 
8.94618 

8.95034 
8.95460 
8.95866 


7.20 


51.8400 


2.68328 


8.48528 


373.248 


1.93098 


4.16017 


8.96281 


7.21 
7.22 
7.23 

7.24 
7.25 
7.26 

7.27 
7.28 
7.29 


61.9841 
62.1284 
62.2729 

62.4176 
52.5625 
52.7076 

62.8529 
52.9984 
53.1441 


2.68514 
2.68701 
2.68887 

2.69072 
2.69258 
2.69444 

2.69629 
2.69815 
2.70000 


8.49117 
8.49706 
8.50294 

8.60882 
8.51469 
8.62056 

8.52643 
8.53229 
8.5:J815 


374.806 
376.367 
377.933 

379.603 
381.078 
382.657 

384.241 
385.828 
387.420 


1.93187 
1.93277 
1.93366 

1.93465 
1.93544 
1.93633 

1.93722 
1.93810 
1.93899 


4.16209 
4.16402 
4.16594 

4.16786 
4.16978 
4.17169 

4.17361 
4.17552 
4.17743 


8.96696 
8.97110 
8.97624 

8.97938 
8.98351 
8.98764 

8.99176 
8.99588 
9.00000 


7.80 


63.2900 


2.70185 


8.54400 


389.017 


1.93988 


4.17934 


9.00411 


7.31 
7.82 
7.33 

7.34 
7.35 
7.36 

7.37 
7.38 
7.39 


53.4361 
53.5824 
53.7289 

53.8756 
64.0225 
64.1696 

54.3169 
54.4644 
54.6121 


2.70370 
2.70555 
2.70740 

2.70924 
2.71109 
2.71293 

2.71477 
2.71662 
2.71846 


8.54985 
8.55570 
8.56164 

8.56738 
8.57321 
8.67904 

8.58487 
8.59069 
8.59651 


390.618 
392.223 
393.833 

395.447 
397.065 
398.688 

400.316 
401.947 
403.583 


1.94076 
1.94165 
1.94253 

1.94341 
1.94430 
1.94518 

1.9*606 
1.94694 
1.94782 


4.18126 
4.18316 
4.18506 

4.18696 
4.18886 
4.19076 

4.19266 
4.19456 
4.19644 


9.00822 
9.01233 
9.01643 

9.02053 
9.02462 
9.02871 

9.03280 
9.03689 
9.04097 


7.40 


64.7600 


2.72029 


8.602.S3 


405.224 


1.94870 


4.19834 


9.04604 


7.41 
7.42 
7.43 

7.44 
7.45 
7.46 

7.47 
7.48 
7.49 


54.9081 
65.0564 
66.2049 

56.3536 
55.5025 
55.6516 

55.8009 
55.9504; 
66.1001 


2.72213 
2.72397 
2.72580 

2.72764 
2.72947 
2.73130 

2.73313 
2.73496 
2.73679 


8.60814 
8.61394 
8.61974 

8.62554 
8.631;H 
8.63713 

8.64292 
8.64870 
8.65448 


406M9 
408.618 
410.172 

411.831 
413.494 
416.161 

416.833 
418.509 
420.190 


1.94^57 
l.ft5045 
1.95132 

1.95220 
1.95307 
1.95.396 

1.95482 
1.95569 
1.95656 


4.20023 
4.20212 
4.20400 

4.20589 
4.20777 
4.20966 

4.21153 
4.21341 
4.21629 


9.04911 
9.05318 
9.06725 

9.06131 
9.06637 
9.06942 

9.07347 
9.07762 
9.08156 
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7.50 


66.2500 


2.73861 


8.66025 


421.875 


1.95743 


4.21716 


9.08560 


7.61 
7.62 
7.53 

7.64 
7.56 
7.56 

7.57 
7.58 
7.59 


56.4001 
66.6504 
66.7009 

56.8616 
57.0025 
57.1536 

67.3049 
57.4564 
57.6081 


2.74044 
2.74228 
2.74408 

2.74691 
2.74773 
2.74956 

2.76136 
2.75318 
2.75500 


8.66603 
8.67179 
8.67756 

8.68332 
8.68907 
8.69483 

8.70057 
8.70632 
8.71206 


423.565 
425.259 
426.958 

428.661 
430.369 
432.081 

433.798 
4a5.520 
437.245 


1.95830 
l.a5917 
1.96004 

1.96091 
1.96177 
1.96264 

1.96350 
1.96437 
l.<^23 


4.21904 
4 22091 
4.22278 

4.22465 
4.22651 
4.22838 

4.23024 
4.23210 
4.23396 


9.08964 
9.09367 
9.09770 

9.10173 
9.10575 
9.10977 

9.11378 
9.11779 
9.12180 


7.60 


67.7600 


2.75681 


8.71780 


438.076 


1.96610 


4.23582 


9.12681 


7.61 
7.62 
7.63 

7.64 
7.65 
7.66 

7.67 
7.68 
7.69 


67.9121 
58.0644 
58.2169 

68.3696 
68.5225 
58.6756 

58.8289 
58.9824 
59.1361 


2.75862 
2.76043 
2.76225 

2.76405 
2.76586 
2.76767 

2.76948 
3.77128 
2.77308 


8.72353 
8.72920 
8.73499 

8.74071 
8.74643 
8.75214 

8.75785 
8.76356 
8.76926 


440.711 
442.451 
444.195 

445.944 
447.697 
449.456 

451.218 
452.985 
454.757 


1.96696 
1.96782 
1.96868 

1.96954 
1.97040 
1.97126 

1.97211 
1.97297 
1.97383 


4.23768 
4.23954 
4.24139 

4.24324 
4.24509 
4.24694 

4.24879 
4.25063 
4.25248 


9.12981 
9.13380 
9.13780 

9.14179 
9.14577 
9.14976 

9.15374 
9.15771 
9.16169 


7.70 


69.2900 


2.77489 


8.77496 


456.533 


1.97468 


4.25432 


9.16566 


7.71 
7.72 
7.73 

7.74 
7.75 
7.76 

7.77 
7.78 
7.79 


69.4441 
69.5984 
69.7529 

59.9076 
60.0625 
60.2176 

60.3729 
60.5284 
60.6841 


2.77069 
2.77849 
2.78029 

2.78209 

2.78388 
2.78568 

2.78747 
2.78927 
2.79106 


8.78066 
8.78635 
8.79204 

8.79773 
8.80341 
8.80909 

8.81476 
8.82043 
8.82610 


458.314 
460.100 
461.890 

463.685 
465.484 
467.289 

469.097 
470.911 
472.729 


1.97554 
1.97G39 
1.97724 

1.97809 
1.97895 
1.97980 

1.98065 
1.98150 
1.98234 


4.25616 
4.25800 
4.25984 

4.20167 
4.26351 
4.26534 

4.26717 
4.26900 
4.27083 


9.16962 
9.17359 
9.17764 

9.18150 
9.18545 
9.18940 

9.19336 
9.19729 
9.20123 


7.80 


60.8400 


2.79285 


8.83176 


474.552 


1.98319 


4.27266 


9.20516 


7.81 
7.82 
7.83 

7.84 
7.85 
7.86 

7.87 
7.88 
7.89 


60.9961 
61.1524 
61.3089 

61.4666 
61.6225 
61.7796 

61.9369 
62.0944 
62.2521 


2.79464 

.2.79643 

2.79821 

2.80000 
2.80179 
2.80367 

2.80535 
2.80713 
2.80891 


8.83742 
8.84308 
8.84873 

8.85438 
8.86002 
8.86566 

8.87130 
8.87694 

8.88257 


476.380 
478.212 
480.049 

481.890 
483.737 
485.688 

487.443 
489.304 
491.169 


1.98404 
1.98489 
1.98573 

1.98658 
1.98742 
1.98826 

1.98911 
1.98995 
1.99079 


4.27448 
4.27631 
4.27813 

4.27995 
4.28177 
4.28359 

4.28540 
4.28722 
4.28903 


9.20910 
9.21302 
9.21695 

9.22087 
9.22479 
9.22871 

9.23262 
9.23653 
9.24043 


7.90 


62.4100 


2.81069 


8.88819 


493.039 


1.99163 


4.29084 


9.24434 


7.91 
7.92 
7.93 

7.94 
7.95 
7.96 

7.97 
7.98 
7.99 


62.5681 
62.7264 
62.8849 

63.0436 
63.2025 
63.3616 

63.5209 
63.6804 
63.8401 


2.81247 
2.81425 
2.81603 

2.81780 
2.81957 
2.82135 

2.82312 
2.82489 
2.82666 


8.89382 
8.89944 
8.90505 

8.91067 
8.91626 
8.92188 

8.92749 
8.93308 
8.93868 


494.914 
496.7i)3 
498.677 

500.666 
502.460 
504.358 

506.262 
508.170 
610.082 


1.99247 
1.99331 
1.99416 

1.99499 
1.99582 
1.99666 

1.99750 
1.99833 
1.99917 


4.29265 
4.29446 
4.29627 

4.29807 
4.29987 
4.30168 

4.30348 
4.30528 
4.30707 


9.24823 
9.25213 
9.25602 

9.25991 
9.26380 
9.26768 

9.27156 
9.27544 
9.27931 
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8.00 


64.0000 


2.82843 


8.94427 


512.000 


2.00000 


4.30887 


9.28318 


8.01 
8.02 
8.08 

8.04 
8.05 
8.06 

8.07 
8.08 
8.09 


64.1601 
64.3204 
64.4809 

64.6416 
64.8025 
64.9636 

65.1249 
66.2864 
66.4481 


2.83019 
2.83196 
2.83373 

2.83649 
2.83726 
2.83901 

2.84077 
2.84253 
2.84429 


8.94986 
8.96645 
8.96103 

8.96660 
8.97218 
8.97775 

8.98332 
8 98888 
8199444 


613.922 
515.850 
517.782 

519.718 
521.660 
523.607 

525.568 
527.614 
529.475 


2.00083 
2.00167 
2.00250 

2.00333 
2.00416 
2.00499 

2.00582 
2.00664 

2.oar47 


4.31066 
4.31246 
4.31425 

4.31604 
4.31783 
4.31961 

4.32140 
4.32318 
4.32497 


9.28704 
9.29091 
9.29477 

9.29862 
9.30248 
9.30633 

9.31018 
9.31402 
9.31786 


8.10 


66.6100 


2.84606 


9.00000 


631.441 


2.00830 


4.32675 


9.32170 


8.11 
8.12 
8.13 

8.14 
8.16 
8.16 

8.17 
8.18 
8.19 


65.7721 
66.9344 
66.0969 

66.2596 
66.4226 
66.6856 

66.7489 
66.9124 
67.0761 


2.84781 
2.84956 
2.86132 

2.85307 
2.86482 
2.86667 

2.85832 
2.86007 
2.86182 


9.00566 
9.01110 
9.01665 

9.02219 
9.02774 
9.(^27 

9.03881 
9.04434 
9.04986 


633.412 
635.387 
537.368 

639.358 
641.343 
643.338 

546.339 
547.343 
549.363 


2.00912 
2.00996 
2.01078 

2.01160 
2.01242 
2.01325 

2.01407 
2.01489 
2.01671 


4.32853 
4.33031 
4.33208 

4.33386 
4.33663 
4.33741 

4.33918 
4.34095 
4.34271 


9.32663 
9.32936 
9.33319 

9.33702 
9.34084 
9.34466 

9.34847 
9.35229 
9.35610 


8.20 


67.2400 


2.86356 


9.06539 


551.368 


2.01653 


4.34448 


9.36990 


8.21 
8.22 
8.23 

8.24 
8.25 
8.26 

8.27 
8.28 
8.29 


67.4041 
67.5684 
67.7329 

67.8976 
68.0626 
68.2276 

68.3929 
68.5584 
68.7241 


2.86531 
2.86705 
2.86880 

2.87054 
2.87228 
2.87402 

2.87576 
2.87760 
2.87924 


9.06091 
9.06642 
9.07193 

9.07744 
9.08295 
9.08845 

9.09395 
9.09946 
9.10494 


563.388 
666.412 
657.442 

659.476 
661.616 
563.660 

565.609 
567.664 
569.723 


2.01735 
2.01817 
2.01899 

2.01980 
2.02062 
2.02144 

2.02225 
2.02307 
2.02388 


4.34625 
4.34801 
4.34977 

4.35163 
4.36329 
4.35606 

4.36681 
4.36856 
4.36032 


9.36370 
9.36751 
9.37130 

9.37610 
9.37889 
9.38268 

9.38646 
9.39024 
9.39402 


8.80 


68.8900 


2.88097 


9.11043 


571.787 


2.02469 


4.36207 


9.39780 


8.31 
8.32 
8.33 

8.34 
8.35 
8.36 

8.37 
8.38 
8.39 


69.0561 
69.2224 
69.3889 

69.6656 
69.7225 
69.8896 

70.0569 
70.2244 
70.3921 


2.88271 
2.88444 
2.88617 

2.88791 
2.88964 
2.89137 

2.89310 
2.89482 
2.89655 


9.11592 
9.12140 
9.12688 

9.13236 
9.13783 
9.14330 

9.14877 
9.15423 
9.15969 


573.856 
676.930 
578.010 

680.094 
582.183 
584.277 

686.376 
688.480 
590.690 


2.02551 
2.02632 
2.02713 

2.02794 
2.02875 
2.02966 

2.03037 
2.03118 
2.03199 


4.36382 
4.36657 
4.36732 

4.36907 
4.37081 
4.37256 

4.37430 
4.37604 
4.37778 


9.40157 
9.40634 
9.40911 

9.41287 
9.41663 
9.42039 

9.42414 
9.42789 
9.43164 


8.40 


70.5600 


2.89828 


9.16516 


692.704 


2.03279 


4.37952 


9.43639 


8.41 
8.42 
8.43 

8.44 
8.46 
8.46 

8.47 
8.48 
8.49 


70.7281 
70.8964 
71.0649 

71.2336 
71.4025 
71.5716 

71.7409 
71.9104 
72.0801 


2.90000 
2.90172 
2.90345 

2.90617 
2.90689 
2.90861 

2.91033 
2.91204 
2.91376 


9.17061 
9.17606 
9.18160 

9.18695 
9.19239 
9.19783 

9.20326 
9.20869 
9.21412 


69*.823 
596.948 
599.077 

601.212 
603.a51 
605.496 

607.645 

609.800 

. 611.960 


2.0.3360 

2.03521 

2.03601 
2.03682 
2.03762 

2.03842 
2.03923 
2.04003 


4.38126 
4.38299 
4.38473 

4.38646 
4.38819 
4.38992 

4.39166 
4.39338 
4.39610 


9.43913 
9.44287 
9.44661 

9.45034 
9.45407 
9.46780 

9.46162 
9.46525 
9.46897 



I] 




Powers and Boots 




329 


n 


n* 


Vii 


VlOn 


n« 


^n 


i/lOn 


i^lOOn 


8.50 


72.2600 


2.91548 


9.21954 


614.125 


2.04083 


4.39683 


9.47268 


8.51 
8.52 
8.53 

8.64 
8.55 
846 

8.67 
8.58 
8.59 


72.4201 
72.5904 
72.7609 

72.9316 
73.1025 
73.2736 

73.4449 
73.6164 
73.7881 


2.91719 
2.91890 
2.92062 

2.92233 
2.92404 
2.92575 

2.9274(5 
2.92916 
2.93087 


9.22497 
9.23038 
9.23580 

9.24121 
9.24662 
9.25203 

9.26743 
9.26283 
9.26823 


616.295 
618.470 
620.660 

622.836 
625.026 
627.222 

629.423 
631.629 
633.840 


2.04103 
2.04243 
2.04323 

2.04402 
2.04482 
2.04562 

2.04641 
2.04721 
2.04801 


4.39856 
4.40028 
4.40200 

4.40372 
4.40543 
4.40716 

4.40887 
4.41058 
4.41229 


9.47640 
9.48011 
9.48381 

9.48762 
9.49122 
9.49492 

9.49861 
9.50231 
9.50600 


8.60 


73.9000 


2.93268 


9.27362 


636.056 


2.04880 


4.41400 


9.50969 


8.61 
8.62 
8.63 

8.64 
8.65 
8.66 

8.67 
8.68 
8.69 


74.1321 
74.3044 
74.4769 

74.6496 
74.8225 
74.9966 

75.1689 
75.3424 
76.5161 


2.93428 
2.93598 
2.93769 

2.93939 
2.94109 
2.94279 

2.94449 
2.94618 
2.94788 


9.27901 
9.28440 
9.28978 

9.29516 
9.30054 
9.30591 

9.31128 
9.31665 
9.32202 


638.277 
640.504 
642.736 

644.973 
647.215 
649.462 

651.714 
653.972 
656.235 


2.04959 
2.05039 
2.05118 

2.05197 
2.05276 
2.05355 

2.05434 
2.05513 
2.05592 


4.41671 
4.41742 
4.41913 

4.42084 
4.42254 
4.42425 

4.42595 
4.42766 
4.42935 


9.51337 
9.51706 
9.52073 

9.52441 
9.52808 
9.53176 

9.63542 
9.53908 
9.54274 


8.70 


75.6900 


2.94958 


9.32738 


658.503 


2.05671 


4.43105 


9.64640 


8.71 
8.72 
8.73 

8.74 
8.75 
8.76 

8.77 
8.78 
8.79 


75.8641 
76.0384 
76.2129 

76.3876 
76.5625 
76.7376 

76.9129 
77.08*4 
77.2641 


2.95127 
2.95296 
2.95466 

2.93635 
2.95804 
2.95973 

2.96142 
2.96311 
2.96479 


9.33274 
9.33809 
9.34345 

9.34880 
9.35414 
9.35949 

9.36483 
9.37017 
9.37550 


660.776 
663.055 
665.:J39 

667.628 
669.922 
672.221 

674.526 
676.836 
679.151 


2.05750 
2.05828 
2.05907 

2.05986 
2.06064 
2.06143 

2.06221 
2.06299 
2.06378 


4.43274 
4.43444 
4.43613 

4.43783 
4.43962 
4.44121 

4.44290 
4.44459 
4.44627 


9.56006 
9.65371 
9.55736 

9.56101 
9.56466 
9.56830 

9.57194 
9.57567 
9.57921 


8.80 


77.4400 


2.96648 


9.38083 


681.472 


2.06456 


4.44796 


9.58284 


8.81 
8.82 
8.83 

8.84 
8.85 
8.86 

8.87 
8.88 
8.89 


77.6161 
77.7924 
77.9689 

78.1456 
78.3225 
78.4996 

78.6769 
78.8544 
79.0321 


2.96816 
2.96985 
2.97153 

2.97321 
2.97489 
2.97658 

2.97825 
2.97993 
2.98161 


9.38616 
9.39149 
9.39681 

9.40213 
9.40744 
9.41276 

9.41807 
9.42338 
9.42868 


683.798 
686.129 
688.465 

690.807 
693.154 
695.506 

697.864 
700.227 
702.595 


2.06534 
2.06612 
2.06690 

2.06768 
2.06846 
2.06924 

2.07002 
2.07080 
2.07157 


444964 
4.45133 
4.45301 

4.45469 
4.45637 
4.45805 

4.45972 
4.46140 
4.46307 


9.58647 
9.59009 
9.59372 

9.59734 
9.60095 
9.60457 

9.60818 
9.61179 
9.6154C 


8.90 


79.2100 


2.98329 


9.43398 


704.969 


2.07235 


4.46475 


9.61900 


8.91 
8.92 
8.93 

8.94 
8.95 
8.96 

8.97 
8.98 
8.99 


79.3881 
79.5664 
79.7449 

79.92.36 
80.1025 
80.2816 

80.4609 
80.6404 
80.8201 


2.98496 
2.98664 
2.98831 

2.98998 
2.99166 
2.99333 

2.99500 
2.99666 
2.99833 


9.43928 
9.44458 
9.44987 

9.45516 
9.46044 
9.46573 

9.47101 
9.47629 
9.48156 


707.348 
709.732 
712.122 

714.517 
716.917 
719.323 

721.734 
724.161 
726.573 


2.07313 
2.07390 
2.07468 

2.07545 
2.07622 
2.07700 

2.07777 

2.07854 
2.07931 


4.46642 
4.46809 
4.46976 

4.47142 
4.47309 
4.47476 

4.47642 
4.47808 
4.47974 


9.62260 
9.62620 
9.62980 

9.63339 
9.63698 
9.64057 

9.64416 
9.64774 
9.65132 
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[I 



n 


n* 


va 




n» 


i^ 


^lOn 




VlOn 


^100 n 


9.00 


81.0000 


3.00000 


9.48683 


729.000 


2.08008 


4.48140 


9.65489 


9.01 
9.02 
9.03 

9.04 
9.05 
9.06 

9.07 
9.08 
0.09 


81.1801 
81.3604 
81.6409 

81.7216 
81.9025 
82.0836 

82.2649 
82.4464 
82.6281 


3.00167 
3.00333 
3.00500 

3.00666 
3.00832 
3.00998 

3.01164 
3.01330 
3.01496 


9.49210 
9.497.37 
9.50263 

9.60789 
9.51316 
9.61840 

9.52366 
9.62890 
9.53415 


731.433 
733.871 
736.314 

738.763 
741.218 
743.677 

746.143 
748.613 
751.089 


2.08085 
2.08162 
2.08239 

2.08316 
2.08393 
2.08470 

2.08546 
2.08623 
2.08699 


4.48306 
4.48472 
4.48638 

4.48803 
4.48969 
4.49134 

4.49299 
4.49464 
4.49629 


9.65847 
9.06204 
9.66561 

9.66918 
9.67274 
9.67630 

9.67986 
9.68342 
9.68697 


9.10 


82.8100 


3.01662 


9.53939 


753.571 


2.08776 


4.49794 


9.69062 


9.11 
9.12 
9.13 

9.14 
9.15 
9.16 

9.17 
8.18 
9.19 


82.9921 
83.1744 
83.3569 

83.6396 
83.7225 
83.9056 

84.0889 
84.2724 
84.4661 


3.01828 
3.01993 
3.02169 

3.02324 
3.02490 
3.02665 

3.02820 
3.02985 
3.03150 


9.64463 
9.54987 
9.66510 

9.66033 
9.56556 
9.67079 

9.67601 
9.58123 
9.58645 


756.068 
758.551 
761.048 

763.662 
706.061 
768.676 

771.095 
773.021 
776.152 


2.08852 
2.08929 
2.09005 

2.09061 
2.09168 
2.09234 

2.09310 
2.09386 
2.09462 


4.49959 
4.50123 
4.50288 

4.50462 
4.60616 
4.50781 

4.60946 
4.51108 
4.51272 


9.69407 
9.69762 
9.70116 

9.70470 
9.70824 
9.71177 

9.71531 
9.71884 
9.72236 


9.20 


84.6400 


3.03315 


9.59166 


778.688 


2.09538 


4.51436 


9.72589 


9.21 
9.22 
9.23 

9.24 
9.25 
9.26 

9.27 
9.28 
9.29 


84.8241 
85.0084 
86.1929 

86.3776 
85.5625 
85.7476 

86.9329 
86.U84 
86.3041 


3.03480 
3.03646 
3.03809 

3.03974 
3.04138 
3.04302 

3.04467 
3.01631 
3.04795 


9.59687 
9.60208 
9.60729 

9.61249 
9.61769 
9.62289 

9.62808 
9.63328 
9.63846 


781. 2;k) 
783.777 
786.330 

788.889 
791.453 
794.023 

796.698 
799.179 
801.765 


2.09614 
2.09(>n0 
2.09765 

2.09841 
2.09917 
2.09992 

2.10068 
2.10144 
2.10219 


4.51599 
4.51763 
4.51926 

4.52089 
4.52252 
4.52415 

4.52578 
4.52740 
4.52903 


9.72941 
9.73293 
9.73646 

9.73996 
9.74348 
9.74699 

9.76049 
9.75400 
9.76750 


9.30 


86.4900 


3.04959 


9.64365 


804.357 


2.10294 


4.63065 


9.76100 


9.31 
9.32 
9.33 

9.34 
9.36 
9,36 

9.37 
9.38 
9.39 


86.6761 
86.8624 
87.0489 

87.2356 
87.4225 
87.6096 

87.7969 
87.9844 
88.1721 


3.05123 
3.05287 
3.05450 

3.05614 
3.05778 
3.05941 

3.06105 
3.06268 
3.06431 


9.64883 
9.65401 
9.65919 

9.66437 
9.e)6954 
9.67471 

9.67988 
9.68504 
9.69020 


806.954 
809.658 
812.166 

814.781 
817.400 
820.026 

822.657 
825.294 
827.936 


2.10370 
2.10445 
2.10520 

2.10595 
2.10671 
2.10746 

2.10821 
2.10896 
2.10971 


4.63228 
4.53390 
4.53552 

4.63714 
4.53876 
4.64038 

4.64199 
4.54361 
4.54522 


9.76450 
9.76799 
9.77148 

9.77497 

9.77846 
9.78196 

9.78643 
9.78891 
9.79239 


9.40 


88..'^600 


3.06594 


9.69536 


830.584 


2.11045 


4.54684 


9.7a586 


9.41 
9.42 
9.43 

9.44 
9.45 
9.46 

9.47 

9.48 
9.49 


88.5481 
88.7364 
88.9249 

89.1136 
89.3025 
89.4916 

89.6809 
89.8704 
90.0601 


3.06757 
3.06920 
3.07083 

3.07246 
3.07409 
3.07571 

3.07734 
3.07896 
3.08058 


9.70052 
9.70567 
9.71082 

9.71697 
9.72111 
9.72625 

9.73139 
9.73653 
9.74166 


833.238 
835.897 
838.562 

841.232 
843.909 
846.591 

849.278 
851.971 
854.670 


2.11120 
2.11195 
2.11270 

2.11^44 
2.11419 
2.11494 

2.11568 
2.11642 
2.11717 


4.54845 
4.55006 
4.55167 

4.56328 
4.55488 
4.65649 

4.55809 
4.55^)70 
4.56130 


9.79933 
9.80280 
9.80627 

9.80974 
9.81320 
9.81666 

9.82012 
9.82367 
9.82703 
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n 


n» 


Vii 


VlOn 


n» 


</n 


</10n 


^100 n 


9.50 


90.2500 


3.08221 


9.74679 


a57.375 


2.11791 


4.56290 


9.83048 


9.61 
9.62 
9.53 

9.64 
9.65 
9.56 

9.67 
9.58 
9.59 


90.4401 
90.6304 
90.8209 

91.0116 
91.2025 
91.3936 

91.5849 
91.7764 
91.9681 


3.08383 
3.08545 
3.08707 

3.08869 
3.09031 
3.09192 

3.09354 
3.09516 
3.09677 


9.75192 
9.75706 
.9.76217 

9.76729 
9.77241 
9.77753 

9.78264 
9.78775 
9.79285 


860.085 
862.801 
865.623 

868.251 
870.984 
873.723 

876.467 
879.218 
881.f)74 


2.11866 
2.11940 
2.12014 

2.12088 
2.12162 
2.12236 

2.12310 
2.12384 
2.12468 


4.66450 
4.56610 
4.66770 

4.66930 
4.57089 
4.67249 

4.67408 
4.57667 

4.67727 


9.83392 
9.83737 
9.84081 

9.84425 
9.84769 
9.85113 

9.85466 
9.85799 
9.86142 


9.60 


92.1600 


3.09839 


9.79796 


884.736 


2.12C32 


4.57886 


9.86485 


9.61 
9.62 
9.63 

9.64 
9.65 
9.66 

9.67 
9.68 
9.69 


92.3521 
92.5144 
92.7369 

92.9296 
93.1225 
93.3156 

93.5089 
93.7024 
93.8961 


3.10000 
3.10161 
3.10322 

3.10483 
3.10644 
3.10805 

3.10966 
3.11127 
3.11288 


9.80306 
9.80816 
9.81326 

9.81835 
9.82344 
9.82853 

9.83362 
9.83870 
9.84378 


887.504 
890.277 
893.056 

895.841 
898.632 
901.429 

904.231 
907.039 
909.853 


2.12606 
2.12679 
2.12763 

2.12826 
2.12900 
2.12974 

2.13047 
2.13120 
2.13194 


4.68046 
4.58204 
4.58362 

4.68521 
4.58679 
4.68838 

4.68996 
4.69154 
4.59312 


9.86827 
9.87169 
9.87611 

9.87863 
9.88195 
9.88536 

9.88877 
9.89217 
9.89558 


9.70 


94.0900 


3.11448 


9.84886 


912.673 


2.13267 


4.59470 


9.89898 


9.71 
9.72 
9.73 

9.74 
9.75 
9.76 

9.77 
9.78 
9.79 


94.2841 
94.4784 
94.6729 

94.8676 
95.0625 
95.2576 

96.4529 
95.6484 
95.8441 


3.11(509 
3.11769 
3.11929 

3.12090 
3.12250 
3.12410 

3.12570 
3.127:30 
3.12890 


9.85393 
9.85901 
9.86408 

9.86914 
9.87421 
9.87927 

9.88433 
9.88939 
9.89444 


915.499 
918.330 
921.167 

924.010 
926.859 
929.714 

932.575 
9.35.441 
938.314 


2.13340 
2.13114 
2.13487 

2.13560 
2.13633 
2.13706 

2.13779 
2.138,^2 
2.13926 


4.69628 
4.59786 
4.69943 

4.60101 
4.60258 
4.60416 

4.60573 
4.60730 

4.60887 


9.90238 
9.90578 
9.90918 

9.91267 
9.91696 
9.91936 

9.92274 
9.92612 
9.92950 


9.80 


96.0400 


3.13050 


9.89949 


941.192 


2.13997 


4.61044 


9.93288 


9.81 
9.82 
9.83 

9.84 
9.a5 
9.86 

9.87 
9.88 
9.89 


96.2361 
96.4324 
96.6289 

96.8256 
97.0225 
97.2196 

97.4169 
97.6144 
97.8121 


3.13209 
3.13369 
3.13528 

3.13688 
3.13847 
3.14006 

3.14166 
3.14325 
3.14484 


9.90454 
9.(30959 
9.91464 

9.91968 
9.92472 
9.92975 

9.93479 
9.93982 
9.94485 


944.076 
946.96(> 
949.862 

952.764 
955.672 
958.585 

961.505 
964.430 
967.362 


2.14070 
2.14143 
2.14216 

2.14288 
2.14361 
2.14433 

2.14506 
2.14578 
2.14(x)l 


4.61200 
4.61357 
4.61514 

4.61670 
4.61826 
4.61983 

4.62139 
4.62295 
4.62451 


9.93626 
9.93964 
9.94301 

9.94638 
9.94976 
9.96311 

9.95648 
9.95984 
9.96320 


9.90 


98.0100 


3.14643 


9.94987 


970.299 


2.14723 


4.62607 


9.96656 


9.91 
9.92 
9.93 

9.94 
9.95 
9.96 

9.97 
9.98 
9.99 


98.2081 
98.4064 
98.6049 

98.8036 
99.0025 
99.2016 

99.4009 
99.6004 
99.8001 


3.14802 
3.149(J0 
3.16119 

3.15278 
3.15436 
3.15595 

3.15753 
3.15911 
3.16070 


9.95490 
9.95992 
9.96494 

9.96995 
9.97497 
9.97998 

9.98499 
9.98999 
9.J)9500 


973.242 
976.191 
979.147 

982.108 

985.076 
988.048 

991.027 
994.012 
997.003 


2.14796 
2.14867 
2.14940 

2.15012 
2.15084 
2.15156 

2.15228 
2.15300 
2.15372 


4.62762 
4.62918 
4.63073 

4.63229 
4.63384 
4.63539 

4.6.3694 
4.63849 
4.64004 


9.96991 
9.97326 
9.97661 

9.97996 
9.98331 
9.98665 

9.98999 
9.99333 
9.99667 



TABLE II — IMPORTANT NUMBERS 



A. Units of Length 



English Units 

• 12 inches (in.) = 1 foot (ft.) 
8 feet =1 yard (yd.) 

6i yards = 1 rod (rd. ) 

820 rods =1 mile (mi.) 



English to Metric 

lin. =2.5400 cm. 
1ft. =30.480 cm. 
1 mi. = 1.6093 Km. 



[ Metric Units 

10 millimeters = 1 centimeter (cm.) 

(mm.) 
10 centimeters = 1 decimeter (dm. ) 
10 decimeters = 1 meter (m.) 
10 meters = 1 dekameter (Dm.) 

1000 meters = 1 kilometer (Km.) 

Metric to English 

1 cm. = 0.8987 in. 

1 m. = 39.37 in. = 8.2808 ft 

1 Km. = 0.6214 mi. 



B. Units of Area or Surface 

1 square yard = 9 square feet = 1296 square inches 
1 acre (A.) = 160 square rods = 4840 square yards 
1 square mile = 640 acres = 102400 square rods 

C. Units of Measurement of Capacity 



Dry Measure 
2 pints (pt.) = 1 quart (qt.) 
8 quarts = 1 peck (pk.) 
4 pecks = 1 bushel (bu. ) 



Liquid Measure 
4 gills (gi.)=l pint (pt.) 
2 pints = 1 quart (qt.) 
4 quarts = 1 gallon (gal.) 
1 gallon = 231 cu. in. 



D. Metric Units to English Units 

1 liter = 1000 cu. cm. = 61.02 cu. in. = 1.0567 liquid quarts 
1 quart = .94636 liter = 946.36 cu. cm. 
1000 grams = 1 kilogram (Kg.) = 2.2046 pounds (lb.) 
1 pound = .463693 kilogram = 453.69 grams 

E. Other Numbers 

v.= ratio of circumference to diameter of a circle 
= 3.14169265 
1 radian = angle subtended by an arc equal to the radius 

= 57° 17' 44''.8 = 57°.2967795 = ISOVir 
1 degree = 0.01745329 radian, or ir/180 radians 
Weight of 1 cu. ft. of water = 62.425 Jb, 
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Addition, of positive and negative 
numbers, 29, 31 ; of like terms, 
49; of polynomials, 52; of frac- 
tions, 150 ; of radicals, 254. 

Antecedent, 180. 

Axiom, 13. 

Axis of X and axis of y, 206. 

Belt law, 193. 
Binomial, 51. 
Brace, 67. 
Bracket, 67. 

Cancellation, of terms in an equation, 

73. 
Clearing of fractions, 164. 
Coefficient, 5. 
Consequent, 180. 
Coordinates of a point, 207. 
Cube of a number, 17. 
Cube root of a number, 17. 

Denominator, 140; lowest common, 
146. 

Dividend, 119. 

Division, of positive and negative 
numbers, 44; law of signs for, 
119; law of exponents for, 119; 
of a monomial by a monomial, 
120; of a polynomial by a mo- 
nomial, 122 ; of a polynomial by 
a polynomial, 123 ; of surds, 257. 

Elimination, by substitution, 215; 
by addition or subtraction, 218. 

Equation, 7; simple, 75; of the 
first degree, 75 ; linear, 75 ; frac- 
tional, 164; literal, 174; graph 
of, 205, 208; reciprocal, 223; 



containing radicals, 244 ; quad- 
ratic, see Quadratic equation. 

Exponent, 78. 

Extremes of a proportion, 183. 

Factor, 5 ; common, 13, 131 ; fac- 
toring the difference of two squares, 
109; factoring a trinomial, 99; 
factoring the sum or difference of 
two cubes, 127; summary of fac- 
toring, 129; prime factors, 131; 
highest common, 132. 

Formula, 21, 177. 

Fraction, 140 ; signs in, 141 ; re- 
duction of to lowest terms, 143; 
reduction of to common denomina- 
tor, 145, 148 ; multiplication of, 
153; division of, 155; complex, 
160; rationalizing the denomina- 
tor of a, 257. 

Fulcrum, 188. 

Gear wheel law, 192. 
Graph, 202; use of, 203; of an 
equation, 205. 

Inconsistent equations, 211. 
Index of a root, 247. 

Lever, 188 ; law of, 188. 

Mean proportional, 196. 

Means of a proportion, 183. 

Monomial, 55 ; raising of to a power, 
81. 

Multiple, 136; common, 136; low- 
est common, 136. 

Multiplication, of positive and nega- 
tive numbers, 40; of two mo- 
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nomials, 79; of a polynomial by 
a monomial, 82; of a polynomial 
by a polynomial, 87 ; of the sum 
and difiference of two numbers, 
107 ; of surds, 256. 

Number, literal, 2; like numbers, 
13; positive, 28; negative, 28; 
square root of, 17 ; cube root of, 
17 ; square of, 17 ; cube of, 17 ; 
size of, 34 ; reciprocal of, 163. 

Numerator, 140. 

Origin of codrdinates, 206. 

Parentheses, 63 ; removing of, 65. 

Perfect square, 104. 

Polynomial, 51. 

Power, 43 ; signs of powers of num- 
bers, 43. 

Proportion, 183 ; terms of a, 183 ; 
extremes of a, 183; means of a, 
183 ; algebraic, 185. 

Quadratic equation, 260 ; pure, 260 ; 
affected, 260; solution of by fac- 
toring, 265; solution of by com- 
pleting the square, 266; solution 
by the Hindu method, 271 ; graph- 
ical solution of, 276 ; having imagi- 
nary solutions, 278; solution by 
formula, 280. 

Quotient, 119. 

Radical, or radical number, 246; 
value of, 247; simplification of, 
252 ; similar radicals, 254. 

Radical sign, 237. 



Radicand, 247. 

Ratio, 180. 

Reciprocal of a number, 163. 

Remainder, 124. 

Secant, 197. 

Similar figures, 194. 

Simultaneous equations, 211 ; solu- 
tion of by elimination, 215 ; graph- 
ical solution of, 211; containing 
three unknowns, 232. 

Simultaneous quadratic equations, 
281. 

Square, of a number, 17 ; of the sum 
of two numbers, 101 ; of the dif- 
ference of two numbers, 101. 

Square root of a number, 17, 237 
extraction of in arithmetic, 237 
extraction of in algebra, 240 
double sign of, 243 ; artisan's 
method of finding, 249. 

Subtraction, of positive and negative 
numbers, 35 ; of monomials, 55 ; 
of polynomials, 57; of fractions, 
150 ; of radicals, 254. 

Surd, 255; multiplication of, 255; 
division of, 257. 

Tangent, 197. 

Term, 49 ; like terms, 49 ; unlike 

terms, 51 ; terms of a proportion, 

183. 
Transposition, 71. 
Trinomial, 51 ; factoring of, 99 ; 

trinomial square, 104. 

Vinculvun, 67. 
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Junior High School Mathematics 

By WILLIAM L. VOSBURGH 
Head of the Department of Mathematics, Boston Normal School, and 

FREDERICK W. GENTLEMAN 
Department of Mathematics, Mechanic Arts High School, Boston 

First Course. For the seventh grade, 146 pages, 75 cents 

Second Course. For the eighth grade. 212 pages. go cents 

Third Course. ItLprcparation 

A course for the pupil who has mastered the elementary number facts 
— the four processes applied to integers and fractions and the various 
relations of the commoner^ denominate units. The method in these 
books is a preparation for the intelligent application of the student's 
mathematical powers to the field of practical computation, and it intro- 
duces constantly the arbitrary standards of accuracy and individual 
responsibility thjit the pupil will meet later in his adult activities. The 
course represent* the Junior High School idea at its best — fullness of 
development, fullness of service. It is characterized by many] attrac- 
tive features which may be briefly put as follows : 

The pupil is required to check all results. He is made personally 
responsible for his results. 

He is taught to make a mental estimate of answers and location of 
the decimal poiit. He will not offer absurd results. He getsian idea 
of number value* • 

There are no impractical problems. No answers deal with half a 
man or butter at 14 cents a pound. 

Mechanical drill to secure accuracy in arithmetical processes is intro- 
duced often and effectively. 

The equation is introduced early as a mathematical tool anc . is used 
consistently thr<>ughout. 

The properties of geometric figures are established by actu al meas- 
urement and nrechanical construction befpre the abstractions of the 
proofs of any piopositions are introduced. 

Practical applcations of geometric principles are emphasized . 
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Hedrick's Constructive Geometry 



PAper 



40 cents 



It is the purpose of this book to furnish drill in geometri- 
cal conceptions as well as in the application of geometrical 
principles to practical uses. A few simple methods of con- 
struction are given which, by careful analysis and detailed 
development, fully satisfy the questioning minti of the young 
student, and give him a foundation in thorougl mess and care. 

The early exercises are simple aiid well jjraded. They 
are based upon angles, perpendiculars, paral el lines, equi- 
lateral ^d rectangular figures. Later exercises include 
problem^ in elevation and depression, problems in irregular 
figures, in the measurement of arcs and aigles, division 
of lines, and a few of the simplest constructi ons connected 
with tan jency and the circumscription of figur ;s. 

The r lanual is made up in the. size of the standard slip- 
sheet note books and is of convenient form for the con- 
struction of large figures. Blank pages for the use of the 
student are included throughout the book. Every printed 
page faces a blank and at intervals extra blanks are included. 



Hints, suggestions, and definitions make the 
cially wcjrkable and helpful. 



manual espe- 
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Macmillan 

Logarithmic and Trigonometric Tables 

Prepared under the direction of E. R. HEDRICK, Head of the Department of 
Mathematics in the University of Missouri. 

This volume contains the usual five-place tables of log- 
arithms, trigonometric functions and logarithms of trigo- 
nometric functions. It also contains four-place tables for 
use in solving those problems for which extreme accuracy 
is not demanded. By the use of a complete and handily 
arranged table (not usually found in' such volumes) of 
squares, cubes, square roots, cube roots and reciprocals, 
the Pythagorean theorem and the Cosine Law become 
practicable for actual computation. The inclusion of 
tables of the trigonometric functions in radian measure, 
and of tables for conversion of degrees to radians and con- 
versely, is another feature not always found in similar vol- 
umes. 

The style of type, form of rulings, and the arrangement 
have been selected in order to make possible the greatest 
rapidity of reading with the least strain upon the eyes. 
These selections have been guided by a thorough study of 
the results of recent psychological experiments along these 
lines. 

These tables are bound with the text of Kenyon and 
Ingold*s Trigonometry and are also published separately 
at sixty cents. 
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GEOMETRY 



By Professor W. B. FORD, of the University of Michigan, and CHARLES 
AMMERMAN, of the William McKinley High School, St. Louis, with the 
editorial cooperation of Professor E. R. H ED RICK, of the University of 
Missouri. 



Plane and Solid Geometry. Qoth, 12°, ill., ix and 321 pages $1.25 
Plane Geometry. 213 pages .80 

Solid Geometry. With Syllabus of Plane Geometry, 106 pages .80 



The authors of this book believe that in the study of geometry 
logical training and practical information should be combined, and 
the text is planned to secure both results. There is no neglect of 
logical proofs, both formal and informal, but there are numerous 
problems, many of them constructive in character, that are designed 
to show the application of geometric science to the affairs of common 
life. 

Another feature of the book is the careful selection and arrange- 
ment of theorems and corollaries according to their importance, the 
most important being most emphasized. The type page is particu- 
larly clear and significant. 

The editor of the series to which this book belongs was a member 
of the National Committee of Fifteen on Geometry Syllabus and the 
book is built in general accordance with the recommendations of 
that Committee concerning the use of terms and symbols, informal 
proofs, logical and practical aims, lists of theorems, and type distinc- 
tions. Special care has been given to the drawings, which are of 
unusual excellence. 
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This book should be returned to 
the Library on or before the last date 
stamped below. 

A fine is incurred by retaining it 
beyond the specified time. 
Please return promptly. 
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